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p r e f a c e

The concept of a module over a ring is a natural generalization of the concept of a 
vector space. This generalization is very broad, and therefore in the general case, it would 
be too optimistic to hope for development of the theory of modules over arbitrary rings. 
Figuratively speaking, if  a ring R is quite distinct (by its properties) from being a field, 
then structure of modules over R is very sophisticated. On the other hand, every abelian 
group can be considered as a module over the ring Z  of integers. Thus, the theory of 
modules can be viewed as a generalization of the theory of abelian groups. The latter is one 
of the most developed branches in Algebra (see, for example, the books [FL1970, FL1973, 
K it969, KU1967]). Consequently, one of the natural ways of the development of Module 
Theory was determined by the search for analogies of fundamental results on abelian 
groups, More precisely, each of these fundamental results generates a quest for a 
maximally wide extension R of the ring Z ,  such that this specific results (perhaps, 
appropriately modified) is valid for modules over R. Many key concepts of modem 
Module Theory and some new interesting types of rings have been introduced on this path. 
Notice here the following remarkable pattern: Dedekind domains are the largest class of 
rings such that almost all natural basic results on abelian groups have corresponding 
analogies for modules over them.

The idea of Dedekind domain evolved in process of development of Algebraic 
Number Theory. In his famous Supplement XI to the Dirichlet book [DE1871], R. 
Dedekind proved that every ideal of the ring of integers of the fields of algebraic numbers 
is decomposable into prime factors and such factorization is unique. He introduced the 
fractional ideal and proved that a non-zero fractional ideal formes an abelian group. These 
properties determine a Dedekind domain. Note, that Dedekind domains are quite wide 
extensions of the ring Z .  We will justify this fact later by many examples. It is 
worthwhile to note in addition that the aforementioned above approach has led to new 
characterizations of Dedekind domains. Thus, for instance, the following statements are 
equivalent for an Integral domain R: (1) R is a Dedekind domain; (2) every divisible 
R -  module is injective; (3) if is a hereditary ring; (4) if A is an if -  module such that 
A it it g (A) #  < 0 >, then A is a direct aim of cyclic submodules.

Dedekind domains also play an important role in other branches of Modules Theory. 
In particular, their influence is especially significant in the theory of modules over group 
rings. The theory of (generalized) soluble groups is one of the origins of the theory of 
modules over group rings. Modules appear here in the following understandable way. If G 
is a group, A is a normal abelian subgroup of A, H -  G/A, then we can think of A as a
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module over the integral group ring Z /f .  Here we define the action 2 5/f on A by the 
rule

ofntyi + ... + nt-yt) = (<?i)”i . . .  (efkjfk, where a e  A, yj =XjA, I  £  j  < k.

This approach became standard in Finite (Soluble) Group Theory, and it successfully 
generated many important results. This progress unsurprisingly led to effective 
applications of Ring Theory and Module Theory to Infinite (Generalized Soluble) Group 
Theory; in particular, to those groups that are in any sense considerably close to finite 
groups, namely, to the groups with finiteness conditions. The famous Hall papers 
[HP1954, HP1959, HP 1961] shaped a very resourceful stage in the process o f  
implementation of modules methods in groups with finiteness conditions. The following 
key result due to P. Hall was a foremost one at this first stage: if R is a noetherian ring and 
G is a polycyclic -  by -  finite group, then a' group ring RG is also noetherian. This 
theorem formed a basis for the well -  developed now the theory of group rings over 
polycyclic -  by -  finite groups (see the books [PD1971, PD1977] and surveys [FD1975, 
PD1984, ROJ198S, FDt987j). This opened, in turn, some bright perspectives for 
development of the theory of modules over group rings of polycyclic -  by -  finite groups. 
Furthermore, some other problems of Group Theory and Modules Theory made necessary 
the study of modules over group rings for other types of groups. For these group rings, 
such significant finiteness restrictions as, for example, being noetherian are not valid. 
Moreover, in many cases, the structure of these group rings is quite complicated. In such 
cases, the scalar ring R has key influence on the structure of a module A over a group ring 
RG. Therefore, one can expect a real progress in exploration of modules over the group 
ring RG only if modules ova1 the correspondent scalar ring R have been studied well 
enough. It happens to be in the case when R is a Dedekind domain.

Working with modules over group rings, the authors were surprised to find that the 
necessary information on modules over Dedekind domains is not gathered in one place but 
rather distributed over a quite variety of research articles. Moreover, in some works this 
information could be extracted as consequences from general results. Therefore, we 
decided to collect and systematize some fundamental results on modules over Dedekind 
domains in this book. This set of results is far from being fully completed. We did not 
pursue such an ambitious goal since it would require a book of a much bigger volume. The 
selection of the results was determined by our personal tastes and experience. However, 
the most important results (about free and projective modules, injective and divisible 
modules, finitely generated and artinian modules, direct sums of cyclic modules, and basis 
modules) were placed here. We hope the book may be useful for researchers and graduate 
students who wilt he willing to study this subject. This book can also serve as a suitable 
textbook for a lecture course in modules over Dedekind domains.

The authors would like to express their sincere gratitude to National University 
(California, USA) for the support of their research work.

December, 2007.

Dnipropetrovsk -  Kiev -  Los Angeles.
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W e d e k in d  d o m a in s

The idea of the Dedekind domain evolved in the process of the development of 
Algebraic Number Theory. Jn his famous Supplement XI to the Dirichlct book [DE1871], 
R. Dedekind proved that every ideal of the ring of integers of the fields of algebraic 
numbers is decomposed into prime factors and that factorization is unique. He created the 
fractional ideal and proved that non-zero fractional ideal formed an abelian group. 
Nowadays there are many definitions of Dedekind domains. We begin with the following.

We will consider an integral domain R and denote by K the field of fractions of R. A 
non -  zero R -  submodule /( of K is called a fractional ideal o/R  if aA < K for a certain 
non -  zero clement a s  R. This definition shows that all elements of A have a “common 
denominator.” a e  R. If the ring R includes a fractional ideal A, then A is an ideal in the 
common sense. The converse holds for non-zero ideals. If A and B are fractional ideals, 
then their product is defined as the set of all sums
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aibi + , . ,  + a,„bm where fl/ eA, b,- e  B, J £ j  £m.

This set is also a fractional ideal. Clearly, AB is a non -  zero R -  submodule of K. If x, y 
are non — zero elements of R such that xA <R and yB <R. then for every element c o f the 
form c -  ajbi + . . .  ambm we have

(xy)c = xy(aibt + . . .+  amb j  = (xa,j(yb;) + . , .  + (x a j(y b j e  R.

Obviously AfBCj -  (AB)C for any fractional ideals A, B and C of R. This means that the 
set J 7  (R) of all fractional ideals of R is a commutative semigroup and R is its identity 
element

A fractional ideal A is said to be a principal fractional ideal, if  A -  xR for some 
element 0 ?x  e K.

If A is a fractional ideal of R, then put

A '=  {x  e K  I xA £R  }.

1.1. Lemma. Let R be an integral domain, A a fractional ideal o f R. Then A 'is  a 
fractional ideal o f R. Furthermore, AA '< R.

Proof. Let x, y  s  A a  e  A, then (x -y)a  ~ xa ~ya e A, that is, * - y  e A '.  If 
z e  R, then (zx)a = z(xa) s  R. It follows that A ' is an H-submoduIe of K. Choose a non -  
zero elementu e  R with the property uA e  R. If a e A, then ua e  R < A, and for arbitrary 
x e  A ' we have xua ~ (xa)u e  R. Thus A 'is a fractional idea! of R. The inclusion '<  R 
immediately follows from the definition.

Let A be a fractional ideal of R. We say that A is invertible, if AA '=  R, In this case, 
we will write A instead of A 1

1.2. Proposition, Let R be an integral domain. Then
(1) Every principal fractional ideal o f R is invertible.
(2) The family o f all invertible fractional ideal o f R is a group under 

multiplications.

Proof. If' A -  aR, then evidently A ' = a ’R and AA.' = R. Observe that the equality 
AB = R implies B = A"1. In fact, we have if <Ar. Thus R = AB £ A A '< R  and hence 
AA' -  R. Moreover,

A '-A 'R = A 'A B  = RB=B.

The invertibility of the product of invertible fractional ideals and the equality A — 
are obvious.

Let R be a commutative ring. We define the prime spectrum Spec(R) or just the 
spectrum of It to be the set of all prime ideals of R.
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An integral domain D is called a Dedekind domain, if every its fractional ideal is 
invertible. In other words, a semigroup ffl(R )  is a group.

The assertion (1) of Proposition 1.2 implies that every principal ideal domain is a 
Dedekind domain and, in particular, the ring Z  of all integers is Dedekind.

Now we will list the most important properties of Dedekind domains. In particular, 
we will show that every Dedekind domain is a noetberian ring.

Recall some necessary concepts.

An ordered set £  ) is said to satisfy the maximal condition if every non -  
empty subset of $  has a maximal element.

It is easy to see that $  satisfies the maxima! condition if and only if .^satisfies the 
ascending chain condition, that is, given an ascending chain

at . . .  £a„<. ..

of elements of ^  there is some k e  U  such that a* -  at  ̂„ for any n e  2VT
For a ring R and an R -  module A, we consider the lattice <$>r(A) consisting of all 

R -submodules of A ordered by inclusion. We say that A is a noetherian R -  module or it 
satisfies the maximal condition on its submodules i f  £g(A) satisfies the maximal condition.

As we mentioned above, this is equivalent to the statement that members of $ r(A) 
satisfying the ascending chain condition.

A ring R is called right noetherian if the right R -  module R is noetherian. 
Similarly, we define left noetherian ring. We observe that for the commutative rings the 
concepts of right noetherian and left noetherian rings are coincide. Since in this book we 
will consider modules over the coinmutadve rings, we will speak simply about noetherian 
rings.

Every field and the ring Z  of all integers are examples of noetherian rings. By 
Hilbert's Basis Theorem the ring of polynomials R[X\ over a commutative noetherian ring 
R is likewise noetherian. As a consequence, we obtain that any commutative ring R which 
is finitely generated over its noetherian subring S with the same identity is noetherian. 
Moreover, the ring of formal power series ^[A]] over a commutative noetherian ring is 
likewise noetherian.

Let R be a ring and let A be an R -  module. Let B be a subset o f A. We define the 
R -  annihilator o fB  as the left ideal of R

AnttafB) = { x e  R I ax = 0 for alt a e B } .

In particular, the annihilator of A is the two -  sided ideal and Ann/,(A) = O  a e A Anna (a).

1.3. Proposition. Let R be a ring and A an R -  module.
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(1) IfA is noetherian and В a submodule o f A, then В and A/В are noetherian.
(2) I f  В is a submodule ofA such that В and A/В are noetherian, then A is noetherian.
(3) IfA has a finite series o f submodules

< 0>  - A 0 < A, £ . . .  <A„=A

every factor o f which is noetherian, then A is likewise noetherian.
(4) IfA = A / + . . .  + A„ and А / , . . . ,  Aa are noetherian, then A is noetherian
(5) A is noetherian ifand only if  every submodule ofA is finitely generated
(6)  R is noetherian ring if and only i f  every right ideal o f R is finitely generated.
(7) IfR  is a noetherian ring, then any finitely generated R-module is noetherian.

Proof. (I) is obvious. (3) is an immediate consequence of (2).
(2) Let

A, < As £  . . .  £  A„ £  . . .

be an ascending chain of submodules of A. Since В and AJB are noetherian, there is some 
m є  1V  such that Am n  3 =Ami-n n B  and Am + В =* Am + „ + В for all n € Bff. 
Therefore

Am + a = Am+„ n (A m + „ + В) = Am + Л Ґ) (A„, + B) -  
Am * (Am vnn B ) =A m + (Amn B ) = A a

for all n e  JSf and then the result follows.
(4) We proceed by induction on n. Assume that В “  At + . . .  + A„.i is notheriaic. 

By (1) A/B = (A„ + B)/B = Af(A„ n B )  is noetherian. By (2) A is noetherian.
(5) Suppose that A is noetherian, and let В be a non zero submodule o f A. Picl

0 # b \ є  В and put Bi = b/R. If /I/ re then pick 0 rib; є  В \ В/ and put Bi “
b/R + 02R. Since bi 0 Bi, we have B2 s* Bi- Proceeding in this way, we construct an
ascending chain of finitely generated submodules of A

В, £  B? £  . . .  £  B„ £  ...

such that every B„ is finitely generated. By the hypothesis, there is some k є  №  such that 
Bt = В^ + „ for all n є  NT. it follows that В = and thus В is finitely generated. 

Conversely, let

А і £  Аг £ . . .  £  An £  . . .

be an ascending chain of submodules. If В = k j  „ t  p A„, tlien there exists bi, . , ,
b„ є  A such that В = b;R + . . .  + b„R. Choose some r such that h:, . . . ,  bm € Ar. Clearly 
we have В ~ A,,  and then Ar = A„ for all n <> r, so that A is noetherian.

(6) is a direct consequence of (5).
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(7) Let A = aiR + . . .  + atR. Given 1 < i < t sbce a fi sRn/AiinK(a f  each a,R 
is noetherian by (1). By (4), A is also noetherian.

1.4, Theorem. Let D be a Dedekind domain. Then
(1) D is a noetherian ring.
(2) Every non -  zero prime idea! o f D is maximal.

Proof. Let A be any non -  zero ideal of D. The equation A A~‘ -  D implies the 
existence of elements ai, . . . ,  am e  A, bi, . . .  , bm s  A~l such that aibt +. . + am bm -  
1. If x e A , then

x  = jC-I =x(a ib ,  + . . . +  anbm) = (x bfia, + . . .  + (xbja^.

Since x bi, . . . .  xb„ e  D, an idea! A is generated by elements , am. Proposition
1 .-3 (6) implies that the ring D is noetherian

Let P be a non -  zero prime ideal of D. Choose a maximal ideal Q which includes 
P. We have PO~’ = QQ~' ~ D and so PQ~‘ is an ideal of D. Since P is a prime ideal, from 
the equation

(PQ~‘)Q P(Q-‘<2> = PD = P 

we obtain that either PQ' 1 <P or Q <P. The first possibility implies

q -i <■ F-i p  q -i £  p-i p  = D

Thus Q~' = D and Q D. Contradiction. This proves that Q < P. that is P -  Q is a 
maximal ideal of D.

To obtain further results on Dedekind domains we need in the following conception 
of integrality.

Let R be an integral domain, and let L be a fieid including R. There is no need for L 
to coincide with the field of fractions of R. An element c e  L is  said to be integral over R, 
or shortly R- integral, if

ao + ajc + ... + a„-jc" 1 + c" = 0

for some elements do, aj, e R.
In other words, c is a root of a polynomial, all coefficients of which belong to R and 

the leading coefficient is identity.
We may define the /J-integraljly in other equivalent way, which is sometimes more 

suitable for applications. This is the content of

1.5. Proposition. Let R be an integral domain, L a field, including R, c an element 
o f L  The following assertions are equivalent:

(1) c is integral over R.
(2) The subring R[c\ generated by R and x is finitely generated as R-module.
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(3) L includes a finitely generated and non -  zero R -  submodule M  such that 
cM SM ,

Proof, (1) => (2). Since c is integral over R, there are the elements an, a/, ..., a„ eR 
with the property «0 + a/c + ... + a„. ic„ _ i + c„ = 0. It follows that the elements 1, c , . .  
cn_i generate 7? [c ].

(2) => (3). The R -  submodule R[c\ may serve for M.

(3) (1). Let. cM <M for some finitely generated I! -  submodule M. Let M  =
b/M + . . .  + bfid. We have

cbj = I,i<s <k ccjs bs , I <j <k, 

for some elements aJS e  R , I < j , s  <n. Thus, we obtain the system of equations

(au -c )b i + cci2b3 + . . .  + aik 6* = 0  
CtH b] + (CC22 — c)b3 + . . .  + a2t = 0

dyi b, + at2b2 + . . .  + (O n- c)bt = 0.

Since this system has solutions, f(c) -  det (||oÿ|| -  cE) = 0. Obviously, f(x) is a 
polynomial over R, and the leading coefficient offix) is identity. This means that c is an 
integral over R.

1.6. Corollary. Let L be a field, R a subring o f L and 1 s  R. The set C o f all 
elements o f L which are integral over R form a subring.

Proof, Let a, c be R -integral elements of L. By Proposition 1.5 there are finitely 
generated ft-submodules Mi and M2 such that aMj < Mi, cM2 < M3 . Let

Mi = biR + ... + bsR, Ms = d/R + ... + drR.

Obviously,

M1M2 -  D lnskD isj sr b/djR 

In particular, M1M2 is a finitely generated R -  submodule. Let x s  M1M2, then 

x = D m  skDisj sr bid, yn

for someyijGR. Now

(a- c)x -  a x -c x  =
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h s j  sr (£}£isk&bi)dfyij + h s i s t ( h isi sr edj)biy,i e  M;M};

(ac)x = ac (h s isk h ts/ .s r bi d .y . j )  =  

a h u s k  ( h is js r  cd j) b, yu  =  ( h s is k  ( h is js r  cd j) a b ,)y tJe  MtM2 .

Proposition 1.5 implies that a - c ,  ac eC , So Cis a subring of L.

Let L be a field, R be a subring of L, and 1 e  R. The subring of L consisting of all 
elements which are integrals over R is called the integral closure o f R in L. If R is equal to 
its integral closure in its field of fractions, then we call it integrally closed.

Now we shall prove a theorem on the transitivity of integral closure,

1.7. Proposition. Let L be a field, K  a subfield q fL ,Ra  subring o fK  and 1 e  R. I f  
S  is the integral closure ofR  in K, then the integral closures o f R and S in L coincide.

Proof. Let x  be a,S’-integral element of I ,  that is,

xn + an-ix”" 1 + . . .  + ag = 0

for some elements ao, . . . , a„ _ / e  S. The subring Ri = [o& . . . .  a„ - /] is a finitely 
generated as an R -  module, as can be seen from the consideration of the chain

R t£R[a0] <.. .  £R{ao,. . . .  a*_y] ,

in which every ring is a finitely generated module over its predecessor. Moreover, x  is 
Ri -  integral. Hence, by Proposition 1.5, Ri[x] is a finitely generated Rj -  module. It 
follows that is a finitely generated ^-module. Since it is obviously non -  zero and 

Proposition 1.5 implies R -  integrality of x.

1.8. Corollary, Let L be a field, R a subring o f L and I e  R. Then the integral 
closure o f R in L is integrally closed.

For the proof it suffices to apply Proposition 1.7 for K — L.

We shall now use the concept of integrality in order to characterize Dedekind 
domains. But first we need the following lemmas.

1.9. Lemma. Let R be a noetherian integral domain, L its nan - tero ideal. I f  
L r*R, then R i .. , P m < L < P/ n  . . .  n  Pm for some <0> 0 P1, . . .  ,Pm eSpec(R).

Proof. Suppose that this statement is false. Then the family ^  of the proper non -  
zero ideals that have no this property, is not empty. Let M  be a maximal element of 
This ideal cannot be prime, since in this case we could take j  = I, P/ -  M. Hence there 
exist elements a, b 0  M  such that ab e  M. Put A = M  + aR, B = M  + bR. Then 
AB < M  £  A r> B. If we assume that A - R, then AB -  B, and this means that B -  M.
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Similarly B rtR. Hence A, B e  # ,  and tills implies that M  has it as well. This contradiction 
proves1 the lemma.

1.10. Lemma. Let R be an integral domain satisfying the following conditions:
(I) R is noetherian;
(!) every non -  zero prime ideal o f R is maximal;
(3) R is integrally dosed.

Then every non -  zero prime ideal o f R is invertible.

Proof. Let < 0  > # P  e Spec(R). Choose 0 #  a e  P so that the principal ideal aR 
includes the product P i . . .  Pk of the least possible number of prime ideals. Lemma 1.9 
yields that a such choice is possible. Now P includes one of the ideals Pj, say P/, and so, 
by (2), P -  Pj. The ideal a R does not include Pj . . . P^  and so vve may find 
b e  P j . . .  Pt  1 aR. For this element b we have bP <Pt . . . £  aR and ba~'p <R, i.e.
b d 1 e P '\ l i .  This shows that R <P' and R f-P'.

Further, PI” is an ideal and, moreover, P = RP < P T  £ R. If we suppose that - 
PPf * R, ther. must be P P ' = P, and consequently P(P'j" = P for all n e 3№. For every 
0 d x  e  P. y  e  P ’\R  this implies the inclusion xy” e P  for all n e  JST. In turn, this implies 
xR\y\ <R. and so xk\y\ has to be an ideat of R. By (1) R has finitely many generators, say 
ui, . . .  , ly, and so the R -  module Rjy] generates by the elements x '‘ut, . . . .  x ‘ut. 
Proposition 1,5 implies the y  is integral over R, and condition (3) implies y  e  R, what 
contradicts the selection of y.

1.11. Lemma. Let R be an integral domain satisfying the following conditions:
(1) R is noetherian:
(2) every non -  zero prime ideal o f R is maximal;
(3) R is integrally dosed.
I fL  is a proper non -  zero ideal o f R, then L = P i . Pm where < 0 > *Pj e  

Spec(R), I < j  < m.

Proof. Assume that the lemma is false and choose a non -  zero ideal L a* R which 
is not a product of prime ideals. By Lemma 1.9

P i. .. P„ <L for some non -  zero ideals Pi, . . . ,  P,„ e  Spec(R).

We may assume that L is chosen so that the number m is the least possible. If m -  /, then
(2) shows that L is itself a prime ideal. Hence m >2. Choose a maximal ideal P including 
L. Then Pi ...P m < P, and it follows th a t/ ',"  P. We can assume that P, = P. Then

P2 . . . P r < p ~ ' l  <p~1p = r ,

whence P~‘L is an ideal of ,R. By tire selection of L we have

P ‘L = Q i . . .  Qi, where Qi.. . . ,  Q, e  Spec(R)
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and finally, L = PQ i. . . ,  Q,. Contradiction.

1.12. Theorem. Let D be an integral domain. Then D is a Dedekind domain if  and 
only i f  it satisfies the following conditions:

(1) D is noetjerian;
(2) every non -  zero prime ideal o f D is maximal;
(3) D is integrally closed.

Proof. Necessity. The necessity of (1) and (2) is contained in Theorem 1.4. To 
prove (3) take an clement x  of the field K of fractions of D, which is integral over D. By 
Proposition 1.5 D[x\ is a finitely generated D -  module. Let at, . . .  ,a m be its generators, 
and choose 0 # b  e  D so that baf e  D for each j, I <j £ m. Then bL>[x\ <D and D[x] is a 
fractional ideal. Moreover. (D[x]f <D{x\ (D\x] is a subring), and we obtain

D[x] = DD[x] = (DM )'1 D[x\ 0[jc) = D,

which implies x e  D. This shows that D is integrally closed.
Sufficiency. Let L be a non -  zero fractional ideal of R and choose 0 e R  such 

that aL £ R. Since a! is an idea! of &, we may apply Lemma 1.11 to get aL = P i . .  . Pm 
where some < 0 > # P S, . . . ,  Pm e  Spec(R). This implies

L ~ a ’P , . . . P m~ (dr 'R)P, . . .Pm.

By Proposition 1.2 and Lemma 1.10, L is a product of invertible ideals, and so it must be
invertible itself.

Theorem 1.12 and Lemma 1.11 imply the following

1.13. Corollary. Every proper non -  zero ideal o f a Dedekind domain can be 
represented as a product o f prime ideals.

Moreover,

1.14. Theorem Every proper non -  zero ideal o f a Dedekind domain D can be 
represented uniquely as a product o f non -  zero prime ideals (products differing in order 
not being regarded as distinct).

Proof. Only the uniqueness remains to be proved. Let L be a proper non -  zero 
ideal of D, having at least two different representations as a product of prime ideals, say,

L = P i . . .  Pm = Q t . . . Q t  where P,, . ,  Pn Qj. Q, eSpec(R).

We may assume that L is chosen so that the number m of prime ideal factors in one of the 
decompositions is the least possible. Now Qr, . . . , Q ,£P i whence Pj includes one o f the 
ideals Qi, . . . ,  Qt. Let Qi <Pj. By Theorem 1.12, Qi = P i . Using Lemma 1.10, we obtain
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that P j . . .  Pm -  Q i . . .  Qt are two different factorizations of L into prime ideals, and the 
number of fectors in the first of them is less than m. This contradicts the choice L.

1.15. Corollary. Let D be a Dedekind domain. Then the group f f l  (D) is a free 
abelian group generated by the non — zero prime ideals o f D.

Proof. Let A be a fractional ideal off? and choose 0 e R  so that aA <R. Clearly 

aA is air ideal of R. Hence A ~ (bRJT1 (aA) is a product o f powers of prime ideals with 

integral, not necessarily positive, exponents. Hence the prime ideals generate the group 

J7(D), and Theorem 1.14 shows that they generate it freely.

Let D be a Dedekind domain, A and B be ideals of D. We say that A is divisible by 
B, or that 5  divides A, if  A -  BC for some ideal C of D.

1.16. Corollary. Let D be a Dedekind domain. Then every non -  zero ideal can be 
divisible only by finitely many distinct ideals.

Thus we see that every fractional ideal A of a Dedekind domain D may be uniquely 
written in the form

A = P, a(p( . . .  Pra<PJ where P t .Pr eSpec(D), a(Pi) a(Pr)  e  Z L

It is convenient to use the following general form of this notation:

A = U p  s Sptc(D) P"fP>.

Of course, using this form, we will assume, that only a finitely many of a(P) are non -zero.

For the ideals of R we can regain many results of elementary number theory 
connected with the notions of the least common multiple or the greatest common divisor.

Let D be a Dedekind domain, A and B be ideals of D. The greatest common divisor 
o f A and B is the ideal GCD(A, B) with the following properties:

GCD(A,B) divides A and B;
if  C is an ideal o f D such that C divides A and B, then C divides GCD(A. B).

The existence and uniqueness of such an ideal follows from the product 
representation. It should only be noted that if

A = I I  p e (Specie i <o>> i^ (P). B = TI p € (spec(D) \ <o>j Ph<P‘ 

are ideals, then a(P), b(P) are non -  negative, and

A divides B i f  and only i f  a(P) <b(P) for all P eSpec(D),
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This clearly implies that

GCD(A, B) = I I  p SfSpectDj i < t») PC'F! where c(P) = min{a(P), b(P)}.

Similarly, the least common multiple o f A and B is the ideal LCM(A, B) with the 
following properties:

A and B divide LCM(A, B);
i f  C is an ideal o f D such that A and B divide C, then LCM(A, B) divides C.

It is easy to see that

LCM(A, B) -  I I  p e (SpecfDi i <a>j PdlP) where d(P) = max{a(P), b(P)j.

Let R be a commutative ring, A and B be ideals afR.  We say that A, B are relatively prime, 
if A + B = R.

Now we obtain some other accustomed properties.

1,17. Proposition. Let D be a Dedekind domain. Then the following assertion hold.
(1) I f  A, Bare fractional ideals, then B divides A i f  and only i f  A SB.
(2) I f  A is a fractional ideal, then there exists a principal fractional ideal aD such 

thatD includes (aD)A'
(3) I f  A and B are ideals ofR, then GCD(A, B) =A + B, LCM(A, B) = A n B ,
(4) I f  A and B are ideals o f R, then AB = (A + B)(À n  B).
(5) I f  A and B are relatively prime ideals o f R, thenAB = A Pi B.

Proof. The equation A = BC implies that A <B. If A .<B, then

so that A — BC where C = AIT1.
Let Ojffl e  A, then aD <D and we may apply (1) to prove (2).
(1) shows that both ideals A and B are divisible by A + B, and if an ideal C divides 

A and B, then <C and B <C. Then A + B <C. It follows thatT + B = GCD(A, B). 
Using the similar arguments we can prove that LCM(A, B) = A r>B,
Let

ABT‘ = D,

pb(Pi

then

AB=  l i f e  (SpecfD) I <0>)pC(P)rd(P)

where

c(P) = min{u(P), b(P)} d(P) = max{u(P), b(P)}.
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It follows that

AB = GCD(A. B) LCM(A, B) -  (A + Sjf/l n  5; by (3),

Finally, if A and B are relatively prime, then by (4)

AB -  (A + B)(A n B )  = D(A n B )  =A n B .

1.18. Lemma. Let R be a commutative ring, A and B be ideals o f R. I f  A, B are 
relatively prime then Ak and are relatively prime for every k, m s  JfST.

Proof From A + B = R we obtain that I  = a + b for some a e  A, b eB . Then

/ = + = < ' « + * /  + " _  
ak+m + (kf m) ef tn’- ' b  + b*+”

Let s , t e  H I  and k + m ™ s + /. If s > k, then as e  Ak and a*b'e Ak because A is an
ideal. Hence every summand belongs to Ak or B'”. This means that 1 e  Al + B1'.

1.19. Lemma. Let R be a commutative ring, A/, Am be ideals o f R. The
ideals A j, Aj are relatively prime for each i # j  i f  and only if

Aj + A i . . .  Aj . / Aj + i .., Am= R
for every j, 1 A  j  < m.

Proof. Since Aj + A) = R, } = aj + b} for some elements a, s  A/, bj e  Aj, 
2 A  j  Am. Then

/  = (ai + bi).. . (a„,_ i + bm _ ])•

Every summand from the decomposition of the right side, except the last, contains an 
element Of, therefore it belongs to A/. The last summand £>/... bm-1 belongs to A2 . 
Am. Hence R =A, + Ai. . .Am~j. Similarly we canjustify the equation

R =Ai + A / . .. Aj-  )Aj + j . .  . Am

for every j, I A j  Am.
Conversely, to  R ^Aj  + A / . . . Aj - /Aj + / .  . . A„ for every j. I A j  Am.  Since 

Ai.  . Aj_)Aj+ i . . .  Am A Ak foreach j  ^k , it implies R = Ay +Aj for j  *k.

1.20. Corollary Let D be a Dedekind domain, A / , A m be non -  zero ideals o f  
D. I f Aj and Aj are relatively prime for every i #j, then

A / . . Am ~ Ai n .  . . n A m.
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Proof. We will use induction on m. If m - 2, then the statement follows from 
Lemma 1.18. Let m > 2 and let we have already proved the equation

C = A i . . .  Am- i  = A / n . . .

Lemma 1,19 yields that Ar + C = R. Proposition 1.17 implies that

A i . . ,  Am _ jApi = C Am — fC + Apt)(Cr^Apj — 
iy(C/~)Apf) — C f~iApi — A / n . ., /") Atp _/ r>Am.

1.21. Theorem (Chinese Remainder Theorem). Let D be a Dedekind domain, 
A;, . . . ,  At be non -  zero ideals o f D, ai, . .. , at e  D. I f  A f and Aj are relatively prime 
for every pair i *j, then there exists an element a s  D such that

a, i A,- -  a -l- Aj for each i, 1 £  i <k.

Ifb  is an element such that

b + Aj = aj + Aj for each i, 1 < i £k.

then a + A / . . .  A t ^ b  + A / . . .  At.

Proof. Lemma 1.19 yields that

I = + Cj, where 6,- eAj, CisAi-,. A i-iA n . / . .  A t, 1 £  i £ k .

Put

a = ajci + . . + atct ■
We have

a + At = UjCi + Aj, I S  i £  k.

Since 1 = bi + c,-, we have c, + Aj = I + Ai and

a + At = a;Ci +At = (at + AJfa + AJ = a,- + A /.

Let A be an element with the following property:

b t A, -  a: + A, for each i, 1 £  i £ k .

Then a - b  s  A, for every i, 1 £  i £  k , that is, a -  b c  Aj n . . n A t ■ Corollary 1.20
implies that A i n . ,.  n A t  ~ A i . . .  At - Hence a - b  e A i ., .At-
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1.22. Corollary. Let D be a Dedekind domain, A), . . . .  A t be non -  zero ideals o f  
D. IfAi and Aj are relatively prime for each i then

D /A i. . .  A t = D/Ai x , . .  xD /A i

Proof. Consider the mapping

tj>: D  + D/A) x. x  D/At,

which wc define by the rule

a$ = ( a + A i,. . . ,  a + At}, a e  D.

It is easy to see that <j> is a homomorphism. Obviously, Ker d “  At n ,  nAt-  Corollary
1.20 shows that Ker $ = Ai.  .. A t ,  and Theorem 1.21 implies that

Im tj> = D/Ai x . .. x  D/At ■

1.23. Corollary. Let D be a Dedekind domain, 1 be a non -  zero ideal o f D,
L = P;mi . .  . Pt"t where Pi, . . . , Pt are prime ideals o f D , Ps *Pj for i x j, and
mj > 0 for each i. Then D/L s  D/Ps mi x . . .  x  D/Pt'h.

In fact, Lemma 1.18 implies that P ™' and Pj*j are relatively prime for i * j. Now 
we can use Corollary 1.19-

We have already mentioned that every principal ideal domain is a Dedekind 
domain. The following two theorems show that Dedekind domains are near to principal 
ideal domains.

1.24. Proposition Let D be a Dedekind domain, Q a prime non -  zero ideal o f 
D, m s  A T y e Q \ Q 2. I f  B is an ideal such that B HP™, then 5  = 2* for some k <m. I f  
y  <=Q\G*, ihen 2* “  ykD + Q f o r  kdm.

Proof. By Corollary 1.13 5  = I l f  e (s,mid> t Pa<P>- In other words, B = Q*A. If
we suppose that k Am, then B= ( f  A < Qk by Proposition 1.15. Thus,

B <2* = 2 t ~"'2M

that is, B = 2 ” - So k < m. Suppose that A ? R, then Q and A are relatively prime by 
Lemmas 1.18and 1,19. We have BA~S < { /  d  R, whence A' 1 j£B ’ and B < A, It follows 
that 2 <B~A  By Lemma 1.18, A  ̂ C f  -  K, what implies A = R. Thus contradiction shows 
that 5  = 2*'

Since y e  <2 yD < Q. Taking in account that Qm- < Q, we obtain yD + g"1 £  Q. By 
the above yD + Qm -  ( f  for some s <m. If we suppose that s > 1, then
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yD + ( f < & =  t f g - *  z g 2,

that is, y D < ( f ,  what contradicts to tile choc'e of y. This contradiction implies s - 1, that 
is, yD + Qm -  Q. Let Xj, X2 e  Q, then x,- =ytj + Uj where zy e  D, uj e  g “, /  e  {1, 2j. We 
have

XI X2 =  fa/  +  Uj)(yZ2 +  UZ) = y Z jZ 2 +yZ,U2 +yZ2Ut +  UjU2 e / D  +  ( f .

It follows that Q2 <y 2D + Q"\ and hence Q2 -  y2D + Q1“. With the help of ordinary 
induction we obtain the equation g* = ykD + g™, for every k s m  .

1.25. Corollary Let D be a Dedekind domain, A a non -  zero ideal. Then every 
ideal o f factor-ring D/A is principal.

Proof. Let B be an ideal including A. By Corollary 1.13, A -  p f t  . . P f  for 
some P] P, e Specifi). Corollary 1.23 implies the isomorphism

D/A = D/P,kl x . .. xD/P,ki.

By Proposition 1.24, there are elements at, . . . .  a, such that

B + Pjj — ajD + Pj’j. I <j <t.

Using Theorem 1.21, we can find an element a such that 

a + Pjj = aj + pfi, 1 <j S t.

Now it is not hard to prove that B = aD + A.

1.26. Corollary. Let D ha a Dedekind domain. A be a non -  zero ideaI o f D. 
There are elements at and a? such that A = a;D + aiD.

Proof. Let O ^ a t e A  and B ~ ajD. Corollary 1,25 implies that

A/B = (at + B)D = a2D + B/B

for some element at e  A, Then A = ajD + a,D.

1.27. Corollary Lei D be a Dedekind domain, A and B be non -  zero ideals of D. 
There exists a non-zero ideal C such that B + C ■= D. and AC is a principal ideal.

Proof. Since D does not contain the zero — divisors, AB sc < 0 >. Corollary 1.25 
implies that A/AB = aD + AB/AB for some element a e  A. The inclusion aD < A together 
with Proposition 1.17 prove that aD = AC for some ideal C x  < 0 >. Thus AC + AB =A. 
Multiplying by A~' we have C + B -  D.



23

1.28. Corollary. Let D be a Dedekind domain, A and B be non — zero ideais o f D. 
Then ■ (he D -  modules D/A and B/AB are isomorphic. In particular, the D -  modules D/A 
and Ak/Ak ' 1 are isomorphic for each k e  JST

Proof. By Corollary 1.27, there exists a non -  zero ideal C such that BC = aD for
some a e  D and C + A = D. Define the mapping D  -> B/AB by the rule x$ =
ax + AB, x  e  D. We have

(x + y)# = a(x + y) + AB = ax + ay + AB = (ax + AB) + (ay + AB) = x$ + y fi  
(dx)(> = a(dx) + AB — (ax)d + AB = (ax + AB)d = (.‘x$)d

for every d eD . Furthermore

aD + AB = CB + AB = (C + A)B = DB -  B.

So Im <p -  B/AB. If x e  Ker <p, then ax e AB and axC < ABC = aA. It follows that
xC < A. From the equation A + C = D. we obtain that 1 = aj + c for some elements
a/ e  A. c eC , and x -  x-1 = xai + xc e  A. Conversely, ifx e  A, then ax eAB,  that is
x$ = ax + AB = AB. .So Ker $ — A.

1.29. Theorem. Let D b e a  Dedekind domain. I f  the set Spec(D) is finite, then D is 
a principal ideal domain.

Proof. Let Q be a prime ideal, put L = /O „ en Cf‘ and suppose that L x <  0 >. By 
Corollary 6.13 L = Tl pctSfKc(D)\<o>) Pa<F>- In other words, L = $ A .  Suppose that A X.R; 
then Q and A are relatively prime by Lemmas 6.18 and 6.19. If k  = 0, then A < ffi for 
each tt e  JV ; and the equation R = A + Q implies R = Q. Hence k x  0. In this case we 
have f tA  £  f t  + 1 what implies A <Q. This contradiction shows that r~) „ e jv ( f  -  
< 0 >. If we assume that Q -  Q*, then Q = Q" for all n e  H T  But in this case
Arnett f t  ~ Q- This contradiction proves that Q x  Q? for every prime ideal Q.

Let

Spec(D) \ < 0 > =  (Pi , . . . .  Pm}.

We choose elements bt- e  Pj 1 Pf, I £ j  £m.  By Theorem 1.21, there exists an element a/ 
such that aj +- Pf2 = b, + P 2, aj + Ps = I + Ps for s xy. Consider the ideal a fit. Corollary 
6.13 implies that

a,D = Pikj t . . P„j m where kjS >0. I £ f  s £m.

If kjt X 0 for some s xj ,  then ajD £  Ps. But ctj + Ps -  1 ~ Ps xF s. It shows that kIS -  0 
for all s x j , that is, afi) -  P/j/. If we suppose that k,- ,■ > 2, then aj e  Pj mid this is 
impossible. So kj j  = 1, what means that ajD = Pj. In other words, every prime ideal is 
principal. Corollary 6.13 yields that every non -  zero ideal is principal
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Finally, we present the following theorem, which shows how broad the class of 
Dedekind domains is.

1.30. Theorem. Let R be a noetherian integral domain in which every non -  zero 
prime ideal is maximal, F  be the field o f fractions o / R , K b e a  finite field extension o f F. 
Then the integral closure o f R in k  is a Dedekind domain.

The proof of this theorem can be found in the book [BN1961B, ch. VII, 2, Corollary 
2 of Proposition 5]. It requires implementation of some specific results from the field 
extension theory; therefore we omit i t
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P r in c ip a l Qpcfeal domains

In this chapter we consider one especially important for applications specific type 
of the Dedekind domains.

We begin with an ordinary concept of divisibility in the rings. Let R  be a 
commutative ring. We say that an element a e  R is divisible by an element b, or that b 
divides a, i f  a = be for some element c & R. In this case, we will say also that b is a 
divisor o f a. We will denote this by a | b.

Let a ! b and b | a, that is, b = ac and a - b d  for suitable elements c,d e  ff. Then 
a -  a(cd), and cd = 1 or c, d  e  li(R).

The elements a, b s  R are said to be associated, if b = au for some element
h  e U ( J t ) .
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It is almost obvious that the relation “to be the associated elements” is an 
equivalence relation. The class of equivalence allied with this relation is called the 
associated class of a ring R.

If u e  U{ff), then the element a is a divisor of each element a e  R, The following 
equations proves this fact

a = ae = a(u '!u) -  (au ~')u.

We say that an element c is a non -  proper divisor of an element a, if either
c e  U(jR) or c is associated with a.

Dually, if a = be where b, c e  U(£), then the elements b and c are called the 
proper divisors of element a.

Observe the following elementary properties of divisibility.

2.1. Proposition. Let R be an integral domain.
(1) I f an element a o f the ring R divides an element b and h divides c, then a 

divides c.
(2) i f  an element a o f the ring R divides the elements b, c, then a divides b + c. ■
(3) I f  an element a o f the ring R divides an element b, then a divides be.
(4) I f  an element a o f the ring R divides elements bi, . . . ,h„ and ct, . . ,  ,c„ are 

arbitrary elements o f R, then a divides bsC; + . ., + b„ cn.

In Chapter 1 we considered the concept of divisibility for ideals. In the following
way this concept is connected with the concept of divisibility of elements.

2.2. Proposition. Let R be an integral domain. Then an element a o f  a ring R 
divides an element b i f  and only if  bR < aR.

Proof. If a I b, then b = ac for some element c e  R. In particular, b e  aR and 
therefore bR £  aR. Conversely, if bR £  aR, then b s  aR, and hence b = ac for some 
element c eR .

2.3. Corollary. Let R be an integral domain.
(1) The elements a ,b  o f the ring R are associated i f  and only i f  bR-aR.
(2) I f  a is a proper divisor o f  an element b, then bR <aR and bR&aR.

Let If be an integral domain and a, b s  R. Ail element d  of the ring R is called a 
greatest common divisor o f a and b if d satisfies the following conditions:

(GCD 1) d  divides a and b;
(GCD 2) i f  c is a common divisor o f a, b, then c divides d.

Clearly if d is a greatest common divisor of the elements a and b, then du satisfies 
the conditions {GCD 1) and (GCD 2) for each element u e  U((f). Conversely, if an 
element di satisfies the conditions (GCD 1) and (GCD 2), then the elements 4  4/ divide 
one to another, and thus, they are associated. Hence all greatest common divisors of the
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elements a, ft compound the class of associated elements. The fact that an element d  is one 
of greatest common divisors of the elements a, b we will designate by the symbol 
d = GCD( a, b).

Dual to the concept of a greatest common divisor is a concept of a least common
multiple.

Let R be an integral domain and a, b e  R. An element w of a ring R is called a least 
common multiple o f a and b if w satisfies the following conditions:

(LCM 1) a and b divide w;
(LCM 2) i f  a and b divide c, then w divides c.

Clearly if w is a least common multiple of the elements a, ft, then wu also satisfies 
the conditions (LCM 1) and (LCM 2) for each element u <e U(/<). Conversely, if an 
element wi satisfies the conditions (LCM 1) and (LCM 2), then the elements w, w, divide 
one to another, and thus, they are associated. Hence, ail least common multiples of the 
elements a, b compound the class of associated elements. The fact that an element w is one 
of least common multiples of the elemenls a, ft we will designate by the symbol 
w = LCM{ a, b ).

If R is an arbitrary commutative ring, then not each pair of its element has a greatest 
common divisor and a least common multiple. However, in the following kind o f rings 
such elements always exist.

Recall that an integral domain R is called a principal ideal domain, if each ideal of 
R is principal. As we observed in Chapter 1, every principal ideal domain is a Dedekind 
domain.

2.4. Theorem. Let R be a principal ideal domain. Then for each pair a, b there are 
their greatest common divisor and least common multiple. Furthermore, the equations d = 
GCDfa, ft)  and dR -  aR + bR (respectively m -  LCMf a, b ) and mR = aR F> bR) 
are equivalent.

Proof. Since every ideal of P. is principal, there exists an element d  e  R such that 
dR = aR + bR. The inclusions aR <dR and bR <dR together with Proposition 2.2 shows 
that d in and d I ft. Let c be a common divisor of the elements a and ft. Using 
Proposition 2.2, we obtain the inclusions aR < cR and bR < cR. This implies that 
dR -  aR + bR <cR In turn, it follows that c is a divisor of clement d. Hence d satisfies the 
conditions (GCD 1) and (GCD 2). Conversely, if ds is the greatest common divisor of 
elements a and ft, then, as we saw above, the elements d. di are associated. In particular, 
they generate the same ideal, that is, d:R = dR ~ aR + bR.

Since every ideal is principal, there exists an element m such that mR -  aR n  bR. 
The inclusions mR <aR and mR <bR together with Proposition 2.2 show that a\ m and 
b j m. Let c be a common multiple of elements a, b. Using Proposition 2.2, we obtain the 
inclusions cR <aR and cR <bR. This implies that cR <aR ribR ---■ mR. In turn, it follows 
that m divides c. Thus, m satisfies the conditions (LCM 1} and (LCM 2).

Conversely, if  mi is the least common multiple of elements a and 6, then, as saw 
above, the elements m and m> are associated, in particular, they generate the same ideal, 
that is, miR~ mR = aR D bR.
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2.5. Corollary, Let Rbe aprincipal ideal domain and a, b be elements o f R. Then 
the following assertions hold ,

(1) a = GCDf a, b } i f  and only i f  a divides b.
(2) GCD(a ,0 )= a .
(3) GCD (ax, bx) =xGCD (a, b).
(4) GCDfGCDfo, b) , c )  = GCDf a, GCD(b, cJJ,
(5) a = LCMf a, b)  i f  and only if  b divides a.
(6)  LCMfo, 0 )  « ft
(7) LCM(ax, bx) =xLCM(a,  b).
(8)  LCMfLCMfa, b ) , c )  = LCMfo, LCM(b, c)).
(9) I f  d  ~  GCDf a, b ), then there are the elements x, y  e  R such that 

d  = ax+ by.
(10) I f  a, b are non -  zero elements, then GCD( a, b ) and LCM( a, b ) are 

likewise non -  zero.

Proof, All assertions except the last one are almost obvious. We will prove only 
the last assertion. Let d  = GCD( a, b), m LCM( a, b ). By Theorem 2.4, dR = aR + 
bR mR = aS n  bR. The inclusions aR <dR and bR < dR guarantee that the ideal dR is 
non -  zero. Hence, the element d must be non -  zero.

Suppose that m = 0. It follows that aR n  bR = {0}. The element ah belongs to 
both ideals aR and bR, that is ab e  aR n  bR. Then ab = 0. This is impossible, because R 
does not contain zero divisors. This contradiction shows that m&Q.

2.6. Corollary. Let Rbe a principal ideal domain and a, b the elements o f  R. Then 
the following assertions hold:

(1) d  “  GCDfa, b ) if  and only if dR = GCMfaR, bR;.
(2) m = LCM f a, b ) i f  and only if mR -  LCM (aR, bR).

These assertions follow from Theorem 2.4 and Proposition 1.17.

The elements a and b .of a ring R is said to be relatively prime if 1 is one of the 
greatest common divisors of these elements.

2.7. Corollary. Lei R be a principal ideal domain and a, b the elements o f R. 
Then a, b are relatively prime i f  and only if there exist the elements x, y  e  R such that 
I  = ax + by.

Proof. If a, b are relatively prime, then i is their greatest common divisor, and we 
can apply Corollary 2.5. Conversely, let x, y  be the elements of R such that 1 ~ ax + by. It 
follows that 1 e  aR + bR. It follwos that R = aR + bR. Since 1R = R, Theorem 2.4 
impliess that 1 = GCD( a, b ).

2.8. Corollary. Let R be a principal ideal domain and a, b be non -  zero elements 
o f  R. Suppose that d  = GCOf a, b )  and a = da,, b = dbi. Then the elements ai and b/ 
are relatively prime.
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Proof, By Corollary 2.5, K contains elements x, y  such that d  = ax + by. We 
obtain now d = ax + by = dajx + dbty. Since ii has no zero -  divisors, it follows that! 
1 =a/x + b,y. Corollary 2.7 implies that the elements a; and 6; are relatively prime.

Note the following properties of relatively prime elements.

2.9. Proposition. Let R be a principal ideal domain and a, b, and ceR.
(1) I f  a and b are relatively prime and a and c are relatively prime, then the 

elements a and be are relatively prime.
(2) Suppose that a divides be and a, b are relatively prime. Then a divides c.

Proof, (1) By Corollary 2.7, R contains such elements xi, x2, yi, y t that 1 — 
axi + bx2,1  = ay: + cyj. We have now

1 =(ccct + bxtffayi + cytf -  a(axtyi + bxyyt + cXiys) + (bc)(xiyj).

Using again Corollary 2.7, we obtain that a and be are relatively prime.
(2) By Corollary 2.7, R contains such elements x/, x? that I = axi + bx3. Then 

c = cl — caxj + cbxi. Since a divides be, then a divides c.

The next assertion describes connections between greatest common divisors and 
least common multiples o f two elements.

2.10. Theorem. Let R be a principal ideal domain and a, b be non -  zero 
elements o f R.

(1) Ifm  is a least common multiple o f the elements a. b and ab = md, then d  is 
a greatest common divisor of a, b.

(2) I f  d is a greatest common di visor o f a, h and a = dan b = dbi, then m =  
daibi is a least common multiple o f  the elements a, b.

Proof, (1) We have m = a2a, m ■ - b2h for certain elements a2, b2 e  R. Then ab = 
md “  aa2d. Since R has no zero divisors, it follows that b = ayl. This means that d  is e> 
divisor of b. Similarly, d  is a divisor of a. Suppose that c is an arbitrary common divisor 
of the elements a, b, that is, a -  ay:, b = b3c for some elements aj, bj. Clearly, a and b  
are the divisors of ajbje. Then there exists an element z e  R such that ajbsc =  mz. 
Hence, md ~ ab -  a3bjcc -  mzc. By Corollary 2.5, m & O', then we have d ~ zc. 
Consequently, d satisfies the conditions (GCD 1), (GCD 2).

(2) Obviously, a and b are divisors of m. Let c be a common multiple of a  and 
b, that is, c — aa4, c = bb4 for some elements a* b4 e  R. We have c ~ aa4 -  da tat and 
c ~ bh4 = dbtb4, so that, da2a4 -  dbtb4. By Corollary 2.5, d  ?  0; thus we obtain a2a4 — 
b/b4. Corollary 2.8 yields that the elements a; and bt are relatively prime. Proposition 2.9 
implies that a2 divides b4, b4 -  a/x. Thus c = dbib4 = db/aiX = mx. So, we can see that nr 
satisfies conditions (LCM 1) and (LCM 2).

A non -  zero element x of an integral domain R is said to be a prime if  an ideaL 
xR is a prime ideal. Expressed otherwise, a non -  zero element x of R is a prime if x  is  
not non -  invertible and satisfies the following condition.

I f x divides ab, then either x divides a or x divides b.
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Let x  be a prime element and x  = ah. Then by definition, x \ a or x  I b, say x \ a. 
It follows that a = xz = abz for some element z eR . Since a g  0, it follows that bz = 1, 
so b e  U(fi), This means that x is not a produet of two proper divisors. In other words, in 
every presentation x = ab at least one of elements a, b is invertible^

2.11. Proposition. Let D be a Dedekind domain. Then the following assertions 
are equivalent:

(1) an element x-of  a ring D is prime;
(2) an ideal xD is maximal.

Proof. By definition, the statement that x  is a prime element means that an ideal 
xD  is prime. Since x is non -  zero, xD is a non -  zero prime ideal. By Theorem 1.4, xD is 
maximal. Thus, (1) follows (2). Conversely, if an ideal xD is maximal, then D/xD is a 
field. In particular, it is integral domain. It follows that xD is a prime ideal.

2.12. Corollary. Let R be a principal ideal domain, lhen the following assertions 
are equivalent:

(1) an element x o f a ring R is prime;
(2) an ideal xR is maximal.

2.13. Lemma. Let R be a principal ideal domain and x  be a prime element o f R. 
I f  a is an element o f  R then either x divides a or the elements a, x are relatively 
prime.

Proof. Let d -  GCD( a, x  ), Since o' is a divisor of x, either elements x  and d  
are associated or d e  U(/?). In a first case, x is a greatest common divisor o f x  and a, in 
particular, x divides a. In the second case, elements x  and a are relatively prime.

the following important properties of principal ideal domains we can obtain now.

2.14. Theorem Let R be a principal ideal domain and a be a non -  zero element
o f  R,

(1) [ f a g  U(R), then a is a product o f the prime elements o f R.
(2) I f a g  U(R) and a = x i .. . x„= y t . . .  ym are two decompositions o f a in a 

products o f primes elements, then n = m and we may renumber the members o f the 
second decomposition in a such way that gj = m pj for some uj e  U(R), 1 <j < n.

Proof, (1) Suppose the contrary, and denote by S  a subset of such non -  zero 
elements o f R 111(1?) that does not decompose into a product of prime elements. By our 
assumption, S ^  0 . Consider an ascending chain of ideals

z/R £ziR <.. .  £ZfR <.. .

such that zn e S  for each n e  JV . Sinet  H -  L2n ejv z„R is an ideal, there is an element 
z such that H  = zR. By the construction of H, there exists a number k e. H ,  such that 
z e ztfl. It follows that zR <ZkR. On the other hand, z;R <H = zR, so that, z^R -  zR.
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Let a ~ ai be an arbitrary element of S. Suppose first that for each ideal bR with 
the properties aR SbR  and a R g bR  an element b does not belong to S. If b e  U(ii), 
then bR = R. Assume that b g  U(Jf). By the.choice of S, it shows that b is decomposed in 
a product of prime elements. By Proposition 2.2 b is a divisor of a, that is, a -  be for 
some element c e  R. We have aR <cR. If we suppose that aR = cR, then c = ua for 
some u e  U(if). Therefore a = be = bua, whence b e  U(f?). The later contradicts our 
assumption concerning b. This contradiction shows that aR gcR.  if  c e  U(J?), then a  = be 
is a product of prime elements. If c e  U(R), then by e g  S, c is a product of prime 
elements. But then, a = he is a product of prime elements. This contradiction shows that 
for each element a -  a, of subset S  there exists an element a2 such that a? s  S, 
a/R S  aiR and aiR * a2R. However, this gives us a possibility to build an infinite 
ascending chain of ideals

a,R SajR S . .. S a j i  S. .

such that a„ e S  for all « e  B T  We saw above that this is impossible. This contradiction 
implies that S -  0 . Thus (1) is proved.

(2) Put Pj = xjR, I < j  <n, Qk ~ y j i, 1 S  kSin.  The equations

x, .  . .x„ = a = y t . . , ym

lead us to the equations

P , . . . P n - a R  = Ql .. Qm

Corollary 2.12 implies that Pj, 1 S j  Sn, Qk 1 S k  <m, are the non -  zero prime ideals of 
R. By Theorem 1.4, n = nr, and afler some suitable renumbering P, = Qj, 1 S j  Sn,  This 
means that the elements xj and j j  are associated.

We can make the above presentation unique in the following way. In every class of 
associated elements which consists from the prime elements we choose one fixed element. 
Denote the set of all selected elements by o{R). Then every prime element is associated 
with some elements of tJ(ft). Theorem 2.14 implies that every non -  zero clement n of a 
principal ideal domain R can be presented in the form

a = vx i . . .  x„ , xi x„ e  d(R), u e U(j?)

(if n -  0, then a = u e  U(R), that is, every non -  zero element of R has a such form). 
Such a presentation is unique. Moreover, we can obtain also the following presentation

k ka -  uxi 1. . .  xm m, where { xi x,„ } c  G(if), xj #Xk whenever /  #k, u e  U{Vt).

Similar to ideals, it is convenient to use the following general form of the notation: 

a = u I I  „ e of« xaM, where a(x) 2  0.
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Of course, using this form, we wili assume, that only a fini tely many of a(x) are non -  zero. 
Now from Theorem 2.14 we obtain

2,15. Corollary. Let R be a principal ideal domain and a, b non -  zero elements 
o f  R, a -  b * v T l IBamxb<z), u, v eU(R).

(1) An element a divides b if  and only if  a(x) < b(x) for each x e  <J(R).
(2) GCDf a, b )  -  II x e ^  xdiv, where d(x) = min (  a(x), b(x) } for each 

x  c- a(R).
(3) LCM f a, b )  = I I  x ec(it) where m(x) -  max { a(x), h(x) } for each 

x  e  CfR).

An integral domaiu is said to be a unique factorization domain, if every non -  zero 
and non invertible element a is a product of prime elements of R. Moreover, if

x , . . . x n = a = y , . . . y m

are two such decompositions, then n = in and after some suitably renumbering xs and y,- 
are associated, 1 <j <n.

Theorem 2.14 shows that every principal ideal domain is a unique factorization 
domain. But conversely is not true. Indeed, if R is an integral domain, then a polynomial 
ring R[Xi,. . . .  X„] is a unique factorization domain. However, it is not a principal ideal if 
R is not a field domain or if R is a field and n £2,

In the conclusion of this chapter, we consider some important examples of principal 
ideal domains. If F  is a field, then a polynomial ring F[X] is a principal ideal domain. 
Moreover, f[X \ is an Euclidean domain. This example can be extended in the following 
way. Let F be a field, <x>  be an infinite cyclic group. Consider the group ring F< x >. 
Every element g(x) of this rind can be written in the following form

g(x) = a-m x  * + . . . t <t-i x~' + no + at x + . . , + a , f , where a, e  F. -m  <j <n.

There is the least positive integer m such that g(x) = x'"‘ g0(x) where go(x) is a 
polynomial. Put deg (gW) = deg (go(x))- The ring F< x > is an Euclidean domain. 
Indeed, let g(x), h(x) e  F< x > and h(x) * 0. By above, we have g(x) => x~m go(x), h(x) -  
x~* ha(x). Since go(x) and lifx) are polynomials, there are polynomials q(x) and r(x) 
such that gfx) = q0(x) ho(x) + rfx)  and either ra(x) = 0 or deg (ro(x)) < deg (ho(x)). 
Then

g(x) = x~m gffx) = x~* qafxj k0(x) + x~" rfx).

If m 2 k, then put x~m * *qfx)  = q(x), x'"' rg(x) = r(x). If m < k, then k ~ m  + s and we 
put Xs qo(x) = q(x), x r0(xj -  r(x). In every case,

g(x) = q(x) h(x) + r (x) where either r(x) = 0 or deg (r(x)) < deg (h(x)).
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Clearly, deg (g(x) h(x)) ~ deg (g(x)) + deg (h(x)). This shows that the group ring F< x >
is an Euclidean domain, and therefore it is a principal ideal domain.

Consider another important example.
Let D be a Dedekind domain, F e  Spec(D), fa : D /P "  *■ D/P" * 1 be a

canonical epimorphism. Put

D(P~) Gmproj {  D/P", fa 1 n eJV}.

Let (Xn + P") „ e y  e  U(D(P°°)), then there is an element (fin + P") „ eN e  D(P°°)  such 
that

. (Xn  +■ P " )  „ e  AT (fin  + P " )  II e N  =  ( I  +  P n)  n e  N-

In particular, A„p„ + P” -  I + Pn, so that A1 0 P,
Conversely, let (vM + P1'} „ eD (P‘°) and v; g P. Since P is a maximal idea!

of D, P + vsD = D. We have vn >■ Pm = vm + 2>i" for m <«; in particular, vn 0  P  for 
any n £  Q, Again, P + v„D = D. Lemma 1.18 yields that vn D + P" = D. Hence there 
are the elements r„ e  D, fa £ P ' such that v„ t„ + fa = 1, or

I  + P" = V„ T„ + fa + P" “  V„ T„ + P" = (v„ + P")( T„ + p";.

Since the inverse element is unique, r„ + P"1 -  tm + P” for m S  n, $0
+ Hence

U (D (K )) ~ { (vn + P") n e a €  D/P") /  v ,0 P },

Let (fin + P") n e w be a non -  zero clement of D(P°° /, t a number with property
fib f i i  Pi e P ,  but fit + / 0  P. Note that D(P" ) Pf = D(P” ) /  Indeed, let
(o* + P") „ e N e  D(Pa>), x e  P1. By Proposition 1.24, P> = Dy + Pt + ”‘, m e ^ T  so we
obtain that x  = y  z, m + w, m where z, £ D, w, c P1 ' m Then

((On + P " )  » *N/X =  « O n  +  P>’)X )  „ f  N  = (<T„ X  + p " )  „ e  N  =
(o'« (v'a, „ + w, J+ P " )„  =

( 0 , . . . ,  0, crt + i (yz,  I + w, t) + p‘ + l) , . . . ,  o, + m (y 2, ,, + w, J  + Pl + m, . . . )  =
(0,. . . ,  0, (7, + , y  z , , + p ' +1).......  <T, + „ y  It „ + Pl + m, . . J

because m e-P, + m e  JVT
From the equation D(P“>)Pf = D(P‘°)y  we obtain that

t a  + ffp„ + p " j„ eW; y

where i  t  0 £ U(D(P"  A 23 -  module D(P“)  is torsion -  free (see, for
example, [ND1968,9.10, Proposition 14]), therefore the presentation
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(Pn + P*)neN - ( ( Y n + P ^ n ^ y

where (y„ + P") „ £ jv e  U(D(P°°)), is unique. If  (§„ + P") „ e ,v is another non -  2ero 
element of I>(P“), then again

№  + P")neN = (Oh + P i n  s N ) y m

where (r)„ + ? )  ,  e e  U (D (D ).

Thus

(fin + P^) n eJV №  + P ) n eN ~ ((Yn + P") n sn) (*?n + P1) n eNV ^0.

So D(P“) is an integral domain.
Let /  be a non -  zero ideal of D(P’°),

0 *(pa + .  N e  I. (fi„ + P*) „ s N = ((y„ + F )  „ eN)  /

where (y„ + P") „ e o e  U(D(PL°)). It follows that D(PX)  y  <1. However 

D(P“Jy -  D(P’X’)P‘ = SmpmjJ D/Pl + ", I m e  JXT} 

and D(P“)/D(P°°)P> sD/P'. By Proposition 1.24, the set of all ideal of D f?  is 

{ D/P', P/Ff, . . . , P f~ ‘/Pf, < 0 > }

Hence, I/D(PX )P‘ is isomotphic to P‘~k/Pl for some k. In other words, /■* D(P*)P> ~ * 
■ D(P“) y ~ k. This means that D(P°°) is a principal ideal domain and the set of all non -  

zero ideals of D(P“°} equals to { D(P“)P" \ n e  W ) .

In particular, if D = / Z  and p is a prime, then P =p / Z  is a prime ideal of Z .  
In this case, we come to the ring Z £>”)  of integer p  -  adic numbers.

Using the similar arguments we can show that the ring flt-T]] of formal power 
series is a principal ideal domain whenever F is a field.
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^ r im a r p

ever
^ecampositicms o f ^Modules 
W e d e k in d  R e m a in s

We begin our observation of modules over Dedekind domains with very useful 
canonical decompositions on primary components. These decompositions generalize 
standard decompositions of abelina groups.

Let it be a ring, A a module over R. Put

tp(A) -  { a D A | Afiii/tfa) #  < 0> }.

3.1, Lemma. Let R be an integral domain, A an R-module. Then t& (A) is on 
R -  submodule.
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Proof. Let a/, a; e  Ir (A), Li = Anna (ai), L2 = AnnR (af). Then £; n  L2 £  
AitttR (at -  ut). Since R does not contains zero -  divisors, Lj Li *  <0>. From L/ Li <
Li n  Li we obtain that Amir, (a/ a f  & < 0 >,

Let a e  tR (A), 0 #x e  R, u eAttitg (a). Then

(ax)u = a(xu) -  a(ux) = (au)x = Ox = 0,

It follows that Anna (a) <AnnR (ax), that is ax e  tK(A).

Let R be an integral domain. A submodule tK(A) is called the R -  periodic part of
A.

An R -  module A is called R -  periodic, if A = tR(A).
A n R -  module A is called R -  torsion free, if tR(A) = < 0 >.

It is easy to see that the factor -  module A/tg(A) is R -  torsion -  free.

Let J! be a ring and let A be an R -  module. If S is a subset of R, then we define the 
annihilator o f S in A by the rule

Anttj(S) = {a  eA  I ax -  0 for all x e  S}.

It is not hard to see that if the ring R is commutative. Hence the annihilator of every subset S  
of R is an R -  submodule of A.

3.2. Lemma. Let R be a commutative ring, A an R -  module,

( H / H is an ideal o f R such that AimA(H) *<() >}.

I f  0  has a maxima! element P xR, then P is a prime ideal.

Proof. Let B = A iiha(P). Since R is a commutative ring, B is an S -  submodule. 
Let x, y  be elements of R such that xy e P, and let 0 x b  e  B. We have h(xy) = 0. If bx -  0, 
then xR In this case, xR + P <AnnR(b); in particular, Ann fxR  + P) #< 0>, tliat is 
xR+ P e  £§;. By the selection of P, it follows that xR + P = P, tliat is at e  P. If bx x  0. then 
AnnA(yR) x<  0 >. Repeating the previous arguments, we obtain the inclusiony  eP . This 
means that P is a prime ideal.

3.3. Corollary. Let R be a noelherian commutative ring, A an R -  module. I f  
Ir(A) X <0>, then R includes a non -  zero prime ideal P such that AnnA(P) X < 0 >.

Let R he a commutative ring, A an R -  module. Wc define the R -  assassinator o f 
A as the set

Assjt(A) = { P | P is a prime ideal o f R such that AnnA(P) X< 0> }.

Let now D be a Dedekind domain, /  be an ideal of D. Put
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Ai -  {a eA  | a f  = <0> for some n s  JV } ,

Clearly,A/ is a D -  submodule of A

The D— submodule Ai is called the I-component of A. If A = A t, then A
is called an I-m odule. If P is a prime ideal, then instead of a n / -  submodule we will
say occasionally say a primary submodule.

Put

A .k (A) = ( a e A  I a /  = <0>) .

It is easy to see that A, * (A) is a D -  submodule and

A .; (A) < A{ 2 (A) < . . .  £  32)i y (A) £ . . . ,

At = LJ t sN Qtji (A) .

We will consider some "primary" decomposition of D -  periodic modules.

3.4. Lemma. Let D be a Dedekind domain, A be a D -  module, U and V be
ideals o f D such that U + V  = D. Then A u n A y  = < 0 >.

Proof. Suppose that A u n A y  t < 0 > ,  Then A / i(A) n  Qy% i(A) t<  0 >. Choose 
an element O t a  ft 32a t(A) n  A k i(A). The equation U + V = R implies that 1 *  u + v 
for some u €  U, v e  V. We have

a =a 1 = a(u + v) -■ uu + av = 0.

This contradiction proves the equation A,, n A y = < 0  >.

3.5. Corollary. Let D be a Dedekind domain, A be a D-module, B be a D -  
submodule o f A, V and V be ideals o f  D such that U + V -  D. I f  A -  Au 30 Ay, then 
(AJB)u = Ay + B/B, (A/B)y = Ay+ B/B, A/B -  (AJB)u © (A/B)v.

Proof It follows from the equation A = Au © Av that

A/B -  (Au + B)/B + (Ay + B)/B.

It easy to see that (Au + B)/B £  (A/B)u, (Ay + B)/B £  (A/B)y. Lemma 3.4 implies that 
(Au + B)/B n  (A•/ + B)/B -  < 0 >. It follows that

A/B -  (Au + B)/B ®(Ar + B)/B

and
(AJB)u — (Au + B)/B, (A/B)y= (Ay + B)/B.



38

3.6. Corollary. Let D be a Dedekind domain, 0  a family o f ideals satisfying the 
fallowing conditions:

(1) if- U s  0  then < 0 > *D;
(2) i f  U, V b 0  then U + V — D.

I f  A is a module over the ring D, then u c $  An -  @ue$Au-

Proof It is sufficient to prove this statement for every finite subset 4  £  Let
I ̂  | = k. We shall use the induction on k. If k = 2, then our statement follows from 
Lemma 3.4. Let. k > 2 and let V e V . Assume that

£&{!'/du= @U<s&\(V}Au-

Suppose that Ay n  ( (B u z& f V j A u ) &< 0 >. Hence there are elements au eAn, U e £  
such that ay = £ v  c 4 '. I’// au and ay * 0. Then atr^O  for some W *  V. There are the 
numbers r;v, ry such that ayV y < o > and aw lf w = < 0>. Lemma 1.18 implies that 
y f  w + V v  = D, that is 1 -  xw + xy for some elements xw e  H'V xy e  Vv. We have

ay =  a y l =  av(xty +  x y } =  a y x w  + ayxy  =  t ty xw — £ v  e 0 \ { r )  auXfy.

Since Au is a D -  submodule of A, au xiy c  Ay,. Further, a»xw -  0, thus the sum 
E u * 4 \ty) auxw really contains k - 2  summands. The induction hypothesis implies that 
a y = 0.

3.7. Corollary. Let D be a Dedekind domain, 0  a family o f ideals satisjying the 
following conditions:

(1) i f  U £ 0  then <0> * UyD;
(2) i f  U, V e 0  then U+ V~ D.

I f  A is a module over the ring D such that A = (B u e$  Au, B is a D ~ submodule o f A, 

then A/B = (B u e$  (Au + B/B).

Let D be a Dedekind domain, A a D -  module, then the set AssofA) satisfies the 
conditions (1), (2) of Corollary 3.6. Consequently, we obtain the following primary 
decomposition.

7.8. Corollary. Let D be a Dedekind domain, A be a D -  module. I f  A is
D -  periodic, then A = (Bps,A r where x  = AsscfA).

I f  B is a D -  submodule o f A, then

(A/B)p — (Ap + B)/B and A/B =(Bps „ (Ap +' B/B).

If D -  Z  and A is an abelian group, then we can consider A as a module.
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Then Spec(SB) = {p S S  Ip  is a prime number or p  = 0), If P = P-^S, then in this case, 
instead of the P -  component we usually say the p  -  component of A. Instead of Axi [>(A) 
we usually use the designation H(A). This way we come to the standard prime
decomposition of an abelian group A: A = (Bp s j%a) Ap
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4

Projective QdvCcduks 
ever Wedekind domains

Let R be a ring. Recall that a module A over R is said to be a free module, if

A -  (B ie/.A,x

where A^Sr R for any X e  A
in other words. Ax = a jl  and Ann k(ox) = < 0 > for any X e  A.
It follows that every element a e  A has the form a = Z  x e a cixxi  where Ja e  R, 

Xe A, Supp((xi)x_rA ) ^  { X e  A | xx#  0 } is finite and this presentation is unique. Here 
Z x s a axXi means the sum Z x e^ ja x X x  where I(x) =Supp((xx)xeA).

Let A be an R — module. We say that the subset B sr A is free, if
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BR = (BbeBbR.

Moreover, if BR -  A, then B is called a free basis of A.

4.1. Lemma. Let R be a ring, A an R -  module.
(1) A includes a maximalfree subset.
(2) A free subset B is a maximal free subset i f  and only i f  A/BR is R -  periodic.

Proof. (1) Let $  be the family of all free subsets of A. The set 3  is ordered by 
inclusion. Let ^ b e  a linearly ordered subset of .7. It is easy to see that is a free
subset of A. By Zorn’s Lemma O' has a maximal element.

(2) Let B be a maximal free subset of A, a sBR. In particular, a g B. Then tire set
B u{a}  is not free. This means that there are elements bh . . . ,  bm eB , x, xt x„ e  R,
such that the set { x, xi, . . . ,  xM } contains non -  zero elements and

ax + b)Xi+, . .  + bm xm = 0.

If we assume that x  = 0, then the set { x :, , x„,} contains non -  zero elements. But this 
means that B is not free. Hence x & 0. So ax e BR for some element r / d  and 
Anna (a + BR) /  < 0 >.

Conversely, let Anne (a + BR) *  < 0 > for every a g  BR. If 0 * x e  
AnnR (a + BR), then ax e  BR, that is,

ax -  ax + b)Xi A . . .  + bm xm for suitable hi,. . . ,  b„ e  B. x, x\..........x„ e  R.

It follows that { a, bi, . . .  , b,„ ) is not a free basis for aR + bjR + . . + bmR, hence
{a} u B  is not free. This proves that B is a maximal free subset o f A.

4.2. Proposition. Let R be a ring A bean R -  module.
(1) I f  A has a finite maximal free subset, then every maximal free subset o f A is

finite.
(2) I f  A does not include a finite maximal free subset then every two maximal free 

subset o f  A have the same cardinality.

Proof. (1) Let B = { bx . A £ A) he a maximal free subset o f A, { a , , . . . ,  a„j be
a finite maximal free subset of A. By Lemma 4.1, A/BR is R -  periodic. Hence there are
elements 0 gxj e  R, 1 <j <n, such that ajXj = Zie A bx yx j  where Sapp (fyxfxeA) is 
finite, l £ j  Art The set

M=Sltpp((yxi)xeA) . . USupp ((yx,)xeA)

is finite and ajXj e  (Bx sbfb  xR, 1 <j <n. It follows that a/R + . . .  + a„R < (&x s- « bxR. 
Lemma 4.1 yields that A/(aiR + , , . + a„R) is R -  periodic, hence A/( (BxtiebiR) is 
R — periodic. Since B is a maximal free subset of/1, M - 'A. i.e. B is finite.
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(2) By (1) every maximal free subset of A is infinite. Let B = { bx X e A }  and
C = { Cf, 1 p  £ M)  be two maximal free subsets. Then there are elements

Oeux Xu, eR,  1 e  A, p  £ M,

such that

&XdX — Efte M bflXXft, h/iVf! " E x ■- A Oxi'fj A.

where Supp((xxf)fj eM) “  Mi and Supp((yM x)x s a ) = A,, are finite for every X e A .  
p  e  M. By Lemma 4,1, A/BR and AJCR are R -  periodic. It follows that

Cd x  ̂a Mt M  and Cd̂  e xfAfi A.

This means that \ a \ £ tx'o \m \= \ m \ and I Af| < N * |/l| = j / t |  because the sets /land
M  are infinite. Thus IA | ~ \ m \.

4.3. Corollary. Let R be a ring and A be an R -  module.
(1) I f A is a free R-module and A is finitely generated, then every free basis o f  

A is finite.
(2) I f  A is a free R -  module and A is not finitely generated, then every two free 

bases o f A have tite same cardinality.

4.4. Proposition Let R be an integral domain, A be an R-module, T = tn(A), I f  
{ ax IX e  A } is a maximal free subset o f A, then { ax + T  j X £  A } is a maximal free 
subset o f A/T. Conversely, if { bM + T \ fi e  M } is a maximal free subset o f AJT, then 
[bp \p e  M} is a maximal free subset o f A.

Proof. Let xx £ R, XeA, and Suppfxfix ca) is finite. Suppose that 
Ex ex(ax + Tfrx ~ T. In other words, E  x e a ax xx £ T. Then there exists an element 
0 £ x  e  R such that (Ex ha Ox xx>x = 0. From the selection of A it follows that XxX -  0 
for every X £ A  Since S  does not contain zero -  divisors, xx = 0 for every X e A  This 
means that f  ax + T IA e /1 /  is a free subset of A/T. Conversely, let >•„ £ K, peM, 
Supp((yM)  M eM) be finite and E,, b^y,, = 0. Then

I' ~ Eft s At by,.t ' l  = Eft € m (b/t "* T) yj,.

Since { b/t + T \p  £ M } is a free subset of A/T, yp = 0 for every p  e  M. This proves that
{ bft I p  £ M )  is a free subset of A.

Now suppose that (ax -  T \ X £ A} is not a maximal free subset of A/T. Then there 
exists an element c + T * T such that { c + T, ax + T \ X £ A} is free. But we have already 
proved that in this case the set {c, ax lx  £  A} is free. This contradiction proves that 
{ax -  T IX £  A} is a maximal free subset of A/T. Similarly, if {bx + T \x £ A} is a 
maximal free subset of A/T, then {bx IX e / l / i s a  maximal free subset of A.
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4.5. Lemma. Let R be an integral domain, A be an R-module and A be R -  
torsion -  free, F be a field offractions o f R, E -  A F. The subset { bx | Л e  A } is a 
free maximal subset o f A i f  and only i f  it is a basis for £'.

Proof. Let В = { bx ІX є  A}, e є  E. Then ex e  A for some 0 f  r. By 
Lemma 4,1, A/BR is R -  periodic, so (ex)y є  BR for some 0 є  R. This means that 
e = e(xy) (xy) є  BF. This implies that BF -  E.

Let ал є  F, X є  Д  Supp((afi A be finite, and Е л  сЛ bz ax -  0. There is an 
element 0 * и  є  R such that aye є& for all X є  Л. Then

0 = 0u = (£лел bx ax)u = E x  <?/i bx (ax u).

It follows that

axil = 0 or a>. = (axii)ii’ = 0 for all X є  A.

The converse assertion is obvious.

The following corollary is an immediate consequence of Proposition 4.4 and Lemma 
4.5.

4.6. Corollary. Let R be an integral domain, A be an R -  module, В and C be the 
maximal free subset o f A. Then \ В I *» | C L

4.7. Corollary. Let R be an integral domain, A be a free R -  module. I f  В and C 
are two free basis ofA, then IВ | = | C і .

Let R be an integral domain, A be an R -  module, В be a maximal free subset of A.
Then IВ j is called the torsion— free R -  rank of A or, shortly, the 0 — rank of A. The
0 -  rank of A we shall denote by rfA).

Let R be a ring, A, В he R -  modules, a: A  > В be an R -  monomorphism.
An R -  epimorphism p: В  r A is called a bachnapping if afl = єА is an identity
permutation of A.

Similarly, if a: A  x В is an R — epimorphism, then an R — monomorphism
fi: В  * A is called a backmapping, if fix  = eb.

4.8. Lemma. Let R be a ring, A and В be R -  modules,
(1) I f  there exist an R — homomorphisms a: A — —x В and fi: В  > A such that

ap  -£a, then a  is a monomorphism, p  is an epimorphism and В = Im a Ф Kerp In 
particular, A is isomorphic to a direct summand o f B.

(2) I f  В — А і Ф Ax and At = A , then there exists an R — monomorphism 
a: A ----x В and an R -  epimorphism f  : В  >A such that ар  — eA.

Proof, (1). Let b e lm  a n  Ker p. Then b = a a  (or some а єА  and bp = 0, that
is,
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0 = bfi -  (aa)P = a(afi) = asA = a.

It follows that b = Oa = 0, and Im a n K e r  = < 0>. Let p  e  B. We have

(b -  tip) a)0  = bP-  = bp ~ (bp)(ap) = 0 # «  = ft

Therefore b -  (bp)a e  Ker p  . Since (Iff)a e Im a, b e  Im  a  + Ker fi, that is, B 
Im a  + /Ter p, and hence

B = Im a  (B Ker ff

Furthermore, if a is an arbitrary element of A, then a = aeA -  a(aff) = (a a) p. This means 
that p  is an epimoiphism. Finally, if a s  Ker a, then we obtain

a -  ciij = afap) =(aa)P = Off = 0,

so that a  is a monomorphism.
(2) Let ft A  r A, be an R -  isomorphism, Xi: B  * A/, ny B  r A; be

projection mappings. Put a = <j>e where s: A -̂--- *B is an identity imbedding, ff -  m -ft '.
If a is  A, then

a(ap) =(aa)ff -  (a fâ fa f t '1) =((a<f>e)7t,) f ! = (a f t ) f ‘ = a.

A module P over a ring R is called projective, if for every R -  epimorphistn
P: A -* B and an R -  homomorphism a ’ P  > B there exists an R -  homomorphism
y  P  * A such that a  ~ Py.

We will consider now the relationships between projective and free R -  modules.

4.9. Proposition. Let R be a ring, C be a free R -  module with a free basis 
f  Cxi AeA}.

(!) I f  A is an R -  module, { a ^ i  A e  A } is a subset o f A. then there exists a
unique R homomorphism ft C -+A such that cx<j> = a*, À e  A

(2) Every R -  module is a homomorphic image o f some free R -  module.
(3) Every finitely generated R -  module is a homomorphic image of a free module 

having finite free basis.

Proof. Put (2)i eA c;. x>) = Z x  rA ax xx Since a presentation of every element of 
C is unique, ÿ is a mapping. It is easy to see that $ is an R -  homomorphism.

(2) and (3) follow from (1).

4.10. Proposition. Let R be a ring, C be a free R -  module. Then C is a 
projective module.

Proof. Let A, B be R -  modules, p: A ---- > B be an R -  cpimorphism,
a: C  r B be an R -  homomorphism, {cul A e  A} a free basis of C. There exists an
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element «л є  A such that а ф  -  ери for each А є  A. By Proposition 4.9, there exists an 
R -  homomorphism y. C  *A such that cyy -  a^ A a A  Now

cx(yfi) = ( ctf),в  -  а ф  -  cxoc for all АєА.

Since C — £ \  e ,1 Cx R, wc obtain the equation yp - a .

Let А, В, C be R -  modules. The sequence of R -  homomorphisms

0  *A — a-+ B —P->C---- >0

is called a short exact sequence, if C = Im p  s  B/Ker p  and Кет p  = Im a  s  A.

In particular, if A is an R -  submodule of В, о: В  * В/A is a natural
homomorphism, then 0  >A   x-B/A 1 0 is a short exact sequence.

4.11. Lemma. Let R bearing, А, В, C be R -  modules,

0  >A ---- » 0

be a short exact sequence. The epimorphism P has a back mortomorphism у. C  * В if
and only i f  the monomorphism a  has a back epimorphism S; В  *A.

Proof, Suppose that P has a back mapping у  C — т В, that is, yp = sr. By 
Lemma 4.8, В = Ker p  Ф Im у  and Im у s  C. Since Ker p  = Im a  = А, В =A ФС.
Let jt be a projection mapping of В on Ker p=  Im a. Define v. Im a  *A by the rule
(aa) v = a for all а є  A. Put 8 -  nv. Then 3 is a back epimorphism for a.

Conversely, suppose that a  has a back epimorphism S: В  -rA, that is aS  = £4.
By Lemma 4.8, В = Im а  Ф Ker & Moreover, Ker 6  s  B/Im a  = B/Ker p  s C ,  and 
therefore, В = Im  а  Ф Ker 5 =A Ф C. If b є  B, then b = e + d where e e  Ker Д
d  є  Ker S. Define the mapping py Ker S  * C by the rule dPo ~ dp, d e  Ker &
Clearly, Ker fit, -  < 0 > and Im po -  Im p  — C, i.e. pa is an isomorphism of Ker o on 
C. Put у  = Po~‘. If c eC , then c(yP) = (cy)P -■ (cPo~l) p -  c.

A short exact sequence 0 ---- * A —a—> В—^—> C > 0 is called a split short
exact sequence, if the epimorphism P has a back monomorphism (or, equivalently, by 
Lemma 4.11, the monomorphism «  has a back epimorphism).

Now we can procide with the following characterization of projective modules.

4.12. Theorem. Let R be a ring, А, В, P be R — modules. The following 
conditions are equivalent:

(1) P is a projective R -  module;
(2) every short exact sequence 0  *A —a—r B —P-r C  * 0 splits;
(3) P is isomorphic to a direct summand of some free R -  module.
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Proof (1) => (2). Since P is a projective R module, then there exists a
homomorphism y. P ---* B such that yp ~ ty. This means that the sequence
0 ---- ->A---- > B — -* P ---- >0 is a split short exact sequence.

(2)=>(3). By Proposition 4.9, there exist a free module C and an epimorphism
v: C  > P. We consider the short exact sequence 0 ---- > A  * C  > P — 0.
Since it splits, Lemma 4.8 implies that C = Im x ® Ker v, where r  is a back 
monomorphism for v. Then Im r s  C/Ker v  s  P.

(3 )^ (1 ). Let C be a free R -  module, C = Ci © Cj and Ci m>P, P>: A  *B
be an R — epimorphism, a/: P ——* B be an R -  homomorphism. Using Lemma 4.8 we
have an R -  monomoiphistn a: P  > C and an R -  epimorphism i: C  > P such that
ox -  Ep. Put »2 = rap. Proposition 4.10 shows that C is a projective R -  module, and
hence there exists a homomorphism yy C  * A such that y2pi -  ay  Put }'i = oyj. We
have now

pfri = (oyPPi ”  <frnPt) = obj "  ofrrxi) = (err) a, = c,<ai =

4.13. Lemma. Tm R be a ring.
(!) Every R -  module is a homomorphic image o f some projective R -  module.
(2) Every finitely generated R -  module is a homomorphic image o f some finitely 

generated projective R -  module.
(3) i f  Px is a projective R -  module for any A e  A, then e a I f  is a projective 

R -  module.

Proof (1) and (2) follow from Proposition 4.9 and Proposition 4.10. Theorem 
4.12 implies that Px SrDx where Dx is a direct summand of some free R -  module Cx, 
Cx -  At © El ■ PW C = ®x e a Cx- Then C = (®x t a a* a  Ex). Obviously, C is
a free R -  module. Since 8) x f A Px=’n c /iAr,  Theorem 4.12 claims that ®a<-a Pi is 
a projective A-module.

4.14. Lemma. Let R be an integral domain, F  be the field o f fractions for R, L
be an ideal o f R. Then there exists a -ZT~ isomorphism 6: L~ '---- ■>HoniR(L. R) such that
a(x6 ) — xa for every x  eL~', aeL .

Proof Letx e  L and define the mapping A: L ---- *R by the rule: a fa -x a  for
every a e L .  Obviously

(a + b)<t>x = x(a + b) = xa + xb ~ a tf + b<j>x, (ca)tj>s -x(ca) -  c(xa) ~ c(a$x).

Thus A  is an R -  homomorphism. We define 9 by tire rule x6 = A  for every x e  L !. 
Since

a<pt+y = (x + y)a -  xa P y a ^ a A  + a A  = a(A  + <j>j, (x + y)9 = xO + yG,

so 9 is a 25 -  homomorphism. Let x c  Ker 9, that is a A  = 0 for each a eA. Since R 
does not contain zero -  divisors, L x  = <0>  implies x = 0. So 9 is a 

-  monomorphism.
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Finally, let x  G Honta(L, R) ,a ,b e L \ < 0 > .  Then

(ax)b = (ab)z* (ba)x -  (btfa.

so that (ax)« ‘ = (bx)b ■ This equation implies» that (ayja is the same element for 
every 0 #  a e  L. Put (a'ft a 1 = x. We have (a/Ja = x, that is ax = x-a for every 
0 eL .

Since 0x ~  0 = xd , this means that x  ~ Furthermore, ax  e  R, i.e. ax e  R for 
every a <=A. Therefore x e  L and this implies that x  and 0 is a
Z  -  isomorphism.

A module A over a ring R is said to be hereditary if  A and all its submodules are 
projective. ,

Notice that submodules of hereditary modules are necessarily hereditary.
A ring R is said to be hereditary if all its right ideals are projective modules. 

Obviously, this occurs if and only if the R -  module R is hereditary.

4.15. Proposition. Let R he an integral domain, L be a non — zero ideal o f R. The 
R -  module L is projective if and only i f  L is an invertible ideal. In particular, R is a 
heredity ring ifand only if all its non -  zero ideals are invertible

Proof. Suppose at first that L is invertible. Then there are elements a/ a„ eL,
X : , x„ e  L~: such that 1 = ajx/ + . . . + a„x„ . Let C be a free R -  module with a 
free basis {ci, . . . .  c„ }. By Proposition 4,9, there exists an R -  homomorphism w. 
C --- > L such that Cjn = Gj, i  <j <m. Define the mapping a: L — * C by the rule

aa = ci(axt) + . . .  + c„(axj, a eL .

The mapping cr is an It -  homomorphism because R is commutative. If a e i ,  then

a(ax) = (aa)tt~ (ciaxi + .,  . + r=  (cinjaxi + . . .  + (cmtr)axm =
aiaxi + . .. + a,„ax,„ ~ a(a)X, + , . .  + = ad  = a.

So a n  = £\. Lemma 4.8 implies that C = 1m a  & Ker n and L s lm  a  Theorem 4.12 
implies that /  is a projective module.

Conversely, let L be a projective module. Theorem 4.12 implies that there is a free 
R -  module C/ such that Ci ~ L G> A for some R -  submodule A. Let { cx !a  e  A } be a 
free basis of C/. If a eL,  then a = H i  e a c?Jx(a) for some elements t>fa) e  R, A e A. If 
b is another element of L, then

a + b ^ £ x s nCx ti(a)+ ZxeACiTjfb) = ZxeACk(xk(a)+ ti(b)).

Since a + b = (ExsA Citf« + b) and {a  I  A e  A} is a free basis of C/, we obtain the 
equation tx(a + b) ~ tfa)  + rfb), A e  A  Similarly, Tifda) = dr fa )  for each d e R,
a  e  A. It follows that the mapping a  * tfa), A e  A, is an R -  homomorphism.
Lemma 4.14 implies that there are elements y* £■ i ' 7 such that xy(a) -  yyo for every
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(r e  L I  s  A, In other words a -  E x *  a cjfyxa). Let 0 ^  b e  I, At, -  Supp((n(b))i t  /)■ 
Then Ah is finite, say At ~ { Xt, . .  , ,  A* }. In particular, tjfb) = 0 for 2 e  A \ At,. This 
means th a tch  = 0 for A. e/1 \ Ab, that is yx='0 for X e  xt \ At,. So b = E  k <* a cx(yrf>). Let 
re be a projection mapping of C.j on L. Since it is an if -  homomorphism,

b -  bn ~ ( I? .ca cx(yxb)} E x t  a bzoub)-

Multiplying both sides of this equation by y '1 (R is a subring of its fields of fractions), we 
obtain then 1 = Exe/ibyyi,  It follows that R = L L !

4.16. Theorem. Let Rbean integral domain. Then R is a hereditary ring i f  and only 
i f  R is a Dedekind domain.

Proof. Suppose that R is a hereditary ring. Proposition 4.15 implies that every 
non -  zero ideal of R is invertible. It follows that every fractional ideal of R is invertible, 
thus R is a Dedekind domain. The converse assertion is obvious.

Now we can describe the projective modules over Dedekind domains.

4.17. Lemma. Let R be a ring, A bean R — module, B be a submodule o f A, and 
let A has an ascending series o f submodules

B = A 0 < A i < . . .  <Aa <Aa , t  £ . . . A r=A.

I f  each factor Au±\iAa o f this series is a projective module for a<y,  then A = B © C 
for some R-submodule C.

Proof. We shall show that for every a  slji there exists an R submodule Ca such 
that Ba -  B (B Ca and Ca < Ca / ■

Consider the short exact sequence

0  * B  +A, — >A,/B---- >0.

Since At/B is a projective R~ module, Theorem 4.12 implies that tins sequence is splitting. 
So rt.i -  B d) Ci for some R- submodule CtsAt/Ao. For a = I all is proved.

Let a  > I and we have already constructed R ~ submodules C,i for p <  a. If a - I  
exists, then consider the short exact sequence

0 ——:*Aa~j ---- *Aa----*Aa/Aa- i ——-rO.

Since Aa/Aa- i  is a projective R-  module, Theorem 4.12 implies that Aa = Aa-1 @ Da 
for some R-  submodule D№ By the induction hypothesis we have Aa- i  -  B © Ca- 1, so 
Aa =B @ Ca~t & Da Put Ca = Ca~t & Da .

Let a  be a limit ordinal. Put C„ = LSp<aCp. Then we have

B r>Ca — Bn(kdp<aAp) — C2p .;u(Br'iCg) — < Q>.



49

Let a e A a  Then a e  A $ for some fi< a, so that a e B  & Cp <B (PCa It follows 
that^c- = B BCd. For a=  y we obtain A =Ar = B (&Cr - B  (BC.

4.18. Corollary. Let R be a ring, A be art R-module having an ascending series of 
submodules, the factors o f which are projective R -  modules, ITten A = (&x + A Cx where 
Cx is a projective R -  module, A e  A. In particular, A is a projective R -  module.

4.19. Corollary Let if be a ring, (A x  I A e  A } be a family o f R -  modules, 
A -  (&?.eAAx-

(1) I f  Ax is a hereditary R -  module for every A e  A, then A is a hereditary 
R -  module.

(2) I f  B is an R -  submodule of A, then B = (Bxe,\Bx where Bx is isomorphic to 
some R -  submodule o f Ax, A e  A.

Proof. We can assume that the set A is well -  ordered, A = { a  \ a <  y}. Let-
na: A  r Ac be a projection mapping of A on Aa, For every Q # a  e A  we define
deg(a) as max{ a  I x ja )  = 0 }. The set { 7t„(a) j a < y }  contains only finitely many 
non -  zero elements, so deg(a) is defined for every non -  zero clement a. For a -  0 we 
put dcg(a) — ■ «?

Let B be an if -  submodule of A . For every a  < y put

Ea = { b c  B 1 deg(b) < a).

Obviously, Ea <Ea +1 and if a  is a limit ordinal, then Ea -  hdp< a Ep, in particular, B = 
t-dfKaEa- Put 5  =Er. Moreover, Ea£ ® p s  aAp = Da , a<y.  Therefore

Ea+ i/Ev — Ea~ f(E a rtD j) = (Ea + i + Da)/Da < Da+ i/Da .Z' A r, + /.

Since /1«+1 is u hereditary module, then every submodule of Aa , / is projective. Corollary 
4.18 implies that B = 0  a s ,  Ba , where Ba is isomorphic to some submodule of Aa , in 
particular, Ba is a projective i f -  module, ct<y.  So, by Lemma 4.13, if is a projective 
R- module . This means that A is a hereditary if -  module.

4.20. Theorem. IfR is a hereditary ring, then every free R -  module is hereditary. 
Every submodule o f the free R -  module ( in particular, every projective module )  is a 
direct sum o f  submodules, each o f which is isomorphic to soma right idea! o f R.

Proof. Let C be a free if -  module. Then C = 3) a e a  Cx where Cx si?  for any 
A e  A. Corollary 4.19 implies that C is a hereditary if -  module. If B is an if -
submodule of C, then by Corollary' 4.19, we obtain that B -  (B x c a Bx where B,i is 
isomorphic to some if -  submodule of if, that is, to a right ideal of if, A e A.
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4.21. Corollary. Let D be a Dedekind domain. Then every free D- module is 
hereditary. Every submodule o f  a free module (in particular, a projective module) is a 
direct sum o f submodules, each o f which is isomorphic to some ideal o f D.

In fact, it follows from Theorem 4.16 that D is a hereditary ring.

4.22. Corollary. Let R be a principal ideal domain, C be a free R -  module. Then 
R is a hereditary ring and every submodule o f C is free.

Proof. The ring R is hereditary since every principal ideal domain is a Dedekind 
domain. Let B be a submodule of C, then B = ®  ̂  e A BA where Bx Sr Lx for some ideal 
Lx of the riing R, A e  A by Corollary 4.21. Let l,A = aAK, then the mapping
<j>>; R  x Lx which is defined by the rule xji>_ = ayx, x c  R, is an epimorphism. Since R
docs not contain zero -  divisors, Ker <f>x ~<0>,  that is, Lx Sr R.

4213. Lemma. Let R be a ring, U and V be right ideals o f R.
(1) I f  U + V = R, then R -  modules U ® V, and R ® (U i V) are isomorphic.
(2) I f  A and B are R -  modules, A sB , then AL Sr BL for every right ideal L o f  

the ring R.

Proof. (1). Define the mapping f. U ® V  > K by the rule ( u , v )$~ u- v .  It is
easy to see that is an R homomorphism. The equation U ® V  -  R implies that $ is an 
epimorphism. Since It is a projective R -  module, U ® V -- R ® W, where W = Ker d If 
(u, v) e  Ker <p, then u ~ v.

Now we define Ihe mapping y/; Vn,  V  » W by the rule x y  = (x,x). Obviously,
y/ is an R -  isomorphism, so W s  U n V .

(2) Let 8; A -* £  be an R ■ isomorphism, then (AL)6  -  BL, so AL sR BL.

4.24. Lennua. Let D be a Dedekind domain.
(1) I f  A and B are non -  zero fractional ideals o f D, then A ®  B and D ® AB 

are isomorphic as D -  modules.
(2) I f  A I, . . . , Ar , Bi, . . . , Br are non -  zero fractional ideals o f  D, then D -  

modules A i & . . .  ® Ax and B> ® . .  . ®Br arc isomorphic if  and only i f  k ~ r and 
A r . . .  At -  xB i . :. Bt for some element 0 e  F, where F is the field offractions o f  
the ring D.

Proof. (1) There are elements 0 s  a e  A and 0 * b e  B such that aA <D and
bB < D, moreover, aA and bB are ideals of D. The mappings c -----> ac, c s  A and
d  -> db, d e  B, arc D -  monomorphisms, that is A so aA, B sD bB. Similarly, abAB
is a non -  zero ideal of D and AB =o (aA)(bB) = abAB. Therefore we can assume that 
A, B arc integral ideals of D.

Note that if A + B = D, then AB = A n  B by Proposition 1.17. Lemma 4.23 implies 
that in this case, A ®B and D ®AB are isomorphic as D -  modules.

By Corollary 1.13

A = Piht . . .  /*/' where Pi * R) for i *j, P, ft Spcc(D), h, >0, Ids S i.
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We shall apply induction on the number m(A) = A/ + . . .  + A,. If m(A) = 0, then A = D  
and AB = 5 , so the statement is trivial. If m(A) -  1, then A is a maximal ideal of D. It 
follows from BB ~ D tliat there is an element 0 e  B~l such that xB jSA  Now 
A + xB = £>, so that A (BxB s,, D A) xAB. But xB So B and AB s DxAB,

Let m(A) > 1. If A + B = D, the result follows from Lemma 4.23. So we can 
suppose that A + B < P for some maximal ideal, / 'o f  D. We have

P h . .  • P,Hi = A S A + B <  P.

Proposition i.17 and Theorem 1.14 Imply that P -  Pj for some j. 1 <j <t. Say P = P,. 
Then from A <P and B <P w c  obtain that A 1 £P ,~! and B ' 1 >P, ~! . Hence APi ~J 
and BP; are ideals of D. In particular, m(AP, ~‘) = m(A) -  1. By the induction 
hypothesis we have

APi ■' ffi B P / 1 D @(APj- ') (BP

Lemma 4.23 implies that ,4 sd (APp')Ph B So (BP/'1)?/, and

A ®B = (APf ‘)P, W (BPr')Pi so 
SO (APh & BP,-‘)P, So (D & (AP, ~!) (BP, '))P = Pi®  A(BP,

Since Pi is a maximal ideal, m(P) = I. We have already considered this case. So

Pi@A(BPr') s D D ® A(BPr‘)P, = D ®AB.

Consequently, A ® B So D (PAB.
(2) From (I) we obtain that

A, ®A2 =0 (D (BA,Ai) (B. . .  (PAk So
So(D ®D (BA/AiAi) (BA4®. .. &>Ak=o- ■ - So 

S n D e  . .. W D &A.
..*< k~l e*

where A = A1A2 . . .  A,. Similarly

B, &B3 ffl. .. ®Br =0 D ®  ■ . . ®D &B
*1 r-l r*

where B = B1B2 ■ Br. Therefore if k = r and A = xB for some 0 s x e  F, then 
//-m odules A1 ®A2 ® . .. ®At and B, ®B2 9 . . .  G)Br are isomorphic.

Conversely, let 8: A, &A; & , . (PAt----r- B, (&B2 ®. . . (&Br be an isomorphism.
If C is a non -  zero D -  submodule of F  and 0 r. c e  C, then C, = c~*C is a non — zero 
submodule of F  and 1 e  Ct■ Moreover, D -  submodules C and C, are isomorphic. 
Therefore we can assume that ] e  A» 1 e  Bj, 1 < i <k, I <j <r. For every i, I < i < k, 
we put
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(0, 0, . .  0, 1, 0. . . . .  0)6 =(bii, ba , ..., b„)
*
i

bjj e  Bj, 1 <j <r. For each a, e  At we have

(0 .0 , . . . ,  0, a,, 0, .. ., 0)9= ((0, 0, . . . , 0 , 1 . 0 , . . . ,  <))a)9=
(0, 0. . , . ,  0, I. 0, .. ., 0)9*i = (b, i, b, 2 ..... b;,)a, =

(b, i Qi, b,2 Qj. . . .- j bir Qj).

Ill particular, aJ>ij s  Bj, 1 £ j  Sr. It follows that At b,j <Bj ,1  <j <r. Similarly, lor every
j , 1 <j <r, we put

(0, 0, . . . , 0, 1, 0, . . . .  0)9' = (ajh  a}2. ... , ajt)
*
j

where ajjeAi, !<i <k Here we obtain the inclusion BjOj , <A„ 1 <i<k
Put S = || btj || i si £t. I <j i r , T = I! aj j || i s i g t . i £j s r. For every i. I S i  <k, we have

(0, 0 , . . . .  0, 1, 0, . . . .  0) = (0, 0, ..., 0, 1, 0,... , 0)99-' =
(bji, b n  b,r)0-‘ = Z><j<r(0, 0,..., 0, bu, 0. .. .,  O)0-‘-

E i <j < r( bijCtj i ......... by fijii) ~
71 (E  ! sj £ rbijOj ;, . . . , Els]  s t  bijOji:).

It follows that
f I, i f  t = i;

E l Sj S r bljüj I
1 0, i f  t / i .

This means that ST = Et. Similarly, TS -  Er. Since coefficients of these matrixes belong 
to the field F, it is easy to show that k - r  and T = S '1.

Put A = A i.... Ah B = B i . . .  Bt- Then

A (del S) -  A (En c st sign n- b/Hftj ...bt jy)  =
Eh €st sign tt-A:b/ ...At b^t) FI)*!). . . B„ij = B.

Similarly, B detT £  A. Since (det S)(det T) -  1,

A = A  (det S) (detT) £  B(detT) <A.

Hence A = (det T)B; moreover, del T is a non -  zero element of F.

4.25, Theorem. Let D be a Dedekind domain, P be a projective D-module.
(1) IfP  is finitely generated then P s D  & . . . ( &  D (9 L f o r somek>/ and some

e*
non -  zero ideal L o f  D. Furthermore, k is uniquely determined by P (k~  r0(P) ) and L 
is determined up to multiplication by a non -  zero constant in the field offractions o f D.

(2) I f  P is not finitely generated, then P is a free D -  module.
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Proof. Corollary 4.21 implies that P is a direct sum of submodules, which are 
isomorphic with some ideals of D.

Suppose that P is finitely generated. By Lemma 4,24,

P z D ® . . .  (BD &>L 
•“> *-/ r*

for some non -  zero ideal L. Corollary 4.6 shows that k -  rgfP). Lemma 4.24 implies 
that L is determined up to multiplication by a non -  zero element in the field of fractions 
of D.

Suppose that P = (B.t e A Rx where R;_ are isomorphic with some ideals of D, A, e  A, 
and the set A  is infinite. Then we can suppose that

P = $ \  £ a Pa and Px = ®  » e iv (Ax» © fix»), X &A,

where Axm fixn are non-zero ideals of D. Put Ext> = D. Ex„ = A n  Bxi ■ ■ Ax„ Bx„ 
n e  JXT. Then Ax„ Bx„ = Ex'»~iEx», « e  -1*7 A e  A So

Ax» ®Bx» = D (BAa„Bx„ ~ D @Ex~'„-iEx» s  Ex'1» -i © Ex»

by Lemma 4.24. We have

P x s E x t ) 1 ©  E x i  ©  E x j 1 ©  E x :  ©  ■ . -

Since Ex» © Ex»' =D © Ex »Ex» 1 ~ D (BD, then Px is free for any X e  A . Hence the 
module P is free.
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® n / 6 C t m  ^ M o d u le s  

w e r  W e d e k in d  d o m a in s

Let Rhea  ring, A and B be R-  modules, <j>: A  * B be an R -  homomorphism.
I f  C is an R- module, then define the mapping Hoiiir{C, A )  * HomrfC, B) by the
rule (f)0 -  ftp for each /  e  IJom^C, A). Note that HomR(C, B) and HomrfC, A) are 
abelian groups, i.e. they are Z  modules, and (Pis a Z  homomorphism. If the ring R 
is commutative, then tP is an R -  homomorphism.

5.1. Lemma. Let R be a ring, A, B, C, Ebe R~ modules. I f
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0 — * A — 9 B - V ->C

is an exact sequence ($ and t/r are R homomorphisms). llien the sequence

0 ---- * HomR(E, A) — * -* Hom„(E, B) —  HomtfE.C)

where 0 )0  =f$,  (g )¥= gq/  for f  e  HomK(E, A), g  e  HomR(E, B), is likewise exact.

Proof. Since 1m <j> = Ker % we have f(0'P) -  ( f^ip =* f ( M  -  0 for each 
/  e  HomK(E, A), that is, Irn 0  £  Ker 0  Let /  e  Ker <1\ e e  E, then 0 = eft$ =  (ej) f. 
Since 4> is a monomorpbism, e f=0  for every e e  E, i.e ./is  a zero homomorphism. So <}> 
is a monomorphism.

Let g e Ker ¥, that is, gt/r= 0. If e c  E, then 0 = e(gtg) =(eg)y/, so eg eK er ¥=  
Im </>. Hence there exists an element a e  A such that eg = a$. This element a is unique
because ^ is a monomorphism. We define now the mapping gp E  +A by the rule egi =
a. Then e(gitfi) ~ (egO<p ~ = eg for every e e  E. This means thatgi$  = g. Let a /,
e^e E, eig = eig ~ Then

(ei + ei)g = ejg + e2g = a,4> + a rf = (a,+ af)$.

This equation shows that

(e/ + e-j)g = at + a? = e/gi + e2gi.

Similarly, we can prove that (ex)g; = (egi)x for every x e  R. So g = grf ■= g /0  for some
gi e HomT,(E, A), that is g e lm  0.

Again let 9: A ---- > B be an R ~ homomorphism. We define the mapping
&: HonipfB, C)------> HomR(A, C) by the rule f  0  -  O f for every f  e  HomR(B, C),
Obviously, 0  is a 25  -  homomorphism. If the ring R is commutative, then 0  is an
R- homomorphism.

5.2. Lemma. Let R he a ring, A, B, C, E be R -  modules. I f

- a - > C ---- *0

is an exact sequence (here 9, a  are R -  homomorphisms), then the sequence

0 ---- > HomR(C, E) - ~ s -> Homh (B, E) - 0 ->HomK(A, E)

where f Z  = a f  and g& = 9 g, /  e HomR(C, E), g e  HomR(B, E), is also an exact 
sequence.

Proof Since Im 9  = Ker <j. we have

f(Z0) = (fS) & = (&/) 0  = O-(aJ) = (Bo)f = 0
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for each /  є  Homtit(C, E). Let /  є  Ker Д c є  C. Then 0 -  fL  = rrf. Since cr is an 
epimorphism, c -  if f  for suitable 6 Thus c f = (b a ) f  = b(qj) -  0 for any c e  C. 
This means that f = 0 ,  so JSTer Z  -  < 0 > and l i s a  monomorphism. Let g s  Ker 0  that 
is %  = 0, and c є  C. Since a  is an epimoiphism, there exists an element b e  В such 
that c -  bo, Furthermore, let bi be another element such that c = i;cr. Then b -  bi є  
Ker cr = Im 9. so there is an element а є  A such that b - b /  = ай  Then

0 = a(Og) = (a&)g (b -  bj)y = b g -  bjg.

We define the mapping g/: C  r E by the rule cgi = bg. From this definition it follows
that g  = cr gi ~ gt£  As in the previous lemma, it is easy to show that gi is an 
R -  homomorphism. So Ker & = Im Z..

A module E over a ring R is called injective if  for every R- monomorphism
jj: A  > В and an R -  homomorphism a: A -----> E there exists an R~ homomorphism
у. В  such that f iy-a.

53. Theorem (Baer’s Criterion/ Let R be a ring, E be an R -  module. Then E 
is an injective module if and only if  for every right ideal J  o f R and for every
R -  homomorphism cr J  ----> E there exists an R -  homomorphism a*: K  * E such
that xa* -  x a  for each x є  J.

Proof. If £  is an injective module, then we can consider J  and R as R- modules.
Let a: J  * R be an identity embedding. Then there is an R- homomorphism cr*:
R  -> E such that a=aa*. In particular, if x eJ , then

x a  -  x(aa*) = (xa) a* = xa*.

Conversely, suppose that the conditions of this Theorem are valid. Let A, В be
R modules, or A ---- -> £  be a homomorphism. We can assume that A is an R -
submodule of B.

Let

0 -  /  (C, Ф) C be an R -  submodule satisfying A <C <B and
ф: C  >E be an R -  homomorphism such that аф “  aa  for each а є  A }.

Put (Сі, фВ < (Сі, фг) if and only if (/■ < C2 and tire restriction of on Ci coincides 
with фі. So the set 0  is ordered.

Let ф  be a linearly ordered subset of 0 ,  CA -  LA/c, ф)в фС. We define the 
mapping Ф*: C? -— +E by the following rule. If c є  C* then c є  C where (C, Ф) є ф  
Put o f  = сф. If C, is another submodule with the properties c e C i  and (Сі, фі) аф, 
then either C £C-i (and in this case, сф -  ефі) or Сі £  C (then ефі = сф). So the 
mapping ф? is defined correctly. It is easy to see that ф* is an R -  homomorphism. So 
(C, ф) < (Cf, ф*) for every (C, ф) єф . Zom’s Lemma implies that the set 0  has a 
maximal element (C, ф).
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Let ft e  !i, J  = f  x e  fc\ bx ё Cj. Obviously, J  is a right ideal of R. Define the 
mapping a: J  *E  by the rule x a  -  ( bx) ф If и e R, then

( x u ) a - ( b x u )  ф=(Ьх)  фи = (хсг)и.

Similarly, if xi, хг s J ,  then

(xi + JCjl cr = (b(xj + X})) ф = (bxi) ф + (bx^) ф = xicг + x^p:

Thus a  is an R ~ homomoiphism. Then there is an R -  homomorphism a*: R — —r E, 
which extends a. Define the mapping ф*: С + ЬК *E  by the rule

(c + bx) ф* -  с ф + х а * , c  e  C, x e K .

If с + bx ~ ci + bxi for some elements c< e  С , x / e  R, then b(x-xi )  -  cs~ c  e  С , that is 
x - x / s j .  In this case we have

x a * - x i  a* = (x-xi )  a* = (x - x i )  cr= (b (x - x /)) ф -  ( c-ci )  ф = а  ф - с  ф.

It follows that с ф +x a*- -  с/ ф + х/о*. So ф is a mapping. Furthermore

((С + bx)+ (Cj + Ьхф) ф = ((c_+ Cj) +_b(x + xj)) ф* =
(c + ci) ф + (x + x )  a* = с ф + ci {0 + x a* + xto* = 

с ф-r x o* \ С/ ф + X/O* = (c + bx) ф* + (ci — bxt) ф*;
((c + bx)y) Ф* -  ('ey + b(xy)) ф* =■ (c + bx) ф*-у

for every у  g R. Hence (0* is an R -  homomorphism. For every с е  С we have

с ф = (с + b - 0) ф* = с ф+ 0  а* — с ф,

so ( С, ф) < ( С + ЬК. ф*). This means that С + ЬК = С, because (С, ф )  is г
maximal element of 0 .  Hence b e  С and С -  В.

The next theorem provides us with another characterization of injective modules 
which is connected to exact sequences.

5.4. Theorem. A R -  module E is an R — infective i f  and only i f  the sequence

0 ---- * Homp,(C, E) — £ -> HomK(li, E) —6  *Нотц(А, E )  * 0

Is exact for every exact sequence

0  >A — °~ > C ------> 0

o f R — modules and R — homomorphisms.
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Proof. Let £  be an injective module. Lemma 5.2 implies that the sequence

0 ---- * HompfC, E) UomR(B, E) ---- +Homs(A, E)

is exact It is sufficient to show that 0  is an epimorphism, Let f  e  HontglA, E). Since © 
is a monomorphism,/ = %  In other w ords,/- g 0. so that 0  is an epimorphism.

Conversely, let ft A  * ft be an R -  monomorphism, f :  A  * E be an R -
homomorphism. Since the sequence

HomR(B, E) — 8 Honig(A, E) ---- > Û

is exact, <9 is an epimorphism. Thus f —g © for some g e HomR(B, E). But gt9=  6g, so 
f ~  0-g. This means that E is an injective module.

Let R be an integral domain, A be an R -  module, 0 0 x g  R. We say that A is x - 
di visible if for every element a e Â  there is an element c s A  such that cx — a.

In other words, A -  Ax.

The module A is called R -  divisible, if A is x -  divisible for every 0 sR , 

Observe some properties of divisible modules.

5.5. Lemma. Let R be an integral domain.
(1) I f  E is an R -  divisible module, C is an R -  submodule o f  E, then E/C is an 

R -  divisible module;
(2) I f  Ex is an R -  divisible module for every A e A. then the R -  modules

t  a Ex and I I x e a Ex are also R -  divisible.

Proof. (1) Let e e  E, x e K. There is an element a e E such that ax -  e. Then 
e + C  = ax + C ^ ( a  + C)x , that is (E/C)x = E/C.

(2) Let (ei) x t  a e  Fix e /, Ex 0 / x  e  K. There is an element ax <= Ex such that 
a?x “  ex for every A s  A  Therefore ((ax),i e/)x ■ (ex)x s a that is

(FIx s a Ej)  X -  U x s a Ex,

Suppose now that Supp((cx) x e a) is finite. Put

f ax, i f  A s  Supplied x
bx

{ 0, i f  A 0 Supplied xc-.d-

Then Supp((b/) x e a) ‘ Supp((e») x s a ), in particular, (bx) x £ a  £ ®x e a Ex Obviously,
l(bj) x £a) x “  M  x e a  hence ((B is*  Ep)  x = ®xeA E>,
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5.6. Proposition. Let R be an integral domain, E be an injective R -  module. 
Then E is an R -  divisible module.

Proof, Let 0 * x  e  K, e e  E. Define the mapping/' K x  * E by the following
rule (ux)f -  eu, u e  R. Clearly,/is an R -  homomorphism. Since E  is an R -  injective
module, Theorem 5.3 implies that there is an R -  homomoiphism f*: R  9 E extending
/  We have

e= xf= xf*  = (1 x)J* -  (1 -f*)x. So Ex = E, 

i.e. E is an R -  divisible module.

We can consider every abelian group as a Z  module.
An abelian group A is said to 1* divisible if A is a Z  -  divisible module (in other 

words, A = kA for each l i / l e Z ) .

Proposition 5.6 has the following converse.

5.7. Proposition, Let R be an integral domain, E be an R -  module. I f  E is 
R -  divisible and R -  torsion -jree, then E is an injective module.

Proof. Let L be an ideal of R , f L  9 E bean R -  homomorphism. We can
assume that L &< 0 > and choose an element 0 s*x e  L. Since E  is R -  divisible, there is 
an element e e  E  such that ex = xf. If y e  L, then

(yfjx = (yx)f- (xy)f= (xfy = (ex)y = e(xy) = e(yx) = (ey)x.

It follows that ( y f  -  ey)x = 0 . This means that y f  = ey, because E is if -  torsion -  tree.
Define the mapping g; R  > E by the following rule ug -  eu for every u <= R. Then
yg  = ey = y f  for each y  e  L, so g is an extension of /  Theorem 5.3 implies that E  is aa 
injective module.

5.3. Proposition. Let D be a Dedekind domain, E be a D -  module. I f E is a 
divisible module, then E is an injective module.

Proof. Let L be an ideal of D. We can assume that L #  < 0 >. Let/- L  *E be
a D -  homomoiphism. We have D = LL Hence there are elements x,, . . . .  x k e  L, 
yi, . . . .  yk € L~‘ such that 1 = xiyi + . . . + xkyk. We may assume that Xj * 0  For all 
j , I <j <k. Since E is D -  divisible, then there are elements ei,. . . . .  ek e  E  such that 
x f ^ e i X } , . . . ,  Xkf = ekxk. Let x e  L. Since xy , eL L ~ l ~D,

x f  “ (x l)f=  (xx,y, + , . .  + xxkyt) f=  (xtfjxy, + . . .  + (xkf)xyk =
(e, Xljxy1 + . . .  + (e txd m  = (eIXIy, + . . .  + (ekxkyk)x.

The inclusion x /y, + . . .  + xkyk eL L ~‘ -  D implies that e = e,xiyi + . . .  + ekxky k e  E. 
Define the mapping f*: D ■— 9 E by the rule yf* = ey, y e  D. It is easy to see that/* is a
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D — homomorphism and xf* = e x = x f ,  so f*  is an extension o f f  Theorem 5.3 implies 
that E is an injective module. .

5.9. Corollary. Let R be a principal ideal domain, E bean R -  module. Then E 
is injective i f  and only if  E is R-divisible.

5.10. Corollary (R. Baer). An abelian group A is divisible i f  and only i f  A is an 
injective S B - module.

5.11. Lemma. Let D be a Dedekind domain, A be a D — module, {Ex I X € A }  
be a family o f submodules o f A. I f  Ex is D — divisible for any A e  A  then
E = £  xe a Ex is also D -  divisible.

Indeed, a sum of submodules is a homomorphic image of its direct sum, thus we 
may apply Lemma 5.5.

5.12. Corollary. Let D be a Dedekind domain, A be a D  -  module. Then A 
includes the largest D -  divisible submodule div(A),

In fact, div(A) is the sum of all divisible submodules of A.

The submodule div(A) is called the D -  divisible part of A.

5.13. Theorem. Let D be a Dedekind domain, A be a D — module, E and B be 
submodules o f A satisfying the following conditions:

(1) E isa  D -  divisible submodule;
(2) B n  £ “ <£)>.

Then there exists a D — submodule C such that B <C and A = E (B C.

Proof. Let j i  be a canonical embedding E  > E 3) B, j i  be a canonical
embedding of £  0 3  in A. The mapping a: E + B -r  E, defined by the rule
(e + b) a  = e, e a E, h e  II, is a D -  homomorphism. Proposition 5.8 implies that £  is a
D —injective module. Hcncc there is a D -  homomorphism fi: A  +E such that j?P = a.
Then j j x p  = j i a  = Ee. Lemma 4.8 implies that A -  Im (jpi) & Ker p. Obviously, 
Im  (jiji) = E. Put C * Ker P; then A = E® C. If b e  B, then

b p =  (b j i )P  =  b a  =  0,

so B £  Ker P = C.

5.14. Corollary. Let D be a Dedekind domain, A be a D — module. Then A = 
dtv(A) 9  B, where B is a D -  submodule and B does not include D -  divisible 
■submodules.

Let £  be the field of fractions of the Dedekind domain D. For all elements a e  F
and 0 x  £ D we have a — (ax~')x. This means that the D— module F  is divisible.
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5.15. Theorem. Let D be a Dedekind domain Each D -  module A can be
imbedded in a divisible D -  module.

Proof. Proposition 4.9 implies that A =o C/B where C = 0  \  eA Cj, Cj =o D, B 
is a submodule of C. Every C3 is imbedded in a D -  module E3 ~n F  where F  is the field
of fractions of D. Lemma 5.5 yields that the D -  module E* = (B x e a Ea is D — 
divisible, and E = E*/B  is D -  divisible. Now we have A =C/B <E*/B -  E.

Let D be a Dedekind domain, A be a D -  module. We say that a f l  -  divisible 
module £  is a minimal divisible submodule for A if every proper D -  submodule B of 
E, including A, is not D -  divisible.

5.16. Lemma. Let D be a Dedekind domain, A be a D -  module, E  be a divisible 
module suck that A < E. Then E  includes a minimal divisible submodule for A. In 
particular, for every D -  module A there exists a minimal divisible submodule.

Proof I f  every proper submodule £  of £  with the property B > A is not 
divisible, then £  is a minimal divisible module for A. Suppose that £  includes a 
divisible submodule £7 2  A. By Theorem 5.13, E -  Ei © C for some submodule C. 
Since C =E/Ei, C is a divisible submodule by Lemma 5.5. Put

= { C | C is a divisible submodule of £  such that A n C  = < 0>  }.
Then #  0 .  Let be a linearly ordered ( by inclusion ) subset of ^  Ei -  
Clearly, Ei is a divisible submodule and E; r>A =< 0>. In other words, £? e ^ .  Zorn’s 
Lemma implies that has a maximal element M  By Theorem 5.13, we obtain again that 
E = M  (BE3 where Ei is D -  submodule and A< E3. Since E3 sE/M, E3 is divisible by 
Lemma 5.5. Theorem 5,13 implies the decomposition E3 -  £7 © Es where Es is a 
divisible submodule. Lemma 5.5 implies that M ® E3 is divisible and ( M  ® £ j ) n A  -  
< 0 >. By the selection of M we obtain that M  = M © £ j , that is Es -  < 0 > and E3 = 
E). This means that E3 is a minimal divisible submodule for A.

If A is a D -  module, then Theorem 5.15 implies that there exists a divisible 
module E with the property E 2 A.

5.17. Lemma. Lei D be a Dedekind domain, A be a D — module, T = tn(A). I f  A
is a divisible module, then T is also divisible.

Proof. Let a eT, 0 # x  e  D, then Anna(a) = J  *  <0>. Since A is divisible, there 
is an element b £ A such that hx -  a. Let 0 # y  eJ. Since x y # 0  and

0 = ay = (hx) = b(xy). 0 *xy eA n n D(b),

that is, b eT . Thus T is a divisible submodule.

5.18. Corollary. Let D be a Dedekind domain, A be a D -  module, E be a 
minimal divisible module for A.
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(1)  I f  A is a D — periodic module, then E is also D — periodic.
(2) I f  A is D - Ionian -  free, then E is also D -torsion-free.

Proof. Let T -  tD(E). By Lemma 5.17 T is divisible. If A is D -  periodic, then 
A £  T. The minimality of E guarantees that E -  T. If A is D -  torsion -  free, then 
A n  T = < 0 >. By Theorem 5.13, there exists a D -  submodule Ei >A such that £  = 
Ei &T. Since EisE/T, Ei is divisible by Lemma 5.5. Again the selection of £  insure that
£  = £/.

5.19, Lemma. Let D be a Dedekind domain, C = cD be a cyclic D -  module, E 
be a minimal divisible submodule for C. I f  C is D -  torsion -free, then E=n F where 
F is the field offractions ofring D.

Proof, Since C is D -  torsion -  free, the mapping fa D  > C, defined by the
rule x$  = ex. x e  D, is a D -  homomorphism. Corollary 5.18 implies that E is D -  
torsion -  free. Let ci sC , 0 e  D, ei, e? be elements of E such that e/y = ci -  ejy. 
Then 0 = e/y — eyy = (ei -  efy. Since E is D — torsion — free, e/ - e j  — 0 and e/ = e?.
So for each cf e C ,0 * y  e D, the element e with the property ey = ci is unique. If c/
= cx for some x e  D, then put e = c(x/y).

Extend the mapping # to the mapping fa: F  * E  by the rule (x/y)fa -  c(x/y).
Let x j t= C, 0 #yi e  D, e; = c(X[/yi). Then ey = cx, eiyi “  cx,-. We have

eyyi = cxyi, etyiy = cx;y

and

(e +  eijyyr = CX/y +  cxyi -  c(xiy + xyi).

It follows that e + ei = c ((xiy + xyij/yyi). Hence

(x/y + xfayijfa =  ((x ,y  +  xyfa'yyijfa =  c ((x >y +  xytFyyi) = e  + ei = 
c(x/y) + C(xt/yi) =  (x/y)$i +  (xi/yt)fa

Let u e  D. Put e? -  cfux/y). Then e±y -  cox -fcxju -  (ey)u = (eu)y. It follows 
that (&2 -  eu)y = 0, so ei -  eu. Tims

e> = (u(x/y))fa = eu — c(x/y)a = (x/y fa  u.

This shows that fa is a D -  homomorphism. Let xJye Ker fa  that is c(x/y) = 0. Then
cx = c(x/y)y = 0, i.e. x eAittt[>(C) = < 0 >. This means that x/y = 0 and Ker fa -  < 0 >.
Finally, Im  fa is divisible submodule of E  and C < hn fa. By the choice of £, we 
obtain the equation E — Im fa. Hence E sF .

Let D be a Dedekind domain, A be a simple D -  module. Then A =  D/P for 
some maximal ideal P. Corollary 1.28 implies that D/fr and P/Pk * 1 are isomorphic 
as D -  modules for any k e  JV7 In particular, the D -  module D/P* is embedded in the
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D -  module D/Pk+I, k e  W  Theiefore we can consider the injective limit of the family 
of D -modules {D/P* / k £ J N ) .

Put
C eao= Rminj{D/P* i k e  I f f  }.

The D -  module C fm  is called the Priifer P -  module.
It follows from the construction, that O p »  is a P  module, moreover

P2p,t(Opa>) sD /P k, k e  -ZV. Furthermore,

O p t  , , (Cpa>)/ U p k (Cpa>) s  (D/P* * 1 )/(P/P* * ') =D/P.

Hence, if C is a D -  submodule of d p »  and C 0  C p »  , then C = C2 p t (Cp#>) for 
some k e  JWT Similarly, if b 0  Op, * _ ,■ (Cpa), then C -  bD.

Observe also that a Priifer P -  module is monolithic and its monolith coincides with 
Op, 1 (Cpeo).

5.20, Lemma. A Priifer P -  module is divisible.

Proof. Let a e  CJpoo, 0 #  x  e  D. Then there is a number n such that 
a £ Op, „(Cpun) \ O f n_) (Cpw). This means that aD ~ Op „ (Cpm). Let L -x D .  If 
P does not include L, then L + P -  D. Lemma 1.18 implies that L + P" = D, so that 1 -  
xu + y, u £ D .y e  P". Then

a - a d  = axu + ay = (au)x

because Aniirj(a) = Pn.
Consider the case when x s  P. In Theorem 1.29 we have already proved that

-s e n P k = < 0>. Therefore there exists a number I such that r e f  ‘/P t<!.
Consider the submodule B -  Op, „ + i(Cpm). The mapping f  b  * bx, b e  B, is

a D -  homomorphism; moreover, Im <j> < O p ,„ (C e<4 because x e  P. If we assume that 
Ini <b < Op, „. 1 (Cpooj, then for any element x 1 c  P" “ \  b e  B, we have bxxi = 0. This 
means that AnntfB) <LP " ~ ' <P ' P ” ' '  = P ' + " * However, Anna(B) -  Pr‘ *' .  This 
contradiction implies that Im $ < „ .  1 (C?*), that is, Im $ = £2r „ (Cpa>) = aD. In 
particular, a s  Im $ and a -  bx for some element b £ B. So C p «  is a divisible 
module.

5.21. Corollary. Lei D be a Dedekind domain, A be a simple D -  module, E be 
a minimal divisible module for A. Then E =D Cp<*> where P = AnilpfA).

Proof. Corollary 5.18 implies that £  is a D -  periodic module. Then Corollary 3.8 
yields that E = ® q  e where Eq is the Q -  component of E, n  = AssD(A). In 
particular, E ~ Ep 69 C where C is the Q' component, that is, C =  ®  Q*pEq The 
isomorphism Ep = E/C together with Lemma 5.5 shows that Ep is a divisible module. 
From the choice of E we obtain that E = Ep, because A <Ep. So E is a P -  module. 
Proposition 1.24 implies that P = yD + P2 where y  e  P \ P2. Let 0 0  at e  A. Then A =
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a/D because A is a simple module. Since £  is a divisible module, there are elements a„, 
n £ 2  with the properties: o „ a . „  n e  JftT. Obviously, Annn(aj) = AnnD(a2D) ±P, 
so that AmtofaiD) = Pii where fa > I. Hence a2D £  D/ Pii. in particular, A: = a2 D 
includes submodules that are isomorphic to D/P £ p ki~ ‘/P* 1 £  A, , D/F^i ~1 = P/P*1. 
Put Aj = ojZ). Therefore AmtoCo]} = Anno(A 3) -  P1! and fa > kj. Similarly, let Ann (a,,)
= £*»-/, then fa < fa < . . .  < k„ < . . . .  Thus jd  Aa includes a submodule B which 
is isomorphic to Gminj{D/Pk I k e  .№ }. Therefore B -  E.

Let A and E  be D -  modules and A A E. We say that £  is an essential 
extension of A (or A is an essential submodule of £) if for every non -  zero submodule 
C of B the intersection A n  C is non -  zero.

5.22, Lemma. Let D be a Dedekind domain, A be a D • module, E be a divisible 
D-module and A < £. Then E is a minimal divisible module for A ifand only if E is an 
essential extension o f A.

Proof, Let £  be a minimal divisible module for A. Suppose that E includes a 
non -  zero submodule B such that B n  A = < 0 >.

Suppose first that Bis D -  torsion -  free, and let 0 e  B. Since £  is a divisible 
module, £  includes a  minimal divisible submodule B; for bD by Lemma 5.16. Lemma 
5.19 implies that B:£r, F  where F  is the field of fractions of D. Since Bj/bD is £J — 
periodic, B in A =  <0>. Using Theorem 5.13, we obtain that E = Ei 3>Bi where £ / is 
a D — submodule and A s' £;. By Lemma 5.5, E/Bj = £ ;  is a divisible submodule. 
However this contradicts to the choice of £.

Suppose that tD(B) *  < 0 >. Let £  eAssn/B), BF be the P -  component of B, 
0 £ b  e  Bp. Then bD sD /Pk for some k > I. Therefore bD includes a D -  submodule 
B2 £  P 6'  l/Pt £  D/P ; thus it is a simple D -  submodule. Lemma 5.16 implies that £  
includes the minimal divisible submodule B> for Bi, and B3£  C f®  by Corollary 5.21. 
In particular, B3 is a monolithic D -  module and Pd(B}) = B2. It follows that B jn A  = 
<0>. Theorem 5.13 implies the decomposition F. = E-j (B Bs, where £2 is a D -  
submodule such that A < i '2. Since Ei is divisible by Lemma 5.5, we obtained a 
contradiction. It shows that £  is an essential extension of A.

Conversely, let E be an essential extension of A and £  be a divisible module. If 
£  includes a divisible submodule E3 >A, then Theorem 5.13 implies that £  = £ j & C for 
some D -  submodule C. Since C n A  <C r>E} ■- < 0 >, C -• < 0 >, that is, E ~ Ej.

5.23. Theorem. Let D be a Dedekind domain, A be a D -  module. Then there 
exists a minimal divisible module for A, and every two minimal divisible modules for A are 
isomorphic.

Proof. Lemma 5.16 implies that there exists a minimal divisible module for .4.
Let E; and £2 be minimal divisible modules for A. Proposition 5.8 yields that £?

is an injective D -  module. Therefore for the identity automorphism £a: A  >A there is
an extension 6: £ j  > £ 2, and E;0 = E2, i.e. B is an epimorphism. Assume that
Ker 9  rt < 0 >. Let 0 & a £ A n  Ker B. Then 0 = ad  = g£a = a. This contradiction 
shows that Ker 9 -  <0>. So 9 is an isomorphism.
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A minimal divisible module for A we will call a divisible (or injective) envelope of 
module A.

5.24. Lemma. Let R bearing, f  A A  А є  Л} be afamily o f R-modutes. I f  Ei is
an essential extension o f Ax for any А є  A , then Ф x E л Ел is an essential extension o f

Ф x є a Ax,

Proof. Put A -  (Bx ел Ax E= Ф  хєл Ex, 0 * e  є E. Then e = £ х є л  ex where 
д -  Supp((ex)x f a) is finite. Let А є  д, 0 * ех є  Ex Since Ex is an essential extension of 
Ax, there is the element xt e  R such that 0 ^ е ^ іє А х ,  If ehxi "■ 0 for p  e  g \ {A}, then 
0 *  exi = ejx/ є  A, that is eJi n  A *  < 0 >. Therefore we can assume that e,,xi # 0 for 
some ц  є  д\ {A}, Since EM is an essential extension of Ap. there is an element x je  R such 
that 0 # e ux,xx є  A p Note that exxiXi є  Ax, If e,,x/X_, ™ 0 for v t  д і (A ft}, then

0 #exix„ -  exxixx + eflx txx є  A,

that is eR n  A & < 0 >. Using similar arguments, after finitely many steps we obtain that 
eR n A  #  < 0 >. This means that £  is an essential extension of A.

5.25. Corollary. Let D be a Dedekind domain, {Ax І А є  Л) be a family o f  D -  
modules. I f  Ex is a D -  divisible envelope o f Ax, А є  A, then Ф хел  Ex is a divisible 

envelope O f Ф  ЛєЛ Ax,

Proof. Lemma 5.5 implies that U = Ф х є л  Ex is adivisible module. Lemma 5.16
proves that U includes a divisible envelope E of the module A -  Ф  x елАх. By Theorem 
5.13 U ~ E & В for some £>-submodule B. In particular, В r\A  = < 0 >. Lemma 5.24 
implies that U is an essential extension of A. This means that В = < 0>, that is, F. = U.

Let £> be a Dedekind domain, A be a D -  module. If £  is a maximal ideal of D, 
then let Ap be a P — component of A. Since Annofi3 p. і (Ap)) — P, we can consider 
Яр, i(Ap) as a vector space over the field D/P.

Put rp (A) = dimD/P/QP% i(Ap)). rp(A) is called the P -  rank of a module A.

Note that rP(A), as and ro (A), is an invariant of the module A.

5.26. Theorem Let D be a Dedekind domain, E be a divisible D — module. Then 
E = (Ф рєхЕр) Ф U where n  ™ AsspfE), ЕР=Ф хел(р> Cx, Cx isaPriifer P-module 
for any А є  Л(Р); U = Ф„ . д/ Uf, , =i> F where F is the field offractions o f the 
ring D. Moreover, | Л(Р) | = rp(E), \m \ “  r0(E).
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Proof. Let T *= tD(E). Lemma 5.17 implies that T is divisible. By Theorem 5.13 
E = T (B U for some Z?-submodule U. Corollary 3.8 gives a decomposition T = 
(B pe„ Ep where Ep is a P -  component of E, n  -  Assd(E)- By Lemma 5.5, Ep is
divisible. We have 12 p, ; (Ep) = (B x t  A(P) Mi where Mx is a simple D-module, Ml =  
D/P, XeA(P). Using Lemma 5.16 we obtain that Ey includes a divisible envelope C of
£>p,i(Ep). Corollary 5.25 implies that C = (B x c Am C x  where Cx is a divisible 
envelope of M i XeA(P). By Corollary 5.21, Cx is a Priifer P-module, X e  A(P). By 
Theorem 5.13, there exists a submodule A such that Ep ^  C (BA. Since Op / (Ep) <C 
and Ep is an essential extension of O p t (Ep), A — < 0 >, that is, Ep = C. By the 
definition of A(P), we obtain that | A(P) | = rp(A).

The isomorpliism U zE /T  implies that r0(E) = rB(U). Let S  be a maximal D -
free subset of U, V -  (Ba f  s aD. If u e  U. then uD n V  A< 0 >, so U is an essential 
extension of V. Since rn(0) --- Isl ,  r$(E) = 15 1.

By C sE/T, from Lemma 5,5 it follows that U is divisible. Lemma 5.16 implies 
that U  includes a £> -  divisible envelope W of V. Corollary 5.25 shows that W =
® a f Va where F„ is a D -  divisible envelope of aD. By Lemma 5.19, Va s« F where 
F  is the field of fractions of D. By Theorem 5.13, there exists a submodule M  such that 
U = W & M. Since V < H' and U is an essential extension of V, M =< 0 >, and so
u=w.

5.27. Corollary. Let D be a Dedekind domain, A be a D -  module, E be a 
divisible envelope o f A.

(I) E =((Bpc KEp) &U where 7i  = Assq(E), Ep =(B x s a[P) Cj, Cx is a Priifer 
P -  module for any X e  A(P);

n \  7! = dt) . . n  n  n  '"here F  is Ihe field o f fractions o f the ring D;

Finally, we can formulate another characterization of Dedekind domains, which is 
connected to the concepts of divisibility and injectivity.

5,28. Theorem Let R be an integral domain. The following statements are 
equivalent:

(1) R is a Dedekind domain;
(2) every divisible R -  module is injective.

The proof requires some specific results from the theory of commutative rings and 
we omit i t  One can find it, for example, in the book [SV1972, Theorem 4.25].
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d irec t Q & u m s of cyclic oModuks

The PrOfer’s and Kulikov's theorems play a very important role in the Abelian 
Group Theory. They provide us with the conditions for Uecomposability of abelian group 
into direct stuns of cyclic subgroups. In this chapter we will consider their analogies for 
modules over Dedekind domains.

6.1. Proposition Let D be a Dedekind domain, P a maximal ideal o f 
D, y  e  P 1 P2, A a P -  module over the ring D. Then A is D -  divisible i f  and only i f  
A = Ay.

Proof If A is divisible, then A = Ay. Conversely, assume that A = Ay. Let a e  A, 
0 jix  e  D. If x g P\ then xD + P -  D. Since A is a P -  module, AnnD(a) = P? for 
some s e  JVT By Lemma 1.18, xD + P* =Z>, so that 1= xu + y  where « e  D, y  e  P1. 
We have now
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a =a 1 -  a(xu + y) = axu + a y -  aux -  (au)x.

Suppose that x £ P. The equation A = Ay implies that A = Ay" for each it e  1Vi By 
Corollaiy 1.13 and Lemmas 1.18, 1.19, xD = P O  where P + Q = D. It follows that 
x e P  \ P '* !, so x = x ;  z where x, e P 1, z c Q. Moreover, z  gP . Using the equation 
A = Ay' we obtain that a = a; y  for some element a, <s A. Since Arm0(a) = P*, we 
have Ps + < £  Anttafat), Proposition 1.24 yields that P ' = Dy + P1 + s, so xt -  f  u + v, 
u s  D, v e  Pf r s. From x g P  *! it follows that u g  P. Since P is a prime ideal, u g  P 
and z g  P we can conclude that uz g P. Hence uzP + P = D. This implies that 
uzD + P  + 1 = D, so 7 = itzxi + xj where jcj e  D, x 3 e  P  + s. Then

a3 - a i l  = ai(uzx2 + x f  = (aixyuz + a3xj = oj uz,

where 02 = ai X}. In particular, Anna(at) £  Ann pad , that is, P*s £  Annpfaz)- It 
follows that

a = a iy  (02 uz))/ = a: uz /  + a? vz -  aj (uzy + vzj = u3 x, so A -  Ax.

6.2. Proposition. Let D be a Dedekind domain, P a maximal idea! o f D, 
y  eP \P*, A a P -  module over a ring D. Then AP* — Ay for every s e N 1

Proof, Let a e  AP, then a “  aj + a„ where e  A, Xj e  P, 1 <j £ n.
Since A is a P -  module, AnnjfxJ « Pkj  for some kj eJWT1 £  j  £  n. Let 
k -  moxfki }; then at I*  = < 0 > for each j, 1 <j <n. Proposition 1.24 implies
that P ~ yD + P*, so that Xj -  y  uj + y, where Uj e  D. y, e P ,  7 <j <n. We have

« = Z l z j s n  OjXj = X”,■ f, <«y  6wr + yl =
^  1 f j  f  » (a)y»j +  Oj Vj) = £ i <J <„ (dj Uj )y -  cy,

where c = 2 1 gj s„ctjUj. This means that a eAy, that is AP = Ay.
Let s > 1. We have already proved that AP'' = A y. Put B = APs. Then

A p ' : -  (Ap)P -  BP = By = (Ay)y = Ay +

6.3. Theorem. Let D be a Dedekind domain. P e  Spec(D), A a P -  module over 
ring D. Then A is decomposable in a direct sum o f cyclic submodules if and only if  there 
are the family o f submodules { A J  n e  -RT} and the family o f numbers { k„ \ n a  A T } 
with the following properties:

(1) A„ £A„ + i for each n e JV ;
(2) A = (-/„ f ,v A„:
(3) A „ n A  F̂ n = < 0>, n JW

Proof. Without loss of generality we can assume that A„ nA P '1 = < 0>  for each
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n € US. Let $  be the set of chains of submodules {G„ | n e  KT } satisfying the 
following conditions:

G„ £  Gn +1, An <Gn Gn n A  Pn — < 0 >, 7i £= JMT

If { G„ | n e  JKTj, { H „\ n e  J№ I e  then we put

{ G„ | n e  JSS } « { H „ \n  ifandonlyif G„< H„ for every n e KT.

it is easy to see, that this relation is orderliness. Furthermore, if  ̂  is the linearly ordered 
subset of fi. Zorn’s Lemma implies that ^has a maximal element
{ M „ | n e » T } .

Let y £  P \ P ;  then A f '1 = Ay" for any n c  I S  by Proposition 6.2. We consider
the submodule O f ,(MJ n  APn ~ 1 as a vector space over the field D/P. Let
{cx /2 e  A„} be a basis of this vector space. Then £in(M„)nAPn', = ®  xfm  c,D.

Put A  = U „  yl„ C =* Z x e A  CxD. Since Z xeA i u . .. ua« CxD <M„ and
<= An +i dD  < Op i(M„ +. i) n  AP" , we obtain that

Z x  e As kj . ., uAn CxD n ^ A  e  An +/  0  ^>,

It implies that Z x *a ciP  = ® xeA CxD.
We will show that Op, i(A) n  Mr S C  for every r e  jflST. For r --1 it is obvious. 

Assume that we have already proved the inclusion Op, ,(A) n  Mr < C and let 
b e  Op, i(Mr + i) 1 Mr. In particular, (Mr + bD) n A y  *<  0>. Let 0 + bx = c e  A y .
g  e  Mr. Since AnnD(b) = P, x e P, that is, xD + P = D and I = x x, + xj for some 
elements xi e  D, X} e  P. It follows that

6 =  b J  =  b(x X) + Xt) =  (bx) x i +  b x , bx xi.

Moreover, xi e  P. Now we have 0 -A gxi Abxx/ -  c X/ e A y . Put g, -  g xi, c, = c xy, 
then 0 *  g, + b ~ C) e  Ay and c, s  Ay r  Mr , ,. Suppose that c, y  *  0. It follows that 
Cty= g iy # 0 .  There exists a number / such that 0 *(giy)y?~‘ e O P,i(Mt), so

0 *  a y  e  Ay n  Op, ;(MrJ < Mr n  Ay = < 0 >.

This contradiction shows that c ,y  = 0. So ci e A f n  Op i(Mr +. j) = @ xe a? +i CxD <C.
Furthermore, gi -  ci -  b and g, y  = a  y  -  by -  0, so that g e  Op ,(A) n  Mr <C. The 
equation b = cr~ gi implies that b e  C. Thus Opi(A) n  Mr +i SC. Sinead = LZ„eJV 
An Op ,(A) -C .

If 2 e  At, then put ax -  c,- Let a. e  A,\ then cx e Ay, so there is an element 
ax e  A such that c, ax y. Let we have already chosen the elements ax for
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X e  At u .  . uA„  and X e  A„ + Then ca e  Ay". Hence there is an element a>, such that 
a>..y = cx-

Assume that E x  e A ax D is not direct. Then there are the indexes . . . ,  p(m) 
e A such that a xi + . .. + a ^ m) x,„ — 0 for some x t, . . . ,x m e  D where a ^  Xj 0
0 for every j, 1 <j <m. Choose the numbers ki,. . .  ,k m e  J V  such that a ^ y ’j = c^j,
1 <j <m. By Corollary 6.13 and Lemmas 1.18, 1.19, x, D ■ E j Qj where P  + Qj D, 
1 < j £ m . By the selection of elements we obtain that Pkj  * 1 £ A iincfa^), in 
particular, rj < kj + 1, 1 <j <m. Put s ~ mttxf kj 11 <j <m }. Proposition 1.24 implies 
that P~-yD  + P*+ ; and Prj = y j  D + P' + X, so

Xj -  (Uj/j + Vj)lj, Uj e  D, vj £ Zj c  Qj, 1 <] <m.

If we assume that Uj Zj e P, then xj e  Prj  ’’ It follows that xj D = P"j +1L for some ideal 
L. However, this contradicts Theorem 1.14. This contradiction shows that uj zj 0  P, 
i  <j < m.

Let d be a number such that kj - iy >kj - r, for every j, 1 <j <m. Without loss of 
generality we can assume that d = I. Then

Opt!) X / y ki ~ ri  =  a ,m  ill XI y  I / 1 ~ ri + ctpfi) Vi Zi y  i ~ ri =  a M  u t  z t  y k i =  c m  m  z ,.

Since Uj Zj 0  P, CtfDU/zi^O. Furthermore,

xjyk‘ ~r!=  apQ) «,z jy /y  i ~ri + aM  v; z,yki ~ri = aM  UjZj/j + ki ~ri.

Since ki - n  £ k j -  rj, ki + rj -  ri £  kj, therefore a^) xj yki ~ ri -  e  ĉ q) D, 2 <j £m. 
Hence we obtain tire equation Ui zi + c.p) kj + . . .  + c^„) hm = 0 for some h i,.  . ., 
hm e D where Cpfii ui zi^O. However this contradies the equation E xsa  o\ D -  ®xeA  
CjO. Consequently, we prove the equation E aca axD = (B a e a ciaD.

We have already proved the inclusion Pp. i(A) < C < (B } EA axD. Assume that 
we have already proved the inclusion Op ,/A) < (B a^a “aD and let b e  iGp,a t j(A). 
Then by" e  Op, t(A), so b yn = №/ + . . . +  c ^  w, for some W),. . .  ,w q e  D. We
can assume that v(l),. . . ,  v(t) e  A/ u .  . . uA „ ./, v(l + I ) , . . . ,  v(q) e  LSj Aj. In 
particular, Wj = a ^ y "  gj for t + J S j  <q. Therefore,

( b - a ^ / A  i)g, + i gq)yn =Cji) w; + . . . + Cyfljw, e l / , . , .

This equation implies that w, + . .  + ty« wi e  Mi - y n A y ” < 0 > This means 
that

(b — Ovft + l)Sl + 1 -  ■■■ - o r  I t ■<,) Sq) e  Op, „(A) < @ A eA CIaP.
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Hence b e  axD. In other words, Op, „ + i(A) < ® xc a  axD. Since A =
LX„ eN £3p, „(A), we obtain finally

A = ®  x f a OxD.

Conversely, let A ® xeA  U?P- Pat

A„ = { A e a !P" ^Anncfax)}, Aa = (BxeAnOxD, n e  J V

Obviously, A„ s'A ,, + /, so A„ <A„ - > for all n e MT. Since A is a P -  module, for each 
X e  A there is a number nx such that P"x < AnnD(a?}. Thus, A = LA „ e N A„. 
Furthermore, A ■ A ̂  Lb where CPx &a iAn axD. Since I3” <Anii£i(AJ, AP" <B„. 
Consequently, A„r)AP" = < 0 > for every n e MT.

Observe that Theorem 6.3 is an analog of the famous Kulikov’s criterion for abelian 
groups (see, for example, [FL1970, Theorem 17,2]).

6.4. Corollary Lei D be a Dedekind domain, A a P-module over the ring D, P a 
maximal ideal o f  D, B a submodule o f A. I f  A is decomposable into the direct sum o f 
cyclic submodules, then B is decomposable into the direct sum o f cyclic submodules.

Proof. By Theorem 6.3 there are the family of submodules { Ar \ n e  JT.T} and 
the family of numbers { k„  \ n  e  JOT} satisfying the following properties:

A = LA„ eff A„; An n A  P̂ n = < 0 > and An <An + / for each n & NT.

Put B „ -A „ n B , n e  JJT  Then B„^B„+ / and B = LA„ e □ Bn. Furthermore,

B „ n B < A , 1/ iA P iB = <0>.

So we can apply Theorem 6.3 to the submodule B.

6.5. Corollary. Let D be a Dedekind domain, A a D -  module. I f  Annr/A) s  <0 >, 
then A is a direct sum o f cyclic submodules.

Proof. By Corollary 3.8 A (B p t „A.p where Ap is the P — component of A,
k k7T = A ssd(A). Corollary 6.13 implies that Aiuir>(A) = Pi I . . . P„ m for some Pt, . . . , 

Pm e  Spec(D). It follows that AssD(A) = { P:, . . . .  P,„}. Applying Theorem 6.3 to every 
Pj -  component of A, we prove this result.

This statement is an analog of the first Priifer’s theorem (see, for example, [FLI970, 
Theorem 17.2]).
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6.6. Corollary. Let D be a Dedekind domain, A a countably generated P -
module over D, P e Spec(D). Then the module A is decomposable into a direct sum of 
cyclic submodules if  and only if  f~) „ Ep>APn = < 0 >.

Proof Let A be generated by the subset { a„ 1 n e  JVJ. Put A„ = at D + . . .  + 
a„ D. Since A  is a D -  periodic module, Arin//AJ 0  < 0 >. Then A„ has a finite 
composition series. Let SocD(A.) — M i where Mx is a simple submodule,
A. e  0„. If 0 0  a & Mj, then there is a number Si such that a e  AP  i . Since aD = M i it 
follows that M i n  AP*a = < 0 >, Let k„ = mtixfsx \ A e <P„ }. Then Socq(A,J n  A P*„ -

< 0 >. This means that A„ n  APP» = <(?>.  Since An < A„ + i and LA„ e/Y A„ - A ,  all 
conditions of Theorem 6.3 are realized. Hence A is a direct sum of cyclic submodules.

6.7. Lemma. Let D be a Dedekind domain, P e  Spec(D), A a D ~  periodic 
module. I f  P 0  Ass o(A), then A -  A P.

Proof. Corollary 3.8 yields that A ~  ®  q c *A.q where Aq is the Q -  component 
of A, tt = A ssd(A). Therefore it is sufficient to prove that (Aq)P = Aq. If a e Aq, then 
AnnD(a) = g* for some k e  U .  Let x e P  1 Q. Since Q is a maxima! ideal, xD + Q =
D. Lemma 6.18 implies that xD + Qk = D, thus 1 = xu + v where u e  D, v e  Qk. We 
have

a ~ a l =  awe + ov = (au)x e  (Aq)x < (Aq)P.

Consequently, (Aq)P  ™ A q for every Q e Ass p,(A). Hence AP =A.

6.8. Corollary. Let D be a  Dedekind domain, A a D -  periodic module, L an 
ideal o f D,L = p f t  . .  . Ps\  Q™ i . . .  Qrm>, where P , P ,, Q t , Qr e  Spec(D), 
Pi 0  Qj 0 Qt for i 0 j  0 t, P i , . .  . , Ps e  Assd(A), Qi . . . . .  Qr f? Assu(A). Then AL = 
A Piki . . .  P ks.

6.9. Corollary. Let D be a Dedekind domain, A a periodic countably generated 
D-module, f  be a family o f all non -  zero ideal o f D. Then the module A is decomposable

into a direct sum o f cyclic submodules i f  and only i f  0  = < 0 >.

Proof. Corollary 3.8 yields that A = @}qs s Aq where Aq is the Q component 
of A, n -  AssofA). Choose an arbitrary P e AssefA). Let L be a non -  zero ideal of D. 
By Corollary 1.13, L ~ I’k Q;mi . .  . Qrmr, where Q i , . . . .  Qr e  Spec(D), P 0  Qj 0  O,
for i 0 j  01. Corollary 6.8 shows that Ap.L = ApP*. It follows that A lk ef<ApPk = < 0 >. 
Now we can apply Corollary 6.6.

Corollary 6.9 is an analog of the second Priifer’s Theorem (see, for example, 
[FL1970, Theorem 17.3]).
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Now we in us! consider the question on the uniqueness of this direct decomposition.

6.10. Theorem. Let D be a Dedekind domain, P e  Spec(D), A be a P -  module 
over D, A = (BxeA a/.D = ® peM  bpD. Then there are an automorphism f  o f A and 
a bijection 6 : M  * A such that b;, d -  a,,n p  e  M.

Proof. Put A„ = f  A e  A i P" = Anno(ajJ. M„ = { p  e  Ml f p = AnttifbJ. It is 
sufficient to show that | An j = I M„ I for all n e  US. Put C„ = Tip i (A) n  AP" 1 We 
have

A P " - '  =  r  * An a*.P " ~ ' )  ®  ' A ! a a t  '),

AP" ' 1

where A = Ai u . . .  u  An I -  Mi U . . . uM ,t 
Thus

C„  =  ( ® k * a*  a xP "-1) ® C n < . i = ( ® » e m , bMP " - ' )  ® C „  + i.

It follows that \A„\ - I Mn I = dimnvfC,, + j/CK).

The following theorem shows that Corollary 6.5 is a characteristics of Dedekind 
domains (see, for example, [SV1972, Theorem 6.14]).

6.11. Theorem. Let R be an integral domain. The fallowing assertions are 
equivalent:

(1) R is a Dedekind domain:
(2) i f  A is an R -  module with AnnofA) * < 0 >, then A is a direct sum o f cyclic 

submodules.
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O UmimasB Qdrfaduhs am  Wedekind domains

Let # ( S |  <)be an ordered set 0 . We say that ^satisfies the minimal condition if 
every non -  empty subset of 0  has a minimal element. This is equivalent to 0  satisfies 
the descending chain condition, that is, given a descending chain

a i  >  a i >  . . .  ' £  aK >  . . . ,  

o f elements of 0 , there is some k e  I S  such that c* = at + „ for any n e J S .

We say that a module A over a ring R is cm artinian R -  module or A satisfies 
the minimal condition on its submodules if $>r(A) satisfies the minimal condition. As we 
mentioned above, this is equivalent to the members of 0 r(A) satisfying the descending 
chain condition.

Observe some elementary properties of artinian modules.
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7.1. Lemma. Let R be a ring and A an R -  module.
(1) I f  A is artinian and B a submodule o f A, then B and A/B are artinian.
(2) I f  B is a submodule o f A such that B and A/B are artinian, then A is 

artinian.
(3) I f  A has a finite series o f submodules

<0>=A0 <A, < . <A„=A,

every factor o f which is artinian then A is likewise artinian.
(4) I f  A = A i+ .. .  +A„ where A/ is artinian for I A i < n, then A is artinian.

The proof is similar to the proof of Proposition 1.3.

We can merge the minima] and the maxima! conditions in the following way,

The module A is called a minima» module if it possesses a finite series of 
submoduies with either artinian or noetherian factors.

7.2. Lemma. Let R be an integral domain, A a finitely generated R-module. I f  
A is R-periodic, then AnnR(A) ±< 0 >.

Proof. Let M  be a finite subset of A such that A = MR. Clearly, 

n a eUAnnx(a) <AnnR(a).

Also we have

n„ eMAnnR(a) < n aeMAnnH(a).

Since R has no zero-divisors, O a eMAnnR(a) #<Q>. Hence Annr/a) *< 0> .

7.3. Proposition. Let D be a Dedekind domain, A be a periodic finitely generated 
D -  module. Then A is a direct sum o f finitely many cyclic submodules. Let

A — £0i e a a^ D = @ pe m bft D

where Antt ja x  D) Annofbp D) =PJm, Pi, If, e  Spec(D), X e  A .p e M , and both 
sets A and M  are finite. Then there are an automorphism $ o f A and a bijection 
0: M  * A such that b ^ t f - a ^ p e M .

Proof. By Lemma 7.2 Anno(a) & < 0 >. Using Corollary 6.5 we obtain that A is 
a direct sum finitely many cyclic submodules. The second part follows directly from 
Proposition 3.8 and Theorem 6.10.
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Let A be a finitely generated module over a Dedekind domain D, T = to(A). Since D 
is noetherian, A is a noetherian D -  module by Proposition 1.3, in particular, T is finitely 
generated. The factor -  module A/T is D -  torsion -  free and finitely generated. So the 
next step is the consideration of torsion -  free finitely generated modules.

7.4. Lemma. Let Dbe a Dedekind domain, A be a finitely generated D -  module. 
I f  A has an element a such that Annp (a) -  < 0 >, then A includes a D -  submodule 
B with the properties:

(1) A = B ® C for some D - submodule C;
(2) a g  B ;
(3) C is isomorphic to some ideal o f D (as D -  modules).

Proof. We define the mapping 8: D  * A by the rule: x& = ax, x e  D.
Obviously, 8 is a D ~ homomorphism. Since Ker 6  = Anttofa) = < 0 >, 8  is a 
monomorphism. Let F  be the field of fractions of the ring D. Since F  is D -  divisible, F  is 
an injective D -  module by Proposition 5.8. Therefore if ( is an identical imbedding D in 
F, then there is a D - homomorphism f: A  ->F such that 8<j>~t Then

1 -  1 i = 1(9$)

so ft is a non -  zero homomorphism.
Furthermore, Atfi is a fractional ideal of D. It follows that Atj> is isomorphic as a 

D  -  module to some non -  zero ideal L of D. Since D is a Dedekind domain, L is 
invertible, and Proposition 4.15 implies that L is a projective D- module. From Theorem 
4,12 we obtain the decomposition A = B (BC where B -  Ker $  C Sp L. Since cuf> *  0, 
a 0  B.

7.5. Corollary. Let D be a Dedekind domain, A be a finitely generated D -  
module. I f  A is D torsion -  free, then A = Ci (B. . . (B C,„ where Cj is isomorphic to 
some ideal o f D, I  <j <m. In particular, every torsion -  free finitely generated
D -  module is projective.

Proof. Let M  be a maximal D-free subset of A, E ~ f moD. By Proposition
1.3, a submoduie E  is finitely generated. It follows that M is finite, say M  = { at  amj.
Lemma 7.4 implies that A = Ct © Bi where at g  Bi and C;. is isomorphic to some ideal 
of D. Since A/Bi is D -  torsion -  free, a iD n B i ~ < 0 >. I f Mi is a maxima! D free 
subset of Bp then M) u {a ij  is a maximal D -  free subset o f A. Corollary 4.6 implies that 
i Mi | = m -  1, so Mi = { b/, .. . , b„ . i}. Applying Lemma 7.4 to the submodule B/ we 
oblain the decomposition Bi = C3 ® B3 where C3 is isomorphic to some ideal of D, 
bj g  B3. Since A/Bi is D -  torsion -  free, (a/D © biD) n  B2 = < 0 >. With the help of 
the similar arguments we finally obtain the decomposition

A — Ci @>.., (BCm ® Ei 

where Cj is isomorphic to some ideal of D, I <j Am. Since
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r„(C, S>. .. <BCJ = m = r^4),

Ei = < 0 > . So A -  Ci ® Cm.

7.6. Corollary. Let D be a Dedekind domain, A be a finitely generated D — 
module. I f  A is D -torsion-free, then

A =£>© . . .  & D ® L
m-l r*

for some m i l  and some non -  zero ideal L o f D where m -  ro(A) and L is 
determined up to multiplication by a non -  zero constant in the field o f fractions o f D.

Tills statement follows from Corollary 7.5 and Theorem 4.25,

7.7. Corollary. Let D be a Dedekind domain, A be a finitely generated D -  
module. Then A = T 0  C where T = tn(A), C is a finitely generated D -  torsion — free 
submodule.

This statement follows from Corollary 7.5 and Theorem 4.12.

Now we will formulate the basic result.

7.8. Theorem. Let D be a Dedekind domain, A be a finitely generated D -  
module. Then the following assertions hold.

(1) A = T 9  C where T is a D -  periodic part o f A, C is a finitely generated 
D — torsion — free submodule;

(2) T = A i® ... 63,4* where Aj is a primary cyclic submodule, 1 d j  < k.
(3) I f T -  B/@ . . . Bt where B, is a primary cyclic submodule, then k = t and 

there are a permutation or e  St and an automorphism $ o f the submodule T such that 
Bfr — Aja , I <j <” k.

( 4 ) C s D @ . . . ® D G > l
*"• m-l n*

for some m i l  and some non -  zero ideal L o f D where m = rfA ) and L is 
determined up to multiplication by a non-zero constant in the field offractions o f D.

Statement (1) is Corollary 7.7, Statements (2) and (3) follow from Proposition 7.3, 
and statement (4) is Corollary 7.6.

7.9. Lemma. Let D be a Dedekind domain, P a maximal idea o f D, A a P -  
module over a ring D. I f  ditno/pA/AP is finite, then A - B  (PC where S is a 
finitely generated submodule, C is a divisible submodule.

Proof. Let

A/AP ™ ®  > ij£„ (ojD + AP), Aq = S  i s/sna/D , then A — Ao + AP
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Since Ag is a finitely generated P — module, there is и number si such that 
P !i < Aitnj/Aij). Therefore there exists a number r? such that Ag ys 2 - <  0 > but 
Agy 2 ~ '&< 0>. Put С = Ay 2, then

C = A y i  = (Ag + AP)y2 = (Aq + Ay)ys2 = At у 2 + A yS2 * 1 = A у  2 +1 = (Ay i)y = Cy.

Propositions 6.1 and 6.2 imply that С is a divisible submodule. Theorem 5.13 yields that 
A = С ФВ for some submodule S. Furthermore

A = Ae + AP = Ag +(A0 + AP)P =
Ao + AP2 = . . .= A 0 + APlf2J=Aa + C.

Now В £  A/C = (Ag + C)/C £  Ag/(Ao n C )  is a finitely generated submodule.

7.10. Corollary. Lei D be a Dedekind domain, P a maximal ideal o f D, A a 
P  -  module over the ring D. I f  A is an artinian D -  module, then

A = О/ D Ф. . . (BasD ФС1 & . . .  $ C t

where Cj is a Prüfer P -  module, I s j <  t.

Proof. We can consider A/AP as a vector space over the field D/P. Since A is 
artinian, dim^yr A/AP is finite. Lemma 7.9 implies that А - В Ф С  where В is a finitely 
generated submodule, С is a divisible submodule. Then

В = ajD Ф . . .  Ф afD 

by Proposition 7.3. Finally, we can apply Theorem 5.26 to C.

7.11. Proposition. Let D be a Dedekind domain, P a maximal ideal o f D, A a 
P  -  module over a ring D. Then A is an artinian module i f  and only if  Op, / (A) is 
artinian.

Proof. If A is artinian, then every submodule of A is artinian. In particular, 
Op, j(A) is likewise artinian.

Conversely, suppose that В -  Op ;(A) is artinian. Let

A, >A2>. . .  > A „ £ . . .

be a descending chain of submodules of A. Choose an element у e  P \P2. For any pair k, 
т с  JV , we put

Bkm = (At n  ,(A))ym.

Obviously, each Bt, „ is a D -  submodule, Bkm >Bt +/, m and B^m £  „ 1 1 for any
pair к, m вН Я. It follows that B^ m>Bs t  whenever s >k and t > m.
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Since B is artinian, there are some q, r e  ÄT such that Bp, „ -  Bq, r whenever 
k > q and m ä r .  The mapping $ : a >——> a y ,  a e  (ip, , - i(A), is a module 
endomorphism, and so Ini tji and Ker § = Qp (A) are submodules. Therefore

(ip, t + i(A)/(ip, t(A) s lm  $ < (ip i(A).

It follows that (ip i + i(A)/Op, ,(A) is artinian and therefore so (ip „(A) does for any 
i t c J I T

Therefore there is some q(l) e  MT such that

At r ) (ip r . 1 (A) -  Aq(i) n  (ip, r i i(A)

for every k>  q(I). Let q(2) be the maximum of (q, q(I)}. If k >q(2) and n > r -  I,
then we claim that the following expression holds:

(E) At n  tip, „ (A) = Aqp) r*> (ip, „(A).

To see this, we proceed by induction on n. Suppose that (E) has been shown for some 
n ä  r + /. Pick a c  Aq(i) n (ip ,„ t /(A). Then ay" e  Bq<2), „ = 5* „ so that ay" ~ y  a  for 
some c £Ä k r\ (ip „ f ;(A). It follows that (a -  cjy‘ = 0, that is,

a - c  eAq(2) n  £iP „(A) =Ak n (ip ,„ (A).

In particular, a £  At, tliat is, a e A t: n ( i P,„ , ,(A). Consequently,

Al, n  (ip, „ * i(A) -  Aq(2) Pi dp. n * i (A),

and then our claim follows. Hence
At = At n A  -  At n (  Li„ >r+ i (ip, „(A)) =
1 (A t n  (2p,K(A)) = W „2r + i (A t fy n  (ip„(A)) =

Aq(l) t ’’ (  C 7 r; ,>r  ’ /  ( ip ,  n (A ))  Aq{2)I

and so A is artinian,

7.12. Corolla 17. Let D be a Dedekind domain, P a maximal ideal o f D, A a 
P -  module over a ring D. Then A is an artinian module i f  and only if 
dintppp (ip, 1 (A) is finite.

Proof. If A is artinian, then (ip, / (A) is also artinian. It follows that 
dims/p (ip 1 (A) is finite. Proposition 7.11 implies the converse.

7.13. Theorem. Let D be a Dedekirtd domain. Then a D -  module A is artinian
if and only if
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A = ajD ®. D @C) . ®Ck

where Ct is a Prii/er Pi -  module, P, s  Spec(D), 1 < i < k, Ann.ofaJ = Pj mj, 
Pj eSpec(D), 1 <j £n.

Proof. Suppose that A is artinian. If A is not D -  periodic, then A has an element 
a with the property Att»o(a) = < 0 >. Therefore aD s  D. In Theorem 1.29 wc have 
already proved that D has an infinite descending chain

D> P> P2 > . . .  > P "> ...

for every P e  Spec(D) This proves that A is P -  periodic. Corollary 3.8 implies that
A = @ p e s Ap, where tr = Assa(A), AP is the P -  component of A. Since A is artinian, 
the set A ss'd(A) is finite. Now we can apply Corollary 7.10 to each submodule AP. The 
sufficiency follows from Corollary 7.12 and Lemma 7.1.

Let R be a noetherian ring, A a minimax R -  module. Consider a finite series

<0> = A„ < A / <  . .. <A„=A

of R — submodules of A with artinian or noetherian factors. If A is the set of indexes j  
such that A /A j. s is noetherian, for every j  e  4  then there exists a finite subset
Mj c A  such that Aj = MjR -  Aj _ j. I f M  = L /j eA Mt, then U  is finite, B -  MR is 
noetlierian and A/B is artinian. Hence A is noetherian -  by -  artinian.

Furthermore, suppose that R =* D is a Dedckind domain, which is not a field, and 
take P to be a non -  zero maximal ideal of D. In Theorem 1.29 we have already proved 
that P' /- P* ~ 1 and then every cyclic torsion -  free D -  module cannot be artinian. Thus 
A/B has to be D - periodic and, since B is finitely generated by Theorem 7.8. We may 
decompose B -  T 0  C, where T is the periodic part of B and C is a finitely generated 
projective submodule of B. By Lemma 7.1 A/C is periodic artinian. Thus in this case the 
minimax D-module includes a finitely generated projective D -  submodule C such that 
A/C is artinian.

If D is a field, we simply note that a minimax D -  module has finite dimension 
(as a D -  space).
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'vSure Qtbubmoduks

In the current chapter we extend the important concept of pure subgroups on modules over 
Dedekind domains. This concept plays a significant role in the theory of abelian groups 
and very useful in periodic and torsion free abelian groups.

Let D be a Dedekind domain, A a D -  module, x e  D. A submodule 5 o f  A is 
said to be x -  pure if B x - B n  Ax.

If L is an ideal o f D and B is an x —pure submodule of A for every x e  L, then 
B is called an L — pure submodule. B is called a.pure submodule if it is D-pure.

8.1. Lemma. Let D be a Dedekind domain, x e  D, A a D -  module. I f  $  is a
linearly ordered (by inclusion) set o f x -  pure submodules, then the submodule B = is 
also x-pure.
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Proof. Let b cAx n  B. There is C e $  such that h e  C, that is b e A x n C  = 
Cx, so that b e  Cx. The inclusion Bx < Ax n B  is obvious.

8.2. Lemma. Let D be a Dedekind domain, P e  Spec (D), A a D -  module, B a 
P  -  submodule o f  A. Then B is D -  pure if  and only i f  B is P -  pure.

Proof. If B is a D -  pure submodule, then B is also P -  pure. Conversely, let B be 
P -  pure, x e  D. If x e  P, then Bx = Ax n  B. Let x g P, then xD + P = D. If 
a e  Ax n  B, then AnrtD(a) -  T'k for some k c JUT. Lemma 1.18 implies that 
xD + Pk -  D, that is I = x u + v, it e  D, v e  Pk. Now we have

a = a I = a(x u + v) = a(u x) + a v = (au)x.

Since B is a submodule, au e  B, so that a e  Bx. The inclusion Bx < A xn B  is obvious.

8.3. Lemma. Lei D be a Dedekind domain, x e  D, A a D -  module. I f  A = B (PC,, 
then the submodules B arid Care x-pure.

Proof Let b e B riAx, then b -  ax for some element a e  A. Since a = u + v„ 
u e  B, v e C, ax -  ax + vx -  b. It follows that vjc = b -  ux e  B, that is vx — 0 and 
b = ux. So B n A x S B x .

8.4. Lemma. Let D be a Dedekind domain, x e  D, A a D -  module, B and C be 
submodules o f A, C <B.

(1) I f  B, C are x -  pure submodules o f A, then C  is an x -  pure submodule of
B.

(2) I f  C is an x -pure submodule o f B, B is an x -  pure submodule o f A then C 
is an x -  pure submodule of A.

(3) I f  B is an x -  pure submodule o f A, then B/C is an x -  pure submodule of
A/C.

(4) I f C is an x -pure submodule o f A, B/C is an x~pure submodule o f A/C, 
then B is an x -  pure submodule o f A.

Proof, (1). We have Cx = Ax n C  = Ax r~i(CnB) = (A xnB ) n C  - Bx n C .
(2) Follows from the equations

Cx = C n B x  - C  n (B  nA x)  = (C n B ) n A x  = C nA x.

(3) For every submodule E > C we have (EJC)x -  Ex. + C/C. Therefore 
(B/C) n  (A/C)x = (B/C) n  (Ax + C/C). Let b + C e  (B/C) n  (A/C)x where b e  B. Then 
b + C — ax + C for some element a e  A\ that is b = ax + c where c e  C. It follows that 
b -  c ~ h  = ax. Since C £B, u s  B, that is, u e B n  Ax = Bx. But u + C = b + C, so 
b + C e(Bx + C)/C -  (B/C)x.

(4). Let b e A x n B ,i.e .b  = ax for some a e  A. Then

b I- C e  (Ax + C)/C -  (A/CM
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that is, b + C e  (A/C)x n  (B/C). Since B/C is a pure submodule of A/C,

(A/C)x n  (B/C) = (B/C)x = (Bx + C)/C,

so b + С = их + С for some element и e  B. Then их = b + с, с e  C, so их -- ax + с 
and (и- a ) x -  c. Since С n  Ax = Cx, (u -  a)x = vx for some element v e C  So ax ~ 
vx -  vx = (u - v)x €  Bx. This means that Ax n  В - Bx.

8.5. Lemma. Let D be a Dedekind domain, x e  D, A a D -  module, В an x -  
pure submodule.

(1) The D -  periodic part o f В is an x -  pure submodule o f A.
(2) The P - component o f B ison x  -  pure submodule o f A far every P e  Spec(D).

Proof Let T ~ t0(A), b e T  n  Ax. Then b f i n  Ax -  Bx, so there is an clement 
и e  В such that b = их. We can assume that x # 0. If 0 * z  еАппв/Ь), then 0 *■ bz = 
(.ux)z = u(xz), that is 0 Axz e  Ann p/u). So и eT , i.e. T n  Ax = Tx.

(2) By (1)5 talcing in account Lemma 8.4 we can assume that В is a D -  periodic
submodule. Corollary 3.8 implies that В = Ф Р Bp where Bp is a P -  component of 
B, k~ A $ sd(B). Let b £ Bp nAx, P e 7l  Then b s  В n  Ax -  Bx, i.e. b ~ wx for some 
element w e B .

We have w -  Z Psa eP where a  is a finite subset of л, e Bp. Then

WX = (Zp г  <т ep)x -  Z p e a  epX.

Since wx - b e  Bp, then Z q sv .Q p p  er x ^ 0 .  So b -  wx = (er)x and eP s  Bp. Thus 
b e BpX.

The following assertion illustrates the role of pure submodules in P  -  modules.

8.6. Proposition. Lei D be a Dedekind domain, P € Spec(D), A a D -  module, В 
a P -  submodule o f A, С a pure submodule o f B. I f £2p,i(B) ~ Opj(C), then В = С.

Proof. We will prove that Д . t(s) ~ T2P t(Q  for every к e  Л Г  It follows that 
В “  С. We apply the induction on к. For £ = 7 all is obvious. Let к > 1, and let we have 
already proved that Пр. *. <(B) = Пр *. ,(C). Let b e Op, i(B), у e  P \ P2. Proposition
1.24 shows that P =yD + P^. Since

P* = А ппи(ПР.к(В)), (Пр. t(B))P = (Пр. к(В))у,

SO

by e  Op, k-t(B) -  k-1 (C).
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Thus by e  C r  By = Cy, that is, by ~ cy for some element c e  C. It follows that 
(b -  c)y -  0, that is h -  c e  Qp t(B) = Op, i(C). This means that b e  C, so Op, t(B) ~ 
Op, t(C).

8.7. Lemma. Let D be a Dedekind domain, P e  Spec(D), y  e  P I P2, A a D -  
module, B a P -  submodule o f A, C a maximal submodule o f A with the following 
property: C o  B ~ < 0 >. I f  a is an element such that ay e  C, then a e C OB.

Proof. Suppose that A/C is not periodic. Then there is an element e e A  such 
that Amtofe + C) = < 0 >, Hence

(e + C)D s D  and (e + C)D n (B  + C)/C = <<?>,

in particular, (eD + C) n  B -  < 0 >. However, this contradicts the choice of C. 
Consequently, A/C is a D -  periodic module. Corollary 3.8 implies that A/C =
€? q e „ (A/C)q where (A/C)q is a Q -  component of B, n  =* AssjfA/'C). Put E/C =
® q*p (A/C)q. Since

(B i C)/C < (AJC)p, (B + C/C) n  (E/C) = < 0 >.

It follows that B r>E = <0>. The inclusion C <E implies that C — in particular, A/C 
is a P -  module. Hence there exists a number k e  W  such that of* AC. By the choice of 
C we obtain that B n  (C + aD) * < 0 >. so there is an element 0 n b = c + ax where 
c e  C, x e  D. Suppose that i f f .  Proposition 1.24 shows that P = yD + Pk,so x ~ 
yu  + v where u e  D, v e  P^. So we have ax = ayu + nv e  C+ a P^ <C. In this case b -  
c + ax e  C, that is b e B n C  = < 0> . This contradiction shows that x g P, thus 
xD  + P = D. Lemma ! .18 implies that xD + Pk -  D. Therefore, 1 = xw + z where 
w e D, z  e  P*. We have now

a = a 1 = axw + az = (b -  c)w + az e  B + C.

8.8. Lemma. Let D be a Dedekind domain, L an ideal o f D, A a D~ module, T 
the D -  periodic part o f A. I f  TL = < 0 >, then A L n T  -  < 0 >.

Proof. Assume the contrary. Let 0 eAL n  T. Then a -  a/ x, + ... + a„x„ lor
some elements a/, . . . .  a„ eA , xj  x„ e l .  Put B = atD + . . . + a„D. Corollary 7,7
yields that B ~ Tf & C where T/ = T n  B, C is a D -  torsion -  free submodule. For 
every element b e  B we have b = w + c, where u e  Ti, c e  C. If z <s L, then 
hz ~ uz T cz ~ cz. It follows that BL < C, in particular, BL < Tt = < 0 >. But a = aixi 
+ ... + a„ x„ e  BL and a e  B n T  = Ti, so we have contradiction, which shows that 
AL n T  ^  < 0 >.

8.9. Proposition. Let D be a Dedekind domain, A a D ■ module, T -  tD(A). 
I f  Ahiid(T) x< 0 >, then A = T @C for some submodule C.
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Proof. Let L = AnnD(T). Theorem 1.14 yields that L -  p f i . . P,li where Pf *
Pj for i* j .  k / .  k, e  j v ;  Pi, . . . .  P, e  Spec (D). We will prove this Proposition using
the induction on k(L) = kj + . . .+ k,. if  k(L) = /, then L e Spec(D). By Lemma 8.8 
A L n T  = < 0 >. We can consider A/AL as a vector space over the field D/L. Since every 
subspace of vector space has a complement, there is a submodule C > AL such that 
A/AL = (T + AL/AL) @ (C/AL). It follows that A = C + T and C T < AL, that is, 
T n C  -  < 0>. In other words A = C & T.

Suppose now tliat k(l) > 1. Let P e  { Pi , . . .  P,j, U be the P -  component of T, 
V ”  42p, i (U). Then k/Attitpfr/k)) = Wij -  /, By the induction hypothesis A/V = 
T/K © B/T for some submodule B. We have F = to(B) and AnnD(V) -  P, We have 
already proved that B = V W C for some submodule C. Moreover, C is D -  torsion -  
free,so C n T  = < 0 >. Thus A - T  + B = T+ V+ C = T + C, that is, A =* T ® C.

8.10. Lemma. Lei D be a Dedekind domain, P e  Spec(D), A a D -  module, B a 
submodule A such lhal B = (B x afD where AnnD(a>) -  Pt for every A e  A. I fB  is 
a pure submodule o f A, then A -  B CP C for some submodule C.

Proof. Firstly assume that/1 is a P - module. Let b e  B n A P k. Then b = at xi
+ ... + a„ x„ for some elements ai: e  A, x/, . . , , x„ c  Pk. Let AnnD(aj) = F1j,
1 <j <n. Put m = max{k, qt, . . . ,  q,J. Let y c P  \ P2, Proposition 1,24 yields that Pk = 
ykD + Pm, so that xj zj + Uj where zj £ D, Uj e P", 1 <j <n. We have

b = a j / z /  +a,ui + . . .  + a „ /z n + a„u„ =■ (a , zt + . . .  + a „ z j /  = ey .

From the equation B n  Ay1 ~ Byk it follows that b -  e /  = bi /  for some bt e  B.
However, bi yk -  0. Hence APt n B  = < 0>.

Let C be a maxima! submodule of A with the properties: AP^ <C and B n C  = 
< 0 >. Suppose that A (PC. Let B ( B C + (B ®C) e  /2/. i(A/(B (BC). Proposition
1.24 implies that yD + P* "■ P. By the selection of v we obtain that vy e  B (B C, that is 
yy = b i + c  where bi e  B, c e  C. Therefore

v yk “  (vy ) / ~ ! — W*_  ̂ + e / - ' ,

so biyF~' -  vyk ~ c y k~ l e  C, because Ay*1 S  C. This means that bz^ " 1 e C r > B -  
<0>,  that is, ' = 0. Thus

b} eClep , (B) = (PzeAOlP = (BxeAayyD,

so fcn = Z j,e& aj. y s\ where i j s P .  A is a finite subset of A. Put b$ = Ezra.  Qa-U.
then b2 = bjy. Thus we have

vy -  b)P c = bsy + c and c -  vy -  byy =  (v -  bj)y.
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If we put v; = v -  bs, then v/ g B @ C and v/j eC . Lemma 8.7 yields that v; e B  (BC. 
This contradiction shows that A -  B & C.

Assume now that A is D — periodic. Corollary 3.8 implies that. A ~ Aq

where n  = Assd(A), Aq is the Q -  component of A. Put E = @ q*pAq, then A = Ap © 
E. By Lemma 8.3 Ap is a pure submodule of A, and Lemma 8.4 yields that B is a pure 
submodule of Ap. We have already proved that Ap = B €> Ci for some submodule C';. 
Then A = B №C where C = E@Ct,

Finally consider a general case. Let T = to(A). Lemmas 8.3 and 8.4 prove that B is 
a pure submodule of T. We have already proved that T -  B (B ( f  for some submodule C3. 
By T/Ci -  (B © Ci)/Ct sB /(B  n  C2) = B we obtain AnnifP/CA = P*. By Proposition
8.9, there exists a submodule C > C? such that A/C} -  (I'/Ci) 59 (C/C?). Then

A ~ T + C  = (B®C£ +C = B + C 

and B n C  ~ < 0 >, so that A = B ®C.

8.11. Theorem. Let D be a Dedekind domain, A a D -  module, B a pure 
submodule o f A. I f  Antto(B) = L &< 0 >, then A — B (BC for some submodule C.

Proof, Theorem 1.14 yields that L -  . . . p/v where Pj A Pj for i ^  j,
k i ,. . .  ,k t e  JV , P/, . . . ,  P, eSpec(D). We will use the induction on k(L) = k/ + . . .  + kt. 
If k(L) = 1, then L e  Spec(D). In this case, B is a vector space over the field D/L, 
therefore B = ajsP where AnnD(af) -  L for any l e d .  Lemma 8.10 implies that
A = B (B C for some submodule C.

Suppose now that k(L) > I. Corollary 6,5 yields that B is the direct sum of cyclic 
submodules. Taking into account Corollary 3.8, we obtain that there is a number m <ki 
such that B Bi (BBi where Bi = Q J and AnnD(b^ = P f  for any p  s  M, 
and Annc(Bi) .. . P,ki. In particular, k(Armg(Bi)) < k(L). It follows from Lemma 8.3 
that Bp is a pure submodule of A. By Lemma 8.10 there exists a submodule C; such that 
A -  Bjf&Cj. Since B/<B, B — Bj (B(CinB). Put B}= C / n B ;  then B3 sB/Ht sB 3, in 
particular, k(AnnD(Bj)) < k(L). Let b e  B3nCiX, x  sD . Then b s  B n A x  — Bx, that is, 
b = b/x for some elements bs s  B. We have b/ ~ bi 1 b3, b2 e  Bi, b$ e  B3. Therefore b = 
btx=  bpc + bjx. It follows that b3x -  b -  bp: e  B3, so b j x - 0  thus b = bx,  i.e.
B3n C ix

This means that B3 is a pure submodule of Cp By the induction hypothesis Ct = 
B3 ®C  for some submodule C. Hence

A ^ B t ®  C i ^ B , ® B 3 @C~B@C.

Theorem 8.11 is an analog of the famous Prttfer -  Kulikov Theorem (see, [FLJ970, 
Theorem 27.5]).

8.12. Proposition. Let D be a Dedekind domain, P e  Spec(D), A a P -  module 
over the ring D, k e  J№. I f  B is the maximal submodule o f A with the property
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B nAP^ ~ < 0 >, then B is a pure submodule.

Proof. Since BPk £APk and

BPk £B,BPk <APk n B ~  <0>.

Let y  e P  iP2. We will prove that Ay n  B £  By for every r e H I. We will use the 
induction on r. For r  = 0 we have Ay0 n B = A n B  = B-- By0. Let r > I. Assume that 
Ay r, B -  By. Let 0 # b £ Ay + 1 n  B, that is b ~ a y  1 for some a e  A. Then 
(ay)y eB , and Lemma 8,7 yields that ay e  B ®AT^. If we assume that r + /  > k, then

r *  1 £ + (r + I - k )  r r  1 ~ k r  . ra y  -  ay , v _y £  A y.

so b e  APk n  B = < 0 >. This contradiction shows that r + 1 <k, i.e. r <k -  1. We have
r  kay = bi + c where bi e  B, c e  AP . In other words, c = a,x, + . . . + a,y:„ for some 

a;, . . . ,  an e  A, xi, . . .  ,x n e Pk. Since A is a P -  module, A nitsfaj) = P™ 1 <j <n. Put 
m = max (mi,. . . ,  mj .  Proposition 1.24 implies that P* = ykD + P"‘. so that Xj = ykzj + w,- 
where Wj e  P’", zj e D, 1 <j £n. Then

a y  =bi + c=  bi + E  i sysn (Ojy% + <J;wfl = b, + £ ;  x j ^ a j y z j  = bi + ay*

where ci ’ H i  £js„ aj Zj. It follows that

bt = ay Cff* = (a -  cty  " r)  y  ,

thus bj e  Ay n B  = By.  Hence there is an element b2 e  B such that bi = (bj)yr. In this
case

b -  a y  * ! -  (a y  )y ~ (bi + c)y = b/y + cy.

It follows that cy -  b - b;y e  B n  APk =< 0 >, so b = b y  = byy + 1. This means that
A r + t ^  D n r +^Ay n B  = By

Let u £ P, 0 e  Au n  B, that is b3 = eu for some e e  A. There is a number 
r e  JW" such that u e  Pr \P r + because D , s i * Pr = < 0>. Put P* = Amio(e). Since 
bt y  0. r <s and we can assume that s > k. Proposition 1.24 yields that Pr = y  D + P1, 
therefore u = y u i  + U2, U/ e D, Uj £ PV We have b3 -  e y u i + e Uj = e Uiy, that is, 
bj e  Ay n  /1 = By and bj = b y .  Since u e  Pr * \  u g P. Hence iitD + P + D. Lemma 
1.18 implies that u/D + P* = D, thus I -  tti vt + v2 where v je  D, Vj £  P*. Now we 
obtain the equations

bj ~ br v/ ui + bjV2 ~ (bt vt) ui = b} tti

where bj = bjV/ £ B. Hence bj = b4y  = bj u y .  Since s>  k, bs u2 = 0. and, finatly,
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b3 = b5 U| y + bs (u_2) = bs (Uiyr + U j)  = bs u.

Consequently, An n B -  Bu. Now we can use Lemma 8,2,

Finally, we present some results on pure submodules in torsion -  free modules.

8.13. Proposition. Lei D be a Dedekind domain, A a D -  torsion -  free D 
module, B a submodule o f A. Then B is pure ifand only i f  A/B is D -  torsion -free.

Proof. Let B be a pure submodule of A, T/B ~ tcfA/B), a € T. Then ax e  B for 
some element 0 03; e  D, Since B n  Ax = Bx, ax -  bx for some element b e B. It 
follows that (a -  b)x = 0, that is, * 0  Annfra -  b). Since A is D -  torsion -  free, a — b = 
0, that is, a -  b. This means that T = B, in other words A/B is D -  torsion -  free.

Conversely, let A/B be D -  torsion -  free, ax e  B for some* e  D. If a 0  B, then 
a + B is a non -  zero D -  periodic element of A/B. But this is impossible. Hence a e  Bt 
that is, A x n B ^ B x  and B is a pure submodule.

8.14. Lemma. Let D be a Dedekind domain, x  e  D, A a D -  torsion -  free D  -
module, |jl a family o f x -  pure submodules, B -  AA Then B is an x -  pure 
submodule.

Proof. Let ax e  B n  Ax, then ax e  M <n Ax for every submodule M  e  |sf. Since 
M i s * -  pure, M  in Ax = Mx, so ax — (cm)x for some elements cm & M. It follows that 
(a — cm)x = 0. Since A is torsion -  free, a cm ~ 0, thus a = Cm and a a M  for every 
M  e  0 . Thus a s  A~)$ = B.

8.15. Corollary. Let D be a Dedekind domain, * e  D, A a torsion -  free D -  
module, B a submodule o f A. Then there exists the least * -  pure submodule C with the 
property C >3.

In fact, C = /M is an * — pure submodule such that B >Mj.

This least x -  pure submodule is called the * - pure envelope of B.

Similarly

8.16. Corollary. Let D be a Dedekind domain, L. an ideal o f  D, A a torsion -  
free D — module, B a submodule o f A. Then there exists the least L — pure submodule C 
including B.

The least L -  pure submodule, including B, is called the L -  pure envelope o f B. If 
L -  D, then we will say about the pure envelope o f B.

8.17. Proposition. Let D be a Dedekind domain, A a torsion-free D -  module. 
Then A has an ascending series o f pure submodules
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< 0>= Ao <A ,<. . .  A„<Aa+ j<r.  .A y = A

such that re(Aa + i/AJ -  I for each a<y.

Proof. Let 0 *a / e  A, C/ = a/D. A /C i be a D -  periodic part of A/C). Then 
A/Ai is torsion -  free, hence A> is a pure submodule by Proposition 8.13. Obviously,
r0(A,) = 1.

Let a  > I and suppose that we have already constructed the submodules Ap for alt
f}< a. If a  is a limit ordinal, then put Aa -  LSp<a Ap. Lemma 8.1 yields that Aa is a pure 
submodule.

Suppose now that a~  1 exist, and

Aa. i "t Aff_/p C c/A q. i = (aaD + Aa. j)/Aa- /,

AJAa . j be a D -  periodic part of A/Aa . Proposition 8.13 implies that Aa is a pure 
submodule. Obviously, rtfAJAa-i) — 1.
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(SSasio Q&ubmoduhs

The detailed consideration of modules over Dedekind domains wiii be continued in this 
chapter. We will concern about module analogies of basis and p-basis subgroups of abelian 
groups. These subgroups have to be proven very useful in numerous group theoretical 
investigations.

The following question appears in connection with the main results of Chapter 6.

Does every P -  module over a Dedekind domain decompose into a direct sum of
cyclic submodules?

The negative answer follows from the example below.

9.1. Example. Let D be a Dcdekind domain, P e  Spec(D),A„ » D/P", n s  JV i A 
/T neN ^n. T = t0(A). Then M  = 2 |fli and fTjl = 2 le!. Suppose that
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0 xca a jy  for some elements ax eT, /1 e  A  Put

At = /  X s a \ AnnofajJ -  Pi}, Bi = 0 xeM a?D, Q  — Op, / (B/J, k e  Iff.

Then T = (&x e i, Bj, and Op, i(T) -  0  x e Q . Since | O p , t ( I ) \  = 2 '°^, there is a 
number / such that |c ,  i = 2 ^ .  Put

C — 0 k  En = 69 m >n 77 6"

If a e  E„, then a s  TP”. On the other hand, a = ( an ) „ e where a„ s  An n e  i f f  If 
a e  TP", this implies that a/ = a? -  = a „ ^  0. Hence, a e  E„ if  and only if
aj = a2 = . . . = c„ = 0. This means that £„ = Op, i(tD(T Ia > « 'U -  In this case, 
dimr),p(C/F.,j = n. On the other hand, from the equations

C — C) @ Ci ® . . .  69 C( ®Ef

and
| C , l = 2 !cl

we obtain that dlntaP(C/Ef) is infinite. This contradiction shows that T cannot to be
decomposed in a direct sum of cyclic submodules.

Consequently, some P -  modules have a very sophisticated structure. Nevertheless, 
direct sums of cyclic submodules and divisible modules play a significant role here.

9.2. Lemma. Let D be a Dedekind domain, P e  Spec(D), y  e  P \ P2, A a P -  
module over the ring D, B a submodule o f A. I f Op,t(B )nA yk = Op, / (By) for every k 
e  J f f  then B is a pure submodule o f A.

Proof. First we will prove that Op, „ (B) n  Ay = Op „(.Byk) for every n e  Iff. 
For n = 1 this assertion is hue. Let n > 1 and we have already proved the equation 
Op „ (B) n  Ay = Op, (Byk). Choose b e O,, „ ,  :(B) n  Ay\ so b -  ay for some

A + / ' k + /element a e A. Then by = ay .Since by e  Op, „ (B) n  Ay , from the induction
k + Ihypothesis we obtain that by = b y  for some bi s  B. It follows that 

0 = b y * * l - b y  = {by -  b)y,

that is,

byk- b  e Op ,(B )n  Ay ~Opi(Byk),

k kHence there exists an element bi e  B with the property b y  -  b = b y  It follows that



92

Ь = Ь,ук-Ь 2ук = (Ь, - Ь 2)у' eB y .

We have now
B n  Ay = ( U n eS  Pp„ (B)) n A y  -  

sN (Op,,/B)} n A y )  Of „ (By) = Byk,

As in the second part of the proof of Proposition 8.12, we can show that В is a P -  pure 
submodule. Lemma 8.2 implies that В is a pure a submodule of A.

9.3. Lemma. Let D be a Dedekind domain, P e Spec(D), у  e  P \ P2, A a P -  
module over the ring D. I f  Op, i(A) £  A ( f )  for every k s  Jttf, then A is a divisible 
module.

Proof. We will use induction on n to prove the inclusion Op „ (A) < Ayk for 
every к s= Iff . For n = 1 this is true. Suppose that n > ! and that we have already 
proved the inclusion Op „(A) < Ayk for every к e  ЭКГ. Let a e Op „ i / (A). Then 
ay" e Op t(A). Since Op, /(A) ZAy + “ ay = by1 T “ for some element b e A. It follows 
that 0 ~ (a -  by')yn, that is, a - byk e  Op, „(А). Since Op, „(А) <AyK, a - b y 1 = (bi) у  for 
some element b; e  A. So

a = b y ' - b y  = (b -  b:)y' eAyk.

In particular, A -  L A  „ e N Op, ,/A) < Ay. Proposition 6.1 yields that A is a divisible 
module.

Let D be a Dedekind domain, P e Spec(D), A a P -  module over the ring D. A 
submodule В is said to be a basic submodule if it satisfies the following conditions:

(1) В is a direct sum of cyclic submodules;
(2) В is a pure submodule of A;
(3) A/В  is a divisible module,

9.4. Theorem Let D be a Dedekind domain, P e Spec(D). Every P-module over
the ring D includes a basic submodule.

Proof. Let у  6 P i P2. Proposition 6.2 implies that Af^ = Ayk for every к e  Iff.
Put

Ao = Op, i (A). Aic = Op i(Ayk), к e  □.

Then we can think of Ад as a vector space over the field D/P. Therefore At -
Ck .. i Ф Ak - i for some submodule Q  +. ; = ф < n cyD, If A e  A(k + I), then

к ксу e  A y . There exists an element ад such that a y  = cy. Put Л =’ L/* e yv Л(к). В =
E x  s л Of D. Now wc can apply the similar arguments to those that we used in the proof of
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Theorem 6.3 and prove the equation B = ®  ic a  QaD. Since ® l e » C(  = Q? i(B). 
Lemma 9.2 implies that B is a pure submodule of A.

Finally, let a + B p Q? )(A/B). Then ay e  B. Since B is a pure submodule, a y -  by 
Tor some element b e  B. Put e = a -  b, then a + B -  e t- B and ey = 0, that is e e  Ay 
From the equation

Aq — C'j (B Ck P  At

It follows that e -  et + e2 where e\ eC \ ( B  . . . & Q, ei s  At,. In particular, ei e Ayk. 
Since (A/B)y -■ (Ay + B)/B, a + B = e + B = ei + B e(A y  + B)/B = (A/B)y. So 
Op, i(A/B) <(A/B)yk for each k 6 NT. Lemma 9.3 shows that AJB is divisible.

9.5, Lemma. Let D be a Dedekind domain, P e  Spec(D), A and B be P -  
modules over the ring D, A = (B x s a axP, B = @ t, e M b fi. Then A and B are 
isomorphic if  and only if  A/AF^ -R/BP^ for all k eJKT.

Proof. Put

A t  =  {  X e  A  i A itnofa») =  P * }. M t  = { p  e  M  / Annn(b,J  =  P^ },

Ak = ®A.SAta*D, Bt -  0 psMkbff), k eX T .

Then A = e o At, B -  ec ft follows that A and B are isomorphic if and only 
if Ak = Bk for every k s  JW  In addition, the submodules Ak and If, are isomorphic if 
and only if i Ak i = IM  1 ■

Let k e  J V  rk = min{ n> k \ An # 0 } .  If Aj = . . .  -  Ak = jST then A/AP'k is 
the direct sum of submodules, every of which is isomorphic with D/P'k. In particular, 
B/BP’k has no a direct summand which is isomorphic to D/Pm for i  <m <k. This means 
that Mj = . , ,  = Mk -  0 .

Suppose that A-Ky  0. If A„ = 0  for each n > k, then A/AFn is a direct sum of 
submodules which are isomorphic to D/P1, I <j <L From A/AP" sB/BP" we obtain that 
BPk <BPn for any n > k. It follows that BP* < D  „ > * BP" = < 0 >. This means that 
BPk =<0>.  Therefore B = B/BPk sA/APkSA.

Finally assume that there exists the number rj. Then A/APrk s  C/ (BE  where 
C; =A) ® . . .  (B Ak, E is a direct sum of isomorphic copies of D/P'k. From A/AP'k s  
B/BPrk we obtain that ! A/ \ -  \ Mi \ , . , , ,  j/tj | = | Mk I.

9.6. Theorem, Let D be a Dedekind domain, P e  Spec(D), A a P -  module over 
the ring D. Jf B, C are the basic submodules o f A, then B and C are isomorphic.

Proof. Since A/B is a divisible module, (AfB) = (A/B)y -  (Ay + B)/B for every 
k e  JWI where y  e  P 1P2. In particular, A = Ay + B, therefore
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A/Ay = (Ay + В)/Ay в  В/( B n  A y)  = B/By

Гот every к е 3W. Proposition 6.2 implies that Лу* = ЛР*. Byk = BP*, so Л/АР* s  B/BPk. 
Similarly, A/AF^ = C/CP\ Hence C/CP* = B/Bl^ for every к £  МГ. Lemma 9.5 now 
implies that В sC .

We can extend on arbitrary modules the concept of the basis submodule.

Let D be a Dedekind domain, P e  Spec(D), A a D-module. A submodule В is 
called a P -  basic submodule if it satisfies the following conditions :

(1) В = В) Ф B) Where В/ is a direct sum of cyclic P -  submodules, Bp is a 
projective D -  submodule;

(2) (A/B)P -  A/B;
(3) В n  AP" = BP" for any n e  2ST.

For construction of P -  basis submodules we need the following additional results.

9.7. Lemma. Let D be a Dedekind domain, L an ideal o f D, A a D -  
module,

<0> =Ao£Ai < . . . A a <Aa+, < . . .A r = A

an ascending series o f submodules, ! f Aa * i/Aa = (Aa ♦ i/AJL for any a  < y, then 
A =AL.

Proof. We will use induction on ol If a  = /, then the assertion is trivial. Let 
a  > I and assume that we have already proved the equation (Ар)!. = A for all p< a.
If a  is a limit ordinal, then

A a < a Ap С /p ca A j/L A$[L.

If there exists a  - f  then the submodule В = Aa..i satisfies the condition В = Bl. Let 
a £  A a. From (Aa/B) = (AJB)L (AaL + B)/B it follows that

a -  щ xi + . . .  +a„x„ + b where au . . . ,  a„ e A a Xp. . . ,  x„ e L, b eB.

SineeB = BL, b= b m  + . . .  + b: z, where blt . . . .  b, e В ,ц , . . .  , z, e L. Thus

a = a,x/  + . . .  + a„ x„ + Ь/Z/ + . . .  + b,z, e  AJ..

It follows that Aa = AJ). For « " / w e  obtain that A =AL.

9.8. Lemma Let D be a Dedekind domain, L an ideal o f D, A a D-module, 
В and С the submodules of A, В >C. I f  С n  AL = CL, (A/C)L n  (B/C) = (B/C)L, then 
AL n  В = BL.

Proof. Let b e B n A L .  Then
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ft + С  ff (AL + C/C) n  (B/C) = (A/QL n  (B/C) = (B/C)L •= (BL + C)/C,

that is ft = ft Mv + . , .  + ft,a„ + с for some ft/, . . .  ,b„ e  В, с в  С, xj, . . .  ,х„ е  L. It 
follows that

e = b - b iX f - . . . - b „ x „  eAL,  so с e A L n C -  CL.

Hence b e BL +CL <BL, that is B n A L  < BL.

9.9. Corollary. Xef D be a Dedekind domain, L an ideal o f  D, A a D -  module, 
5  a submodule having an ascending series o f submodules

< 0 > = Bo < B, < . . .  Ba < Ba+i<. . . Br = B.

I f  (Ba + //Вц) n  (A/BJL =(Ba + i/BJL for every a  < y, then В n  AL-BL.

Proof. We will use the induction on a. If a  = I , then the assertion is true. 
Assume that a> I and we have already proved that A L r B ß  — BßL for every ß< a

If a  is a limit ordinal, then Ba = Bß so

AL n B a ~ AL n (  CJp<a Bf) — С/0<a (AL — Q/ß<a BßL = BJ-.

If there exists a  ■ I, then Ba-i n A L =  Ba.)L by the induction hypothesis. Lemma 9,8 
implies that Ban A L =  BaL. For a=  у  we obtain the equation BI. = В nAL.

9.10. Lemma. Let D be a Dedekind domain, P eSpec(D), A a torsion -  free D -  
module and rfA) - 1. I f  В is a finitely generated non -  zero submodule o f A, then 
either the P -  component o f AJB is a cyclic P -module or it is a Prüfer P -module.

Proof. Let F be the field of fractions of the ring Ц  0 a* ft e  B. If bx -  by for 
some elements x, у  e  D, then 0 -  bx by = b(x -  y). Since A is torsion -  free, 
x ~y. ~ 0, i. e. x  -  y. Therefore if we put (Ьх)ф = x l  -  x. л ff D, then ф is a 
mapping. It is easy to see that ф is a f t -  homomorphism and lm  ф = D. By 
Proposition 5.8, F  is an injective D -  module, therefore exists a D -  homomorphism Ф: 
A ——>F such that (Ьх)Ф -  (Ьх)ф for every x e  D. Let a e  Ker Ф Since r0(A) = I, 
A/bD is a D -  periodic module. In particular, axt ff bD for some 0 nx> e D. In other 
words, ax I = bx; for some X; e  D. Now we obtain the following equalities

0 = (аФ)х! -  (axi)<t>= (bxз)Ф= (bxfi ф~ xj.

It follows that ax, = 0, so a = 0 because A is torsion -  free. Hence Ф is a 
monomorphism.

Let R/D be the P -  component of F/D. fti/D = ClP a'R/'D). If у  eP\P*,  then 
Riy <D. The defined by the rule x у  ~ xy, x € Ri mapping yr R i  а Д  is a D -
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homomorphism of R; in D. Since F does not have zero-divisors, then Ker ty = < 0 >, 
that is Rj s lm  t y -  L. Moreover, L is an ideal of D. By Corollary 1.28, L/LP sD/P, and 
thus Ri/(Ri)P = D/P. It follows that RfDsD/P.  Lemma 7.12 implies that R/D is an 
artinian D -  module, and Corollary 7,10 shows that R/D s  C p »  The factor -  module 
A/bD is isomorphic with some submodule of F/D, thus the P -  component of A/'bD is 
isomorphic with a submodule of C p», i.e. either it is a cyclic submodule or it is 
isomorphic to module C p » .

9.11, Corollary. Let D be a Dedekind domain, P e Spec(D), A a torsion- 
free D-module, and ro(A) ~ 1. Then either there is a non-zero finitely generated 
submodule B such that A/B is periodic and P e  Assa(A IB), or the P-component o f A/C
is isomorphic to C p »  for every non-zero finitely generated submodule C.

Proof, If for every finitely generated submodule C the P -  component of A/C is 
isomorphic to C p » , then the statement is proved. Suppose that for some finitely 
generated submodule U the P -  component B/U of A/U is not isomorphic to C p » . 
By Lemma 9.10, this means that B/U is cyclic. It follows that B is finitely generated. 
Since B/U is the jP- component of A/U, P eAssD(A/B).

9.12. Lemma. Let D be a Dedekind domain, P eSpec(D), A a torsion -  free D -  
module, and rfA)  = I. Then either A = AP or A includes a finitely generated 
submodule B such that (A/B)P = A/B and B n A P n = ftp" for any n e  JUT

Proof. Assume firstly, that the P- component of A/C is a Prüfer P - module for 
every non -  zero finitely generated submodule C. Let 0 A a e  A, R/'aD be the P -  
component of A/aD, 0 * x s  P, at s  R. Put ai = at x, C -  a?D. Then R/C ~ 
UfC <& UfC  where UfC  is the P -  component of R/C and U//C is the P’-  component 
of R/C. Clearly, UfC  is finitely generated and £L periodic. Since P £As$d(A/R), UfC  is 
the P -  component.of A/C. It follows that UfC  is a Prüfer P -  module, in particular, 
(UfC)x = UfC  because a Prüfer P -  module is divisible by Lemma 5.20. Let ai ~ C -  
(u; + C) + (u2 + C) where ut e Ui, u3 e  Uj. Then uj -  utx + c / where cj e  C. In turn 
ct = «2 z; for some z; e  D, that is c; = (a a) zt = (aßi)x. Hence

U2 -  wj* + ci = u; i  + (ajzi)x = (us + aizrfx = ujx

and U4 s  R. Since P g AsSrfUfC). Lemma 6.7 yields that UfC -  (UfC)P. In other 
words,

u, + C = (v, + Qxj + . . . . +  (vm + C)x„,

for some elements vt, . . .  , v„ e  Ui, x/ , . . . ,  xm e P. Then

Ui = viXj + . . .  + v,ycm + Ci where c2 e  C.

We have again that c2 = a2 z2 = (a,- x) z2 = «/zyr for some element z2 e D, so that ui = 
Vflti + .. . + V A  + aiZfc € RP.
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Finally, а і = iij + U2 + Cj where Cj є  C, thus cj = cti z; = (a/ x) zj = a/zpc for 
some element zj <? D. This means that crj e  RP, hence R ~ RP. Since A/R is D-periodic 
and P 0 A s s d(A/R),  Lemma 6,7 implies that (A/R)P = A/R. By R -  RP and (A/R)P -  
.4/7?, applying Lemma 9.7 we obtain that 4 = 4Л

Suppose now that there is a finitely generated submodule В such that A/В is a 
D -  periodic module with the property P 0  Asso(A/R). Put B, -  BP". Then B/Bi is the 
P -  component of A/B.1. Thus AJB1 -  B/Br BEJBi where E/В; is the P'~ component of 
А/В). It follows that (A/B/JP" <E/B/. On the other hand, by Lemma 6.7 we have that 
(E/Bi)Prl = E/В/. Consequently,

E/B, = Е /В Ґ  = (А /В Ґ)Ґ  = (Л Ґ  + В Ґ ) /В Ґ  = Af'/BP".

It follows that АР" r . B ^ E n B -  BP".

9.13. Lemma. Let D be a Dedekind domain, L a non-zero ideal of D, A a D -  
module, В a submodule o f A. I f  A/В is D-torsion-free then В n  AL -  BL.

Proof. Let b e B n A L .  Since A* -  A/В is torsion -  free, B* = B/BL is its D -  
periodic part. By Proposition 8.9 there exists a submodule C* such that A* -  В* &C*. 
Then A*L = B*L ФС*Ь = C*L <C*. In particular, A*L n B *  = < 0 >, so b + BL = 
BL. Thus В n A L  -  BL.

9.14. Proposition. Let D be a Dedekind domain, P є  Spec(D), A a torsion -  free 
D -  module. Then A has a P -  basic submodule.

Proof. Proposition 8,17 implies that A has an ascending series of 
submodules

< 0> <A, < . . .  Aa <Aa+,H. , . A r = A

such that A/Acr is B - torsion-free and r /Aa , fAa) ~ 1 for every a<y .
We will apply induction on a. Moreover, wc will prove that Aa includes a 

submodule Ba satisfying the following conditions:
Ra ^ A a. ; -  Ba. j (in particular, Ba. ( S  Ba)\
Вa and Ba/Ba.i are projective modules;
(A /B /P  -  Aa/Ba;
Вa n A aP" = В,лР" for any rt srBff.
If a  -  I, then we can employ Lemma 9.12. Suppose a > I and we have already 

constructed die submodules Bp for all /? < a

If a  is a limit ordinal, then 4 ff = Ldp<a Ap In this case put Ba= Ld/ua Bp It is 
easy to see that Ba n A p ~  Bp for p <  a  < a  Therefore Ba n A p  = Bp Lemma 4.17 
yields that the submodule Ba is В -projective. Furthermore,

(Ap + BJ/Ba B‘A //(A pnB J  = A/Bp
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in particular, ((Ap + BJ/BJP  = (Ap + BJ/Ba for every (1 < 2 It follows that (AJB^P = 
(AJB J  by Lemma 9.7. Finally, Corollary 9.9 implies that Ba n A aP" = BaPrl.

Now assume that a -  1 exists. Then Aa. , includes a projective D submodule 
В B. 1 such that

(Aa-i/Ba-i)P = Aa.JB a. 1 and Ba-/P" = Ba-i п А а./Р" foreach n e  J№.

From Lemma 9.12 it follows that AJAa . ; includes a finitely generated submodule 
С/A a- 1 suchtliat

(AJQP = AJC, (C/Aa.i) n  (AJAa- i)P" = (C/Aa. ,)P*

foreach n e  1Я .  Hence C/Ra . / ~ Aa- JBa -1 Ф Ba/Ba-i  and Ba is a projective 
submodule by Lemma 4,17. By the isomorphism C/Ba s  Aa . i/Ba . 1, we have 
(C/BJP  = C/Ba From the equality (AJQP = AJC  and Lemma 9.7 it follows that 
(AJBJP  = (AJBJ.

Finally, assuming that b e  Ba r>AJ^, we have

b + A a -l e (A aPn +Aa-l/Aa.,)  Л (В а + Ав.,/А в. 1) = (AJAB-,)P" n (C /A a.r) =  

(C/Aa- l)P" = (Ba + Aa- JAa. i)P* =  (B J*  +  Aa- ,)/Aa-1.

In other words, b m bj xi + . . .  + &J xs + e where bs, . . . ,  bs e  Ba xt, . . .  ,xs e  P", 
e € Aa-/- Furthermore, e = b - b / x ; - . . . - b sXj, that is, e e  Вв п А а-/  = Ba-i- Thus 
e e B a - i n A J yl. Since A j A a . i  is D -  torsion -  free, Lemma 9.13 yields that 
Ac - , n  AaP” =Aa.,P". So

e e  Ba-1 Г>АаР" = B a ., П Аа./П А аР *  -  Ba. , П А В. /Р" = Ba- i f .

It follows that b e  B J1".

9.15. Theorem. Let D be a Dedekind domain, P e  Spec(D), A a D -  module. 
Then A has et P -  basic submodule.

Proof. Let T be a D -  periodic part of Л Я a P -  component of A. Lemma 8.5 
yields that R is a pure submodule of A. It follows by Theorem 9.4 that R induces the 
basis submodule В/. Lemma 8.4 implies that В/ is a pure submodule of A. By Corollary 
3.8 T = R Ф Q where Q is the P' - component of A. Let у  e  P \ P2. Proposition 8.2 
implies that RPa = Ry‘ and В,-Р" = B\y", so we have

B ,n R P "  = B ,n R y ' = B,y = BiP".

By Lemma 6.7, QP -  Q, in particular, OP" -  O. It follows that

TP" =RP" ФОР" = RP" &Q.

Hence
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В , п Т Ґ  = B t n R n T P "  = В і п ( Л п ( К Ґ  Ф ®  =
В! п  (RPn (B(RnQ)) = Bt п  RP" = В ,Ґ .

By Lemma 9.13 Т л А Ґ  =TP", so that

В, n A P n = (В, п  Т) п А Р = В і п ( Г  ПАР") = В, п  Т Ґ  = В , Ґ .

From Proposition 9.14 we obtain that АҐТ includes the P -  basic submodule В/Г. Since 
В /Г  is projective, Theorem 4.12 implies that B/B\ ~ T/Bi ФВ/В, for some submodule 
B, moreover, B/Bi -  В/Г. In particular, B/Bj is a projective submodule. By Theorem 4.12 
В = 3; Ф B; where B) =B/Bi is a projective module. Thus B; is a direct sum of cyclic 
P  -  submodules, Bj is a projective submodule. Let

b + В, є  (B/B,) r, (A/BJP" = (В/В,) n  (А Ґ  + B,)/B,.

Then b + Bi = a/ xi + . . + as xs + Bi where a, , . . . ,  as є  A, x i , x s є  P". It follows 
that

b + T = a, x, + . . .  + + Г є  (А Ґ  + T/T) n  (В/Г) = (АЛГ)Ґ n  (В/Г).

By the selection of B2 we obtain that

(A/T)P" n  (В/Г) = (B/T)Pn -  (B,P" + T)/T.

Hence b + T = bin  + . . . + b,z,+ T where b ,,. . . , Ь/ є  В;, Z i, . . z, є  Pn. Since
B/B, = (T/Bi) & (B/Bi), Ь/ + T = Cj + T for some element cj є  В, I <j <t. So we have
b -  c,i, + . . .  + c,z, + u for some element u є  T. Then u = b -  c,zi - . . .  -  c, 2,, so that 
u + 3; є  (B/'Bj) n  (T/Bi) -  < 0 >. It follows that u є  Bj and hence b + Bi є  (B/BJP". 
Finally, by the equations (.A/В,) Ґ  n  (B/Bi) = (В/В,)Ґ. A n  B/Pn = В , Ґ  , applying 
Lemma 9.8 we obtain that А п В Ґ  - В Ґ .  Since R/B, is a divisible module, (R/Bi)x = 
Ri'Bi for every 0 & x є  P. It follows that (R/BJP -  R/B,. Since
T/B, ■- (R/B,) Ф (О + В /  В,) and (Q + В,)/ B, s  O, (Q + B,/B,)P = Q + B,/B, by
Lemma 6.7, It foiiows that T/B1 ~ (T/BJP. By the isomorphism B /B  s  T/B we obtain 
that (B/B)P = B/B. Since (A/BJP =A/Bi, Lemma 9.7 proves that (AJB)P -  A/В. This 
means that В is a P -  basic submodule of A.
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This chapter is dedicated to an notable important type of modules that quite frequently 
appear in various investigations of modules and groups with finiteness conditions.

If G is a group and n is a positive integer, then the subgroup

G[n] *±< g e G \ \ g \  -=n>

is called the nth layer of the group G. The groups whose layers are finite (layer -  finite 
groups) have been introduced by R, Baer [BRI948] and S.N, Chemikov [CSI949] and have 
been fully described in [CS1949. CS19S8],
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Dual Jo the concept o f  nth layer is the concept o f  co -  layer. If C  isa g ro u p  and 
n is a positive integer, then the factor -  group C/G" is called the mh co -  layer o f  the 
group G. The groups G  is said to be co -  layer -  finite groups, if  the factor -  group 
G/G" is finite for each n e  J№. These groups appear in various group theoretical 
investigations. L.A. Kurdachenko introduced these groups and began their study in 
[KL19S2]. The class o f co -  layer -  finite groups is quite large. In particular, it includes all 
layer -  finite groups and groups o f assorted finite ranks.

In [FdeGKl99fi] a naturally introduced module analog o f  co -  layer -  finite groups 
has played a key role.

Let If be a ring. An R -  module A is called co -  layer -  finite, if  for every 
non -  zero ideal L o f R the factor -  module AJAL is finitely generated as an 
R -  module.

In [FdeGKl99S] the co -  layer -  finite modules have been described in the case 
when R is a principal domain. In this chapter we consider the structure o f co -  layer -  
Finite modules over Dedekind domains.

10.1. Lemma, Let D be a Dedekind domain and let A be a D-moditle. Then A 
is co -  layer -  finite i f  and only if A/AP” is finitely generated, for any P e Spec(D) and

Proof. Suppose that A/AP" is finitely generated, for every P e  Spec(D) and 
every n e  US'. Given a non -  zero ideal L o f  D, by Theorem 1.14 and Proposition 1.17, 
we have

I  “  P, ”/ .. . Pt \  = P, "/ n . .. n  Pk "k

where the Pi, . . - Pk are different non-zero prime ideals o f D. Consider the factor-module 
A * = A/AL. Applying Corollary 3.8 we obtain

A* = A*i &. . .  ®A*k

where A*j is the P j- component o f A *, ! <j < k. Since by Lemma 6.7 (A*j) Pa, "w -  A*j

whenever j  *m , (A*)Pj"j = &  A*„v Since A /A P /j  is finitely generated, we have 
that

A *j =  A */(A *)Pj "j "  (A/AL)/(A/AL)Pj ", = (A/AL)/((AP, “> + ALJ/AL) =
(AJA L}/((A Pf/A L) sA/APj "j

is finitely generated giving that A/AL is finitely generated too. The converse statement is 
obvious.

J 11.2. Lemma. Let D be a Dedekind domain and let A be a D -  module. Then A 
is co -  layer -finite i f  and only if A/Ax is finitely generated, for every 0 e  D.
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Proof. The direct assertion is a trivial application of Lemma 10.1. For the 
converse, it suffices to recall that by Corollary 1.26 every ideal of a Dedekind ring can be 
generated by at most two elements.

10.3. Lemma. Let D be a Dedekind domain and let A be a D -  module and B a 
D  -  submodule o f A.

(1) I f A is c o -  layer -  finite, then so is A/B.
(2) I f  B and A/B are co-layer-finite, then A is also co-layer-finite.

Proof. (1) is obvious.
(2) Let L be a non -  zero ideal of D. Then. (AJB)/((AL + B)/B) is finitely 

generated. Since

(A I. + B)/AL 2  B/(B nAL) and BL < (BnAL),

(AL + BJ/AL is finitely generated too. The isomorphism

(A/(AL)/((AL + B)/AL) 2 AJ(AL + B) 

implies that A/A L is finitely generated.

10.4. Lemma. Let D be a Dedekind domain and let A be a D-module and B a 
pure D -  submodule o f A. I f  A is co -  layer -finite, then so is B.

Proof. Let 0 Ax € D, then B n  As. -  Fix, so that

B/Bx = B/(B nA x) -  (Ax + B)/Ax < A/Ax.

Since D is a noetherian ring and A/Ax is finitely generated, then B/Bx is finitely 
generated too. It suffices to apply Lemma 10.2.

10*5. Proposition. Let D be a Dedekind domain, P a maximal ideal o f D, A a 
P -  module over the ring D. I f  dimap A/AP is finite, then A -  B (PC where B 
is a finitely generated submodule, C is a divisible submodule.

Proof. Let

A/AP = @ i <j (tijD -  APj, Af, -  S i  i jsndjD.

Then A ~ An + A P. Since Ao is a finitely generated P -  module, there is a number 
si such that P*t < AnnfAtj .  Therefore there exists a number jj  such that 
Aoy 2 -  <0>  but Ao y2r l  sf< 0 >. Put C=Ayi ,  then

C = A y 2 = (A0 + AP)y 2 = (A(i+ A y )y i = 
Aoy 2 + A y  1 = A /2  * ' = (Ay 2)y = Cy.
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Proposition 6.2 implies that C is a divisible submodule, therefore Theorem 5.13 
gives a direct decomposition^ = C (BB for some submodule Si. Furthermore

A = A o + AP — Ao + (An + AP)P —
Ag + AP2 = . . . = A 0 + AP‘(2> • A 0 + C.

Now B = A/C = (Aq i C)/C S  A /(AgnC ) is a finitely generated submodule.

10.6. Lemma. Let D be a Dedekind domain, P eSpec(D),A a co ~ layer-finite 
D -  module, I f  A is a P-module, then there exists a direct decomposition A = B @>C, 
where B is finitely generated and C is D -  divisible.

Indeed, since A/AP is finitely generated, dimD/p(/I'AP) is finite. Now we may 
apply Proposition 10,5.

10.7. Corollary. Let D be a Dedekind domain and let A be a periodic D -  
module. I f  A is a c o -  layer-finite, then

A = (B  F Ap

where n=  Assd(A), Ap = Bp (P Cp is the P-component o f A, Bp is finitely generated 
and Cp is divisible.

10.8. Lemma. Let D be a Dedekind domain, P s  Spcc(D), A a D -
module. Suppose that A is D -  torsion -  free and rg(A) is finite. Let B be a 
finitely generated submodule o f A such that AJB is D -  periodic. I f  Y/B is 
the P-component o f A/B, then

Y/B = C i®  Ck ® E, ©... © £„

where Cj is a Prüfer P -  module, } < i < k, F., is a cyclic submodule, I  S j  <n.

Proof. Let Y;/B -  (Y/B). Then Y/P <" B Let z e  P \ P2. Consider
the mapping

fa: a ---- > az, a e  Yi.

Clearly Im fa < B.- Since A is D -  torsion -  free, Ker fa = < 0 >, in 
particular, Yi s  Im fa. Hence Y/B ~ (Im fa)/(Bfa). It follows from the inclusion 
Im fa < B that Im <L is finitely generated, thus Y/B  is finitely generated too. This 
means that dimo/p (Y/B) is finite. It follows that Y/B is. artinian D -  module by 
Corollary 7.12. Theorem 7.13 proves that

Y/B = Ci © ... ®Ck &E, ©... ©£„

where Cf is a Prüfer P -  module, 1 <i £k, Ej is a cyclic submodule, I £  j  < n.
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10.9. Lemma. Let D be a Dedekmd domain, P є Spec(D), A a D ~  module, В a 
submodule o f A such that A/В is D -  torsion -free, and (A/B)P = A/В. Then 
AJAP" sB /B F  for every n є  JUT.

Proof. Since A/В is torsion-free then В* -  B/BF is the D -  periodic part 
o f A* — A/BP". By Proposition 8.9, there is a D -  submodule С * such that A* = 
В* ФС*. Moreover,

С * = A */B * = (A/BP")/(B/BP") sAJB.

In particular, (C*)Pn = С *. It follows that

(A*)F = (B*)F S(C*) = C*.

Hence
AJAP" з  (A/BP")/((AP"j/(BP")) = A */C* = ( В '* Ф C*)/C* = В * = B/BP".

10.10. Lemma. Lei D be a Dedekind domain, P є  Spec(D), A a torsion -  free
D  -  module o f finite D -  rank, В a finitely generated submodule o f A such that A/В is
D-periodic. I f  В is a P-basic submodule o f A then А/АР" з  B/BP" for every
n є  XT,

Proof. Let Y/B be the P -  component of A/В. Corollary 3.8 yields that 
A/B -  Y/B ® Q/B, where Q/B is the P '-component of A/В. In particular, 
(Q/B)P = Q/B by Lemma 6.7. Thus (A/B)P = (Y/B)P ® (Q/B). Since (AJB)P -  
A/В, (Y/B)P = Y/B. Lemma 10.8 yields that Y/B is a direct sum of finitely many 
Priifer P-submodules. Lemma 5.20 implies that Y/B is divisible.

Consider the factor -  modute A/BP". Clearly, Y/B I* is the P -  component of 
A/BP". Lemma 10.8 proves that Y/BF = E/BP" ® C/BP" where Е /В Ґ  is the D -  
divisible part of Y/BF, C/BF. is a finitely generated submodule. Since B/BF  is finitely 
generated,

(EJBF + B/BF)/(B/BF) = ((£ + B)/BF)/(B/BF) =(E + B)/B

is the D-di visible part of Y/B. But Y/B is D-divisible. that is, (E + B)/B = Y/B.
Put now AA = A/BF, Ba = B/BF, EA = E/BF, YA = Y/BF. Hence

A a  - Y a (DOAj where 0 A\ is the P -  component of AA. We have now

Aa/ aF  -  (A/BF)/(A/BF)F = (A/BF)/((A/BF + BF/BF) = 
(A/BF)/(AF/BF) sA /A F

Lemma 6.7 implies that Q f i F  -  QAi, so that AAF  = YAF  (BOAi, that is,

Aa/AaF =  (Ya  0 Q a,)/(YaF  ®Qa i) = ya/y af

Finally, YA ~ BA + Ea, therefore YAF  = EA, thus
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y-V YAP" = <BA + EA)/EA s  BA/(BA n  EA) = (B/BP")/(B/BP" n  E/BP") = 
<B/BP"j/((BnE)/BP").

Since 5  is a finitely generated torsion -  free module, Corollary 7.6 yields

B s D  ® . . .  L
«  r ~ l  >■*

where L is some ideal of D. Since ULP" s  D/P" , it follows that there is a sum of 
r summands

B/BP" = D/P" ® . . .  9D/P" 
r - 1  r*

Hence if we assume that B n  E *  BP", then B/(B n E )  has no submodules 
which is isomorphic with B/BP", On the other hand, since B is a P -  basic submodule, 
B nA P "  = BP", so that

B/BP" = B/(B nAP") =(B + AP")/AP".

In particular, A/AP” (and hence YAi  YAP*) includes a submodule, which is isomorphic to 
B/BP". This means that B n  E -  BP" so that YA/Y AP" = B/BP". Thus

A/AP" s A A/AAP" = YA/  YA.P" s  B/BF.

10.11. Proposition. Lei D be a Dedeland domain, P e  Spec(D). A a 
torsion -free  D -  module, B a P -  basic submodule o f A. If B has finite 0 -  rank, 
then A/AP" s  B/BP" for every n e  iV

Proof. Let T/B be the D -  periodic part of A/B. Since B is P -  basic
submodule, (A/B)P = A/B. Therefore (A/TJP = A/T, Lemma 10,9 yields that
A/AP" s  T/TP" for any n e JV. Since B is a projective submodule of finite
0 -  rank, B  is finitely generated. This means that rn(T) is finite.

Since A/T is torsion-free, Lemma 9.13 implies that TP" -  T nAP". Thus 
we have

BnTP" = B n T n A P "  = BnAP "  -  BP".

Suppose that (T/B)P *  T/B. Let A" ^  (A/B)/(T/B)P, TA -  (T/B)/(T/B)P. Since TA 
is the D -  periodic part of A" and P" <Atuii> (TA), by Proposition 8.9, Aa= T" ® C A 
for some D -  submodule C*. From the selection of B it follows that AAP = A". 
However,

A"P = TAP (B CAP ~ C"P * A A.
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This contradiction shows that (T/B)P ~ T/B. In other words, B is a /’-basic 
submodule of T. Lemma 10.10 implies that in this case, T/TP" = B/BP", and 
therefore A/AF s  T/TF = B/BP".

10.12, Corollary. Let D be a Dedekind domain, P e Spec(D), A a 
torsion-free D-module. I f  dima/p (A/AP) - m is finite, then

'A/AP" = D/P" &. . .  WD/F
*i m f*

fo r  any n €  2%T.

Proof. Let B be a P - basic submodule of A. Its existence follows 
from Theorem 9.15. Since

B n A P  = BP, B/BP ~ B/(APnB) =(B + AP)/AP,

so that dintDpr (B/BP) is finite. Assume that B is not finitely generated. Since B is a 
projective module, Theorem 4.25 shows that B is a free D -  module. As a free module of 
infinite D -  rank, the factor -  module B/BP is infinite dimensional. Thus B is finitely 
generated, and we can apply Proposition 10.1 i ,

10.13. Lemma. Let D be a Dedekind domain and let A be a torsion-free D -  
module having an ascending chain o f D -pure submodules

< 0 > = A < t< A , < . . .  < A„ < A„ +1 < . . .  U „ e/VA „ -A

such that ro (A„ + i/Ar)= I, far every n e  JVT Then A is CD -  layer -  finite i f  and only if 
for every P e  Spec(D) there, exists a number h(P) s  2 V  such that (Aj - /AfiP -  
(At +i/Aj) for each j  >h(P).

Proof. Suppose that A is co -  layer -  finite and assume that there exists 
P e  Spec(D) such that (A„ + fAJP  *A„ * ,/A„, for infinitely many numbers n. Then A 
has an ascending chain of D -  pure submodules

< 0> = B o S B ,  < . . .  <B„ <B„ + , < . . .  U ne/VB„=A

such that ro (B„ + i/BJ is finite and (B„ + /B f P  A B„ + i/B„ for every n e  ~SS. In 
particular, B/P # B\. Consider the factor module BfB/P. Clearly BfiB/P is the D -  
periodic part of B /B :P and, since AnnD(Bi/BiP) = P, an application of Theorem 8.9 
realizes the following direct decomposition

n/B;P  = B,/B,P (SC/B,P

for some D -  submodule C. Then C/BiP s  B/Bi and so (C/BjP)P * C/B.tP. From the 
equality
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(b / b ^ j p  =  (C/b ,P)P =  c j v b ,p

il follows that dintp/p (B2/B2P) 2  2 and, by induction, it is very easy to establish that

dintorp (Btf'BJ1)  > n for every n e  N. Moreover, the equation A = £ n B„ gives

that AP = U n eN B„P and so A/AP -  LA„ £N (B„ + AP/AP).
Since A/B„ is torsion -  free, B^BJ’ is the periodic part of A/B„P, and we obtain 

the decomposition

A/B„P -  BJB„P (BE'BnP

for certain D ~ submodule E. It follows that

(AJBJP)P = (E/B„P)P ■- EP/B„P <E/B„P.

In particular, AP n  B„ -  3„P and hence

(B„ -t APJ/AP =BaP/fi„ nAP)  -  B,/B„P,

so that dimD/p (B„ f  AP/AP) >n for each n e  BT.. This means that dimap (A/AP) is 
infinite. Contradiction.

Conversely, suppose that the D -  module A satisfies the conditions of the 
statement. For any P z  Spec(D) we put h = h(P). It follows that (A„ + yA^P -  (A„ , //A/) 
for every n e JflT. Consider the factor -  module A„ + t/AhP; obviously, AsJA^P is its 
periodic part. Since AnnD(Aj/AhP) = P, Theorem 8.9 implies the following direct 
decomposition

A„, t/AhP = A//AtiP 9  C„+,/AkP

for some D -  submodule C„ + ft. Since C„ * i/AhP sA„ + fJA/» (C„, i/AifJP = C„ + )/AhP. 
Thus

(A„ + t/AtPiP = An * ,,P/AhP = C„ * h'AhP.

This allows us to check that A„ + i/A„ 4 /,P zAt/A^P. Hence

dima p (A„+;/.f„+ »  dimaf. (Am'AtP) = m.

Again /1 “  A„ , ft gives that A/AF = L/* ff ;: (^„ 4* + AP)/AP. Since

(An tu t  APJ/AP =An + t/(A»+hm AP) ~ An4i/An4ftF, 

tlimap ((An 4 /, + APJ/AP) -  m for every n € N  Since

An 4 h — An 4 h 41, (An 4 ft 4- APJ/AP ~ (An 4 * 4 / +■ APJ/AP,
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so that A/AP = (At, + AP)/AP, and hence dimo/p (A/AP) = m is finite. By Corollary
10,12, the module A/AP1 is finitely generated, for any ! s  1ST. Thus, Lemma 10.1 
implies that A is со -  layer -  finite, as required.

10.14. Lemma. Let D be a Dedekind domain such that Spec(D) is countable and 
let A be a со -  layer -  finite torsion-free D-module. Then A includes a D -  pure 
submodule В such that ro(B) is countable and A/В is divisible.

Proof. Put Spec (ГУ) -  { P„ j n e  J V  J. By Theorem 9.15, A includes a P„ -  
basic submodule B„ for every n e  ST. Since В/ is a projective D -  module, Theorem

4.25 justifies the equation Bi = Ф  xe лт C> where the Q  are isomorphic to certain 
ideals 1л of D. Then

BjP; = Ф  л e лп) Q  Pi and Bj/BiPj s  Ф  \  н лр) Cx/Cx P;.

Furthermore, using Corollary 1.28 we obtain Cx 'C-A P\ s LfLx Pj = D/Р/. From 
Bi  .0.4 Pj = B/Pi we obtain

B,/B,P, sB ,/(B , n A  Pi) s (B, +APJ/AP,.

It follows that B/B/Pi  is finitely generated. In other words, Bi/BjPi has finite dimension 
as a vector space over D/P;. Since this dimension coincides with ! A(l) I, wc conclude that 
A (l) is a finite set and hence B; is finitely generated too.

Let AfBi  be the periodic part of A/Bp, in particular, rfA/) -  rfrBi), so that А/ 
has finite 0 -  rank. Moreover A/A / is a torsion -  free D -  module and, since (A/Bi)Pi -  
A/81, we have that (A/Ai)Pf ~ A/Aj. Repeating these arguments, we construct an 
ascending chain of D - pure submodules

At £ . . .  £A„ <A„. ,  < . . .

such that r0(A„) is finite and (A/AfPj = AJA„, for every j, 1 <j <n, n e  ЖГ. Applying

Lemma S.I, we deduce that B ~  L / „ e z A„ is a D -  pure submodule of A, ro(B) is 
countable and (A/B)Pn = A/A„, for every n e IN'.

Let 0 stx s  D. Since D is a Dedekind domain, Theorem 1.14 implies that

xD *= П р s ,, Pa,!>

where /; is a finite subset of Spec(D). = { Pa'  ■ ■ ■ Pa'}- Then

(A/B)x = (A/B)(xD) = (А/В) П р e ,

so that A/В is divisible.



109

It is worth mentioning, that among the Dedekind domains satisfying the above 
conditions are the ring Z  of all integers and any group -  ring of the form F< x > 
where a field F is countable. It is well known, these rings have many important 
applications.

10.15. Lemma. Let D be a Dedekind domain with countable set Spec(D) and let 
A be a  torsion -free D -  module. Then A is co -  layer -  finite i f  and only i f  A has an 
ascending chain o f D - pure submodules

< 0>  -A o  £  A; £ . .  £ A n £ A n+ , £ . . .  U nsZ  An =Am£A a+,=A

such that
(i) A/As, is divisibl;
(ii) r0 (A„ + t/AJ^ l.for every n s  D;
(Hi) for every P e Spec(D) there exists a number h(P) e  _W such that 

(A„+ i/AJP = (A„* i/A j for each n > h(P).

Proof. Suppose first that A is co -  layer -  finite. By Lemma 10.14 there exists a 
D -  pure submodule of countable 0 -  rank such that AJB is divisible. By Proposition
8.17, B has an ascending chain of D -  pure submodules

< 0 > = A 0 £ A ,  £ . . .  £  A„ £  A„+, £ . . .  U a e N A„ = B 
such that ro (A„ + i/A J- I for every n e  !KT. Moreover, by Lemma 10.4, B is co -  layer 
-  finite. Then Lemma 10.13 shows that for every P e  Spec(D) there exists a number 
h(P) such that (A„ .  ,/A^P -  (A„ + fA f) for each n >h(P).

Conversely, if A satisfies the above conditions, then by Lemma 10.13, the D -  
submodule As, is co -  layer -  finite. Obviously, A/As, is.co -  layer -  finite, since it is 
divisible. Then A isalso co -  layer -  finite by LemmaI0.3.

10.16. Theorem Let D be a Dedekind domain with countable set Spec/D) and 
let A be a D-module. Then A is co -  layer -  finite i f  and only if A decomposes as A -  
B (BE, and

(i) D -  submodule E is divisible and periodic;
fti) the submodule B has an ascending chain o f D -  pure submodules

< 0 > = B0 £  B, £ . . .  £  Bn £  B„ + , £ .  . . B ^ < B e, ^ ! = B

such that Bi is the D -  periodic part o f B. BIB,, is divisible and ro (B„ + ;/BJ -  1 for 
every n e jNT,

(Hi) for every P e  Spec(D) there exists a number h(P) s  TV such that 
(B„ + /B,)P = (B„ + :/BJ for each n >h(P);

(iv) Bi = ®  p f „ Cp, where Cp is the P -  component of Bp x  = AsscfA)
being each Cp finitely generated.



n o

Proof. Suppose first that A is co -  layer -  finite. If T is the D -  periodic part of

A, then by Corollary 10.6 and Lemma 10.4, we may express T ■= (B  p ^ T p ,  where it -  
A ssd(A), T? -  Cp 0  Ep is the P -  component of A, Cp is finitely generated and Ep is

divisible. Define E -  ®  p e „ Ep. So that £  is a divisible direct summand of A by

Theorem 5.13: A -  E 3) B for some D -  submodule B. Consider now B/ = ®  r Cp, 
clearly B/ is the D -  periodic part of B. Thus B/Bi is torsion -  free and it suffices to 
apply Lemma 10,15,

Conversely, by Lemma 10.15 B/B/ is co -  layer -  finite. Clearly, so are 5/ and
E. Then it suffices to apply.Lemma 10.3.
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