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LIST OF TERMS AND NOTATIONS

H€: normal closure of a subgroup H in a group G, that is the normal
subgroup generated by all conjugations of H in G.

S (G): center of a group G.

S (G): a-th term of upper central series of a group G.

v (G): a-th term of lower central series of a group G.

[G,G]: derived subgroup of a group G.

Aut(G): group of automorphisms of a group G.

C,(M)={xe H|xa=axV ae M} centralizer of a subset M in subgroup
H. If H 1s a normal subgroup of G and L is a subgroup containing /, then by
C,(L/ H) we denote the full preimage of subgroup C ,,(L/ H) in G.

We will say that G is the semidirect product of A and B, G=AXB,1f 4
1s normal in G, AmB=(1> and G = AB.

We will say that G is a Dedekind group if all subgroups of G are normal.

We will say that G satisties the maximal condition (respectively, minimal
condition) if G does not have infinite ascending (respectively, descending) series
of subgroup.

A group G 1s called a Chernikov group, if G includes a normal subgroup
D of finite index, which 1s a direct product of finitely many quasicyclic
subgroups. A subgroup D is called a divisible part of Chernikov group G. We
will denote it d(G).

A group G 1s called polycyclic if it has a finite normal series of subgroups

()=G, <G, <..<4G, =G,

whose factors G, / G, are cyclic, 0< j<n-1.

A group G is called minimax if it has a finite series of normal subgroups,
whose factors satisfies the minimal condition or the maximal condition for all

subgroups.



Groups with restrictions on non-normal subgroups

If G 1s minimax and almost solvable, then it has a finite series of normal
subgroups, whose factors are either Chernikov or almost polycyclic.

A group G is called hypercentral if it has an upper central series
terminating in G itself (that is, G coincides with the last term of the upper central
Series).

For an arbitrary element g € G we denote by g“ a subset of all elements
that are conjugate to g, thatis g” = {x"'gx| xe G}.

FC(G)={g eG|class g“ is finite} .

Obviously, FC(G) 1s a characteristic subgroup of G. We will say that
FC(G) is the FC-center of G. If G=FC(G), then G 1s called FC-group.

Let X be a class of groups. We write X =SX if each subgroup of any X -
group belongs to X. We write X=0X if each factor-group of any X -group

belongs to X. We write X = N, X if each group, which is the product of a finite

set of normal X -subgroups, belongs to X .

If G is a group and 7 1s a set of primes, then by O_(G) we denote the
largest normal 7 -subgroup of G. If p is a prime, then by p' we denote the set of
all primes distinct from p. Thus, O, (G) is the largest normal subgroup of G,

which does not contains the p-elements.

Let X be a class of groups, G be a group. We will say that G is almost X -
group if G contains a normal subgroup H such that G/ H is finite and H € X.
In particular, the almost abelian (respectively, almost solvable) group is a group
containing an abelian (respectively, solvable) subgroup of finite index.

Let 4 be an abelian group, p 1s a prime, P 1s a Sylow p-subgroup of 4. For
cach neN we put Q (P)={xeP||x|<p"}. Obviously, Q (P) is the
characteristic subgroup of 4. We have

Q(P)<Q,(P)<..<Q (P)<Q  (P)<...

1+l

and P = UQH(P).

nelN



List of terms and notations

A group s called /ocally finite if each its finite subset generates a finite
subgroup.

A group is called bounded if there exists a finite upper bound for the
orders of its elements.

A group 1s called residually finite if for each non-trivial element there
exists (normal) subgroup of finite index that does not contain this element.

Let K be a locally finite field and € is an automorphism of K satisfying
the condition 8°(a)=a’ for each a e K. The linear group Sz(K) is a subgroup
of SL,(K) generated by:

(1) a subgroup Q of all matrices of the following form

1 0O 00
a I 00
(1+6)a)+b Oa) 1 0]
2+6)a)+ab+6(b) b a 1
where a,he K ;
(11) a subgroup D of all diagonal matrices, whose main diagonal have the

following form
(1+0")@),07 (), -0 (a),(-1-67)(0))
where e U(K);

(111) matrix

0 0 0 1
0 010
01 0 0
1 0 00

Let p be a prime. We will say that a group G has finite section p-rank
r,(G)=r if each elementary abelian p-section U/} of G is finite of order at

most p" and there is an elementary abelian p-section 4/B of G such that

|A/Bl=p".



Groups with restrictions on non-normal subgroups

We will say that a group G has finite section rank if it has finite section p-
rank for each prime p.

We will say that G has finite special rank r(G)=r 1f each finitely
generated subgroup of G can be generated by r elements and r is the least
positive integer with this property.

A group G 1s called generalized radical if it has an ascending series of
normal subgroups, whose factors are either locally nilpotent or locally finite.

Recall some basic concepts of module theory. Let R be a commutative

ring and 4 be a module over R. Put
Tor,(4)= {a € A| Anny(a) # <O>}

If R has no zero divisors, then the subset 7or,(A4) is a submodule of 4. In this
case we say that 7or,(A4) is a R-periodic part of A. A module 4 is called R-
periodic 1f it coincides with its R-periodic part. We will say that 4 1s R-torsion-
free if its R-periodic part is trivial.

Let D be a Dedekind domain. Put

Spec(D)={P| Pisamaximal ideal of D}.
If 7 1s an 1deal of D, then put
A, ={aeA| al” =(0) forsomeneN}.

It is not hard to see that a subset 4, is a D-submodule of 4. A submodule 4, is
called the /-component of A. If 4 coincides with its /-component, then we will
say that A is an I-module over D.

Put

Q, (A)={aeA|al"=(0)}.

It is not hard to check that the subset €, (A4) is a D-submodule and

Q,,(4)<Q, . (A) for each positive integer n. Therefore U Q, (A)=4,.

neN

[ .,n+1

Denote by Ass, (A) a subset of all maximal ideals of D, for which the

corresponding P-component A, is non-trivial.

10



List of terms and notations

Then Tor,(A)=@,_,4,, where == Ass, (A) (see, for example, [1,

Per
corollary 3.8]).

Let D be a Dedekind domain, C be a simple D-module. Then C is
isomorphic to D/ P for some maximal ideal P of D. Denote the D-injective

envelope of C by Cpoo. A module pr 1s called the Priifer P-module. A module
pr is an injective limit of the system of D-modules {D/ P" |ne N} :
pr = liminj{D/ P" | ne N}

(see, for example, [1, corollary 5.21]). By construction, a Priifer module Cpoo 1sa
P-module, Q, ,(C .)=D/P" and

Q1 (C )1, (C )= (D P*Y /(P P"MY=D/P
for each positive integer k. Thus, if £ is a proper D-submodule of Cpoo, then
there 1s a positive integer £ such that £ = Qp,k(pr). Indeed, if the element b
belongs to €, (pr ), but not contained in €2, , (pr ), then E'=hD. Note that
the Priifer P-module pr 1s monolithic and its monolith coincides with its lower
layer €2, ,(C ).

Let R be a commutative ring without zero divisors, x 1S a non-zero
element of R and 4 is a module over R. We say that 4 is x-divisible if for each
element a of 4 there is an element ¢ such that cx = a. In other words, Ax=A4.

A module 4 is called R-divisible, if it 1s x-divisible for each non-zero
element x of R.

Let D be a Dedekind domain, 4 be a module over ring and x is an element
of D. A submodule B of 4 1s called x-pure, if Bx=BnN Ax.

If L 1s an ideal of D, submodule B is x-pure in A for each element x e L,
then B 1s called L-pure.

Finally, B 1s called a pure submodule if B 1s D-pure.

11



Groups with restrictions on non-normal subgroups

Let G be an abelian group, H be a subgroup of G and 4 be a ZG -module.
Put
Cop(A)={ae A|lax=aforevery xe H}.
It 1s easy to check that the subset £, (A4) is a ZG -submodule of 4. £, (A) 1s
called the H-center of A. Starting with H-center, we can define the upper
H-central series of A

(0)=C,<(C <..C,<C,, <.C

e

by the following rule: C, =&, (A, C, ,/C, =¢,,(A/C ) for all ordinals

+1

a<y,and £,,(A/C,)=(0). The last term C, of this series is called the upper

H-hypercentre of A.

Let G be an abelian group, A be a subgroup of G and 4 be a ZG -module.
Let B, C are ZG -submodules of 4 such that B<C. The factor C /B 1is called
H-central  (respectively, H-eccentric) 1if C,(C/B)=H (respectively,
C,(C/B)y=H).

A ZG-submodule C 1s called H-hypereccentric, if C has an ascending
series of Z(G -submodules

(0)=C,<(C<..C,<C,,<..C, =C,

o+l —

such that
(1) C,,,/C, isasimple ZG -module,

(2) C,,,/C, is H-eccentric for each ordinal o <.

12



INTRODUCTION

For more than a hundred years, an intensive study of the influence of the
system of normal subgroups on the structure of the whole group has been carried
out. If G 1s a group, then by £ __ (G) (respectively, £ (G)) we denote the

norm non—norm

system of all normal subgroups of G (respectively, the system of all non-normal
subgroups of (). The presence of a large system of normal and close to normal
subgroups have a very strong influence on the group structure. If all subgroups
of a group are normal then its structure was described long ago. For the finite
groups R. Dedekind obtained such description, and later R. Baer extended it to
arbitrary groups. Groups, whose all subgroups are normal, were later called
Dedekind. The natural next step was the study of groups G, in which the system

L (G) satisfies some (often very strong) restrictions. This topic begins

Rnon—norm

intensively develop by S.M. Chernikov and his school, as well as many other
well-known algebraists, in particular R. Baer, B. Neumann, F.M. Lyman,
M.F. Sesekin, D. Robinson, L.A. Kurdachenko, M.F. Kuzennyi, M.M. Semko,
A. Rhemtulla, S. Franciosi, F. de Giovanni, H. Lenstra.

G.M. Romalis and M.F. Sesekin began to study groups in which the
system L

non—norm

(G) consists only of abelian subgroups. They called such groups

metahamiltonian. The natural continuation of these studies is the consideration

of the situation when subgroups of the system L (G) belong to the class of

groups, which is a natural extension of the class of abelian groups. For example,
L.A. Kurdachenko, J. Otal, A. Russo and G. Vincenci studied the groups, in
which the subgroups of the system L

non—norm

(G) have a finite derived subgroup

or F'C-groups. This dissertation work continues research in this direction. Since
the natural generalization of finite groups are Chernikov groups, the groups with
the Chernikov derived subgroup is the natural generalization of groups with
finite derived subgroup. In this monograph, we study the groups, whose
subgroup are either normal or have Chernikov derived subgroup.

As we have noted above, groups with large systems of normal subgroups
are a rather long-standing research object in group theory. Normal subgroups

have a strong influence on the group structure. Therefore, when the system of

13



Groups with restrictions on non-normal subgroups

normal subgroups is quite large, the structure of the group can be studied in
detail. Figuratively speaking, if group has many normal subgroups, then this
group 1s very close to abelian. For example, if all subgroups of a group are

normal (that is, the system L

norm

(G) contains all subgroups of a group and

respectively the system £ (G) 1s empty), then it is either abelian, or is a

non—norm

direct product of quaternion group, elementary abelian 2-group and periodic
group without elements of order 2.

This result was obtained for finite groups in the paper of R. Dedekind [2],
and then it was extended to arbitrary groups in the paper of R. Baer [3]. The
natural next step was the study of groups G, in which the system £ (G)

satisfies some (often very strong) restrictions. The first such papers were papers
of O.Yu. Schmidt [4, 5], which have already become classical ones. In them
O.Yu. Schmidt studied finite groups, in which all subgroups of the system
C (G) are conjugate or system L

non—norm non—norm

(G) consists of two classes of

conjugate subgroups. However, the systematic study of groups, in which the
system of non-normal subgroups satisfies some rather strong condition, begins
with papers of S.M. Chernikov [6, 7]. As we have already mentioned, many
well-known algebraists participated in the development of this topic, which
enriched i1t with many deep and interesting results. One of the interesting area of
this topic was the study of groups, whose non-normal subgroups are abelian.
Such groups were called metahamiltonian. Their study began with the papers of
M.F. Sesekin and G.M. Romalis [8-10]. V.T. Nagrebetsky [11] and
A.A. Makhnev [12] studied finite metahamiltonian groups. M.F. Kuzennyi and
M.M. Semko [13-19] obtained a full description of metahamiltonian groups.

The class of abelian groups has many natural generalizations. One of them
1s a class of groups with a finite derived subgroup and more wider class of FC-
groups. In the papers of L.A. Kurdachenko, J. Otal, A. Russo and G. Vincenci
[20, 21] the authors studied the groups, in which the subgroups of the system
L (G) either have finite derived subgroup or are /C-groups. Since the

non—norm

natural generalization of finite groups are Chernikov groups, the groups with the
Chernikov derived subgroup are natural generalization of groups with finite
derived subgroup. This monograph is devoted to the investigation of groups,

whose subgroups are either normal or have Chernikov derived subgroup.

14



CHAPTER 1

LITERATURE REVIEW AND PRELIMINARY THEORETICAL
INFORMATION

This section gives an overview of literature on research related to the
results of this work. Here is a brief account of the well-known results that are

used in the future.

1.1. Literature review

If G 1s a group, then by £ (G) (respectively, L (G)) we denote

norm non—norm

the system of all normal subgroups of G (respectively, the system of all non-
normal subgroups of ). Groups with large systems of normal subgroups are a
rather long-standing research object in group theory. Normal subgroups have a
strong influence on the group structure. Therefore, when the system £ (G) is

norm

quite large (respectively, the system L

Ron—norm

(G) 1s quite small), very often the

structure of the group can be studied in detail. For example, if all subgroups of a

group are normal (that is, the system £ __ () contains all subgroups of a group

and respectively the system L

Rnon—rnorm

(G) 1s empty), then 1t is either abelian, or 1s

a direct product of quaternion group, elementary abelian 2-group and periodic
group without elements of order 2. This result was obtained for finite groups in
the paper of R. Dedekind [2], and then 1t was extended to arbitrary groups in the
paper of R. Baer [3]. The natural next step was the study of groups G, in which
the system L

non—norm

(G) satisfies some (often very strong) restrictions. The first

such papers were papers of O.Yu. Schmidt [4, 5], which have already become
classical ones. In them O.Yu. Schmidt studied finite groups, in which all

subgroups of the system L

non—norm

(G) are conjugate or system £ _ ()

consists of two classes of conjugate subgroups. It is interesting to note that

R. Brandl [22] were repeated much later the results of O.Yu. Schmidt from [4].

15



Groups with restrictions on non-normal subgroups

Moreover, H. Mousavi [23] was repeated much later the results of
O.Yu. Schmidt from [5]. However, the systematic study of groups, in which the
system of non-normal subgroups satisfies some rather strong condition, begins
with papers of S.M. Chernikov. He wrote a series of papers that demonstrated
the effectiveness of this approach. In the first paper [6] of this series, he

considered the infinite groups, in which the system £

non—norm

(G) consists only of

finite subgroups. In [7] he considered the infinite groups, in which the system

LC (G) satisfies the minimal condition. In this connection, it should be

non—norm

noted that in 1990 N. Hekster and H. Lenstra published a paper [24], in which

they considered the groups, in which the system L (G) 1s finite. The

non—norm

results of this work are a simple corollary of the results of paper [7]. In [25-30]
S.M. Chernikov considered some generalizations of the results of the first two
papers. In the paper of L.A. Kurdachenko, M.F. Kuzennyi and M.M. Semko
[31] and in the paper of G. Cutolo [32] considered infinite groups, in which the

system L (G) satisfies the maximal condition. These results were

non—norm

generalized in the paper of L.A. Kurdachenko and V.E. Goretsky [33].

In well-known papers of R. Baer and D.I. Zaitsev were introduced very
interesting new conditions of finiteness namely weak maximal and minimal
conditions for different types of subgroups. These conditions and related results
were so interesting and fruitful that they gave rise to a large series of papers in
which these conditions were considered for different types of subgroups. We
will not consider here all aspects of research related to the above conditions and
note one result related with our subject.

Let 9t be a some system of subgroups of a group G. We say that 9
satisfies the weak minimal condition (or maximal), or that G satisfies the weak
minimal condition for 9JT-subgroups or shorter Min—oo—9T (respectively, to
maximal condition for 9T-subgroups or shorter Max —oo—91) if G does not

have infinite descending (respectively, ascending) series {H |neN} of

subgroups of system 9 such that the indexes |H,:H, , | (respectively,
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Chapter 1. Literature review and preliminary theoretical information

|H,, :H,|) are infinite for each neN. If 9 1s the set of all non-normal

+
subgroups, we obtain the groups with weak minimal condition (respectively,
maximal) for non-normal subgroups. L.A. Kurdachenko and V.E. Goretsky [33]
studied these groups.

F.M. Lyman [34, 35] considered groups in which the system £ (G)

consists only of cyclic subgroups. If all cyclic subgroups of a group are normal,
then all subgroups are normal. Therefore, the question arises about the structure
of groups, whose all non-cyclic subgroups are normal, that 1s, the system of all
non-normal subgroups consists only of cyclic subgroups. S.M. Chermikov [26]
posed this question. The above papers was devoted to solving this problem. If all
finitely generated subgroups of a group are normal, then all subgroups are
normal. Naturally, the question arises about the opposite situation: what we can
say about groups, whose all non-finitely generated subgroups are normal.
Groups of such type were considered by L.A. Kurdachenko, V.V. Pylayev [36]
and G. Cutolo, L.A. Kurdachenko [37]. Note a series of papers M.F. Kuzennyi,
M.M. Semko [38-67], M.M. Semko, O.A. Yarova [68-74], where groups with

other natural restrictions on the system £__ () were considered.

The natural continuation of papers of O.Yu. Schmidt [4, 5] was the paper
of R. la Yaye and A. Rhemtulla [75], where groups (both finite and infinite), in

which the system L (G) splits into a rather small number of conjugacy

non—norm

classes, were considered. In the paper of M. de Falco, F. de Giovanni and

C. Musella [76] infinite groups, in which the set £

non—norm

(G) 1s a union of finite

number of conjugacy classes, were considered.
G.M. Romalis and M.F. Sesekin [8-10] began to study the groups, in

which the system L (G) consists only of abelian subgroups. Such groups

were called metahamiltonian. The study of finite metahamiltonian groups was
continued in the papers of V.T. Nagrebetsky [11] and A.A. Makhnev [12]. The
full description of metahamiltonian groups was obtained in the series of papers

of M.F. Kuzennyi and M.M. Semko [13-19].
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The class of abelian groups has many natural generalizations. One of them
1s a class of groups with a finite derived subgroup and more wider class of FC-
groups. In the papers of L.A. Kurdachenko, J. Otal, A. Russo and G. Vincenci
[20, 21] the authors studied the groups, in which the subgroups of the system
L (G) either have finite derived subgroup or are /C-groups. Since the

non—norm

natural generalization of finite groups are Cherikov groups, the groups with the
Chernikov derived subgroup are natural generalization of groups with finite
derived subgroup. This monograph is devoted to the investigation of groups,

whose subgroups are either normal or have Chernikov derived subgroup.
1.2. Preliminary theoretical information

The following results that will be needed, relate to the theory of FC-
groups. The first result that we will use 1s the classical Ditzman lemma (see, for
example, [77, Lemma I1.1.1]).

1.2.1. Lemma. Let G be a group, M be a finite subset of G. Suppose that
each element of M has finite order and finite number of conjugations. Then
normal subgroup generated by M is finite.

The next important result of this theory is the classical theorem of I. Schur
(see, for example, [77, Theorem I1.1.4]).

1.2.2. Theorem. Let G be a group, whose center has a finite index c. Then
the derived subgroup [G,(] is also finite, moreover [G,G]* = (1)

This theorem has the following generalization, which we will also need
(see, for example, [78, Theorem 3.9]).

1.2.3. Theorem. Let G be a group. Suppose that the central factor-group
is Chernikov. Then the derived subgroup [G,G] is also Chernikov.

We also need some results from the theory of abelian groups. The first
one 1s the next (see, for example, [79, Theorem 14 .4]).

1.2.4. Theorem. Let G be an abelian group containing a subgroup H and

G/ H is a free abelian group. Then G = H x K for some subgroup K of G.
18
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1.2.5. Proposition [80]. Let G be a hypercentral group, A be a normal
abelian p-subgroup for some prime p. If the factor-group G/ C,(A) does not

have proper subgroups of index p, then the center of G contains a subgroup A.

The following result is one of the first important results of the theory of
finite groups (see, for example, [81, Theorem A.10.7]).

1.2.6. Proposition. Let G be a finite group. If every subgroup of G is
abelian, then G is solvable.

Let G be a group. A system & of its subgroups is called the Kurosh-
Chernikov system if it satisfies the following conditions:

(i) G is linearly ordered by inclusion;

(i1) G,(l) €G;

(iii) & is closed under intersections and unions of its subgroups; in
particular, with every subgroups H = G it contains the intersection H* of all
subgroups of system & that contains A and do not coincide with A; with each of
its the non-trivial subgroup K contains the union K" of those subgroups of the
system & that contains K and do not coincide with K

(iv) if He & and H =G, then H is normal in 4.

The factor-groups H* / H are called the factors of system &. A system
S is called normal if each of its members is a normal subgroup of G.

1.2.7. Theorem [82, § 58]. Let G be a locally solvable group. Then G has
a normal Kurosh-Chernikov system, whose factors are abelian.

Some results of the theory of locally finite groups will also be needed.
The first result, which has already become classic, 1s the following,.

1.2.8. Theorem [83]. If every abelian subgroup of locally finite group G
satisfies the minimal condition, then G is Chernikov. In particular, locally finite
group with minimal condition is Chernikov.

The next result follows from theorem 4.8 of the book [84] and the

existence of a classification of finite simple groups.
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1.2.9. Theorem. Let G be a locally finite simple group. Suppose that
Sylow p-subgroups of G are solvable for each prime p. Then G can not be finite
dimensional linear group.

1.2.10. Theorem [85]. Let G be an infinite locally finite simple group.
Suppose that Sylow p-subgroups of G are solvable for each prime p. If G is not a
finite dimensional linear group, then it contains a subgroup Y such that the

central factor-group Y / S(Y) is isomorphic to PSL,(K) or Sz(K) for some

infinite locally finite field K.
1.2.11. Theorem [86]. Let G be a group, whose proper subgroups are

Chernikov-by-nilpotent. Then G can not be isomorphic to PSL,(K) or Sz(K)
for any infinite locally finite field K.

The next classic result is well-known.

1.2.12. Theorem. lLet G be a finitely generated group. Then every
subgroup of G of finite index is also finitely generated.

1.2.13. Theorem (sce, for example, [87, Chapter 1, Theorem 1]). Let G be
an almost polycyclic group. Then G is residually finite.

1.2.14. Theorem (sce, for example, [88, Theorem 3]). Let G be a finitely
generated metabelian group. Then G satisfies the maximal condition for normal
subgroups.

1.2.15. Theorem [2,3]. Let G be a group, whose all subgroups are
normal. If G is non-abelian, then G is a direct product of quaternion group,
elementary abelian 2-group and periodic abelian group without elements of
order 2.

1.2.16. Theorem (see, for example, [89, Theorem 7.4]). Let G be a union
of a finite set of abelian subgroups. Then its center has a finite index.

1.2.17. Theorem (see, for example, [89, Theorem 1.6]). Let G be a FC-
group. If G is torsion-free, then G is abelian.

1.2.18. Theorem (see, for example, [89, Theorem 1.6]). Let G be a FC-
group. A set of all elements of G of finite order is a characteristic subgroup of
G.
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1.2.19. Theorem (see, for example, [78, Corollary 5.12]). Let G be a
finite group, A be a 7.GG -module and B be a 7.G -submodule of A. If the additive

group of A is finitely generated, then there exists a 7.G -submodule E such that
BNE and A/ (BNE) are finite.

1.2.20. Theorem (see, for example, [78, Corollary 5.15]). Let G be a
finite group, I be a field and A be an FG-module. Suppose that char(F)=0 or

char(F") does not divide the order of G. Then A is a semisimple FFG-module.

1.2.21. Theorem (see, for example, [1, proposition 7.11]). Let D be a
Dedekind domain, P be a maximal ideal of D and A be a P-module over D. A

module A is artinian if and only if the lower layer Q,,(A) is artinian.

1.2.22. Theorem (see, for example, [1, Proposition 7.11]). Let D be a
Dedekind domain and A be a module over D. A module A is artinian if and only
if

A=aD®..@aDSC,D..D(C,,
where C, is a Prifer P -submodule, P, eSpec(D), 1<j<k, and
Anny(a)=P", P, eSpec(D), 1< j<n.

1.2.23. Theorem (see, for example, [1, Theorem 5.26]). Let D be a
Dedekind domain and A be a module over D. If A is periodic and divisible, then
A is a direct sum of Prufer submodules.

1.2.24. Theorem (see, for example, [1, Corollary 6.5]). Let D be a
Dedekind domain and A be a module over D. If Ann,(A) is non-zero, then 4 is
a direct sum of cyclic submodules.

1.2.25. Theorem (see, for example, [1, Theorem 9.15]). Let D be a
Dedekind domain and A be a P-module over D for some maximum ideal P. Then
A contains a D-pure submodule B such that B is a direct sum of cyclic
submodules and factor-module A/ B is D-divisible.

1.2.26. Theorem (see, for example, [1, Theorem 8.11]). Let D be a
Dedekind domain and A be a module over D. If B is a pure D-submodule A and
Ann,(A) is non-zero, then A=B® C for some D-submodule C.
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1.2.27. Theorem [80, Lemma 1]. Let G be a group and a be an element of

G with finitely many conjugations. Then the normal closure (a)G either finite or

finite-by-(torsion-free finitely generated abelian).

1.2.28. Theorem (see, for example, [79, Theorem 23.1]). Let G be a
periodic divisible abelian group. Then G is a direct product of quasicyclic
subgroups.

1.2.29. Theorem [90]. Let G be a locally finite group. Suppose that Sylow
p-subgroups of G are Chernikov for each prime p. Then G is almost locally
solvable.

1.2.30. Theorem [91]. Let G be a periodic locally solvable group.
Suppose that Sylow p-subgroups of G are Chernikov for some prime p. Then
G/ 0,(G) is a Chernikov group.

1.2.31. Corollary. Let G be a periodic almost locally solvable group.
Suppose that Sylow p-subgroups of G are Chernikov for some prime p. Then
G/ 0,(G) is a Chernikov group.

1.2.32. Theorem (see, for example, [92, Theorem 2.4.5]). Let G be a
locally  finite group, C be a normal Chernikov subgroup of G. If
[IO)NTING/ C)=D, then C has a complement in G and all this complements
are conjugate in G.

1.2.33. Theorem (see, for example, [78, Proposition 5.19]). Let G be a

finite group, A be a ZG-module and additive group of A is periodic. If
II(A)NIKG)=3, then A=C (G)B[A,G].
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CHAPTER 2
GROUPS, WHOSE PROPER SUBGROUPS HAVE CHERNIKOV

DERIVED SUBGROUP

Let G be a group and £ (G) consists of subgroups with Chernikov

derived subgroup. Here two diametrically opposite situations are possible: a) the

(G) 1s empty; b) the system L

Rnon—norm

system L (G) consists of all proper

non—norm

subgroups of G. In the first case, all subgroups of a group G are normal, and the
structure of such group well-known. In the second case, all proper subgroups of
G have Chernikov derived subgroup, and this case requires a special study. This
1s an important first step in the study of groups, whose subgroups are either

normal or have Chernikov derived subgroup.
2.1. Preliminary results

We will start with the following slight generalization of Ditzman lemma.

2.1.1. Lemma. Let G be a group, I be a finite subgroup of G. If the set of
subgroups that conjugate to I is finite, then the normal closure F° of I is
finite.

Proof. Since I has a finite set of conjugated subgroups, the normalizer

N (F) has finite index in G. Then F'is a finite normal subgroup of H = N, (F).
This means that the centralizer C,(x) has finite index in A for any element

xeF'. Since |G: H | is finite, then | G: C,(x)] is also finite for any element x of

F. Applying Lemma 1.2.1, we obtain that the normal closure (x)” is finite for
each element xe F'. Since F' is finite, then its normal closure generated by a

finite set of subgroups (x)G . Note that every subgroup (x)G is finite. This means

that /¢ is also finite. ]
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2.1.2. Proposition. Let G be a group and H be a subgroup of G. Suppose
that X is a class of groups satisfying the following conditions:

(a) X=SX,

(b) X=N,X,

(c) every X -by-finite group belongs to X.

If H belongs to X and the set of subgroups that conjugate to H is finite,
then the normal closure H® of H also belongs to X.

Proof. Since H has a finite set of conjugated subgroups, the normalizer

N, (H) has finite index in G. Let {H,=H,H,,...,H,} be a set of all subgroups
that conjugate to / in . Then each normalizer L, = N;(H ;) has finite index in
G,0<j<n.
Note that if A, =x""Hx, then
L, = Ny(H )= Ny(H")= Ny(H)", 0< j <n,
and we obtain that {7 ,/,,..,L } 1s a class of conjugated subgroups. Since

|G L, | are finite for every 0< j <n, we obtain that the intersection K = ﬂ L,

0<j<n
has finite index in G. Note that in this case K is a normal subgroup of G. Since

K <N,(H,), we obtain the following equality H; = H , for every element y of
Kandevery 0< j<n.Put7,=H,nK.Then
I"=(H,nKY =H]nK"=H,nK=1T,

for every element y of K and every 0< j<n. In other words, 7', is normal in X
for every 0<;<n. From the condition X=SX we obtain that 7, X,
0<j<n.Since X=N X, the product 7,-...-7 belongs to X. Clearly, a subset
{1,.1,,...,7 } 1s a class of conjugated subgroups. This means that the product
7'=T -...-T is anormal subgroup of G.

We have the following i1somorphism H7 /7T =H /(H NT). Since
1,=HNK<H and 7, <T, then 7, < H 7. From the fact that K is a normal
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subgroup of a group G we obtain that the intersection 7/ m K 1s normal in A.
Isomorphism H /(H mK)= HK / K together with finiteness of the factor-group
G/ K demonstrates that the intersection 7 mK has finite index in H. Since
H K 1s contained in H n7', the intersection H m7 has finite index in H.
Since HI'/T=H/(HNT), HI'/T 1is finite. Therefore, H7' /T 1is a finite
subgroup of G /7, which has a finite set of conjugated subgroups. By
Lemma 2.1.1 the normal closure (H7'/7)°" =H®T /T is a finite subgroup.

Note that a subgroup 7 is contained in A, so that H°7" = H“. Finally, from
finiteness of H°/7 and inclusion 7' € X together with the conditions of this

statement we obtain that the normal closure H#“ belongs to X . ]

2.1.3. Corollary. Let G be a group and H be a Chernikov subgroup of G.
If the set of subgroups that conjugated to H is finite, then the normal closure
HC is a Chernikov subgroup.

Obviously, the class of Chernikov groups satisfies all conditions of the
Proposition 2.1.2.

2.1.4. Lemma. Let G be a solvable group. If G contains proper subgroups
of finite index and every proper subgroup of G has Chernikov derived subgroup,
then [G,G] is a Chernikov subgroup.

Proof. Since G is solvable, GG contains a normal subgroup /. such that the

factor-group G /L 1is a finite cyclic p-group for some prime p. Denote the
generator of this factor-group by g/, thatis G/ L = ( gL). Suppose at first, that g
has finite order. By our conditions, G/ L. is a p-group, so we can assume that g
1s a p-element. From the choice of /. we obtain that the derived subgroup [Z, L]
1s Chernikov. We must show now that the derived subgroup of G/[L,L] 1s
Chernikov. Since
(G/[L,L,G/[LIL=1G,GIIL. L]/ [L,L]=1G,G]/[L, 1],

we obtain that [, (] 1s a Chernikov subgroup. To be short we can assume that

L has a trivial derived subgroup, that is /. is abelian. As we shall see below, this
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will not contradicts with the generality of our considerations. From the fact that
L is abelian follows that the intersection S =(g) L is a normal subgroup of G.
Since it is finite, it will be sufficient to prove that the derived subgroup of G/ S
1s a Chernikov subgroup. As above, we can assume that S is trivial. Suppose that
L contains proper subgroups of finite index. From the fact that the factor-group
G/ L 1s finite, we obtain that /. contains proper G-invariant subgroup K. If we
suppose that G coincides with the product of K and ( g> , we obtain the equality
L=K(L~{g))=K, which contradicts with the choice of K. This contradiction
shows that the product £'=K{g) is a proper subgroup of G. This means that the
derived subgroup D of K ( g) 1s a Chernikov subgroup. Since G/ L is abelian,
contains [G,(], so that D<[G,G]<L. From the fact that the factor-group
E/ D is abelian we obtain the equality (1) =[gD,KD/ D]. On the other hand, L
1s also abelian and we obtain that [Z /D, KD/ D] is trivial. Taking into account
the fact that G is a product of subgroups ( g) and ., we obtain the inclusion
KD/ D<{Z(G/D). From the finiteness of G/L and L/K we obtain the
finiteness of the factor-group (G/ D)/(KD/ D). In other words, the center of
the factor-group G/ D has a finite index. In this case U/ D=[G/ D,G/ D] is a
finite subgroup by classical theorem of I. Schur (Theorem 1.2.2). But in this
case a subgroup U 1s Chernikov, and hence the derived subgroup [G,G] 1s also
Chernikov.

Now we must to consider the case when I does not contains proper
subgroups of finite index. Since L is abelian, we choose free abelian subgroup Y
such that the factor-group /Y 1is periodic. If L is periodic, we can say that Y is
trivial. By Theorem 1.2.28 [./Y 1is a direct product of quasicyclic subgroups.

This means that /. contains a subgroup V' such that 7./} is a quasicyclic p-group

for some prime p. From the finiteness of the factor-group G/ we obtain the

finiteness of the set {/* | xe G} .
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Put

V¥ xeG=, =V V,...V,} and W=V,

1<j<n
For an arbitrary element x of G we have an isomorphism
L/V*=0L/V*=L/V,
which shows that the factor-group /1./V* 1is also a quasicyclic p-group.
Applying Remak's theorem we obtain the following embedding
LIWsL/V,x.xL/V,
which shows that L /W 1is Chernikov. Note that /¥ is G-invariant, and the
product W( g) 1s a proper subgroup of G. This means that the derived subgroup
Y of W(g) 1s a Chernikov subgroup. By above arguments, we can prove that
WY /Y <Z(G/Y). From the finiteness of G/ and the fact that L/W is
Chernikov we obtain that the factor-group (G/Y)/{(G/Y) 1s Chernikov. In
this case, the derived subgroup Z/Y=[G/Y,G/Y] 1s Chernikov by
Theorem 1.2.3. Since Z i1s Chernikov, the derived subgroup [G,G] 1s also

Chernikov.

Suppose now that g has an infinite order. As above, we can assume that /.

1s abelian. This means that the intersection S = ( g) M L 1s a normal subgroup of

G. In the factor-group GG/ S the image ¢S of g has finite order, and it follows
that the derived subgroup of G/S is Chernikov. Denote the periodic part of
abelian subgroup £ by 7' Note that 7" is G-invariant. Consider the factor-group
G/T.

Let 7 #b7" be an arbitrary element of L/7, and put
B/T :<bT>G/T :<bT)<gT>. If (g7',B/T) is a proper subgroup of G /7, then its
derived subgroup is Chernikov. On the other hand, the derived subgroup of
(gT',B/T} is contained in B/ 7, and therefore it is torsion-free. This means that

the derived subgroup of (g7,B/T) is trivial, that is the elements g7’ and b7

commute. Put G/T=(gl,B/T). Then (B/T)L/T~(gT))=L/T.
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Obviously, that /7' ~(gl'y<C,,,(g7"), which shows that C,,(g7) is non-

trivial. If B/7T=C,,,(g7), we again obtain that the elements g7" and b7

commute. Therefore, 1t remains to consider the case when

B/T=#C,,(glN=C/T. Since the extraction of a root in a torsion-free abelian
group 1s uniquely defined, C'/7 is a pure subgroup of B/ 7 . From the fact that
the factor-group G/ L is finite, it follows that B/7 1s a finitely generated
abelian subgroup, and therefore B/ C is a free abelian group of finite rank. But
in this case B/T=C/TxR/T for some subgroup R/7 (see Theorem 1.2.4).
We have (gI')nR/T =(1), in particular (g7,R/T) is a proper subgroup of
G/T. As we have seen above, in this case (g7, R/ T is abelian, and therefore
we have R/T<C,, (glN=C/T. This contradiction shows that
B/ T =C,,(gT). Thus, in every case the factor-group GG /7 is abelian.

Since 7' is periodic, the intersection 7' S 1s trivial. Applying Remak's
theorem, we obtain that G is isomorphic to some subgroup of the product
G/TxG/S . From the fact that the factor-group /7 1s abelian and derived
subgroup of GG /S 1s Chernikov we obtain that derived subgroup of G is also

Chernikov. ]

2.1.5. Lemma. Let G be a solvable group. Suppose that G does not
contains proper subgroups of finite index. If every proper subgroup of G has
Chernikov derived subgroup, then [G,(] is Chernikov.

Proof. Since G is solvable, G contains a normal subgroup B such that
(G/ B 1s abelian. Note that abelian group which has no proper subgroups of
finite index 1s divisible. Thus, G/ B is a divisible abelian group. Note also that
every divisible abelian group has a quasicyclic factor-group. Thus, G includes a
normal subgroup  such that G/ L 1s a quasicyclic p-group for some prime p. In

this case, there 1s an ascending series of subgroups

L=l,<L<.<L,<L.,<.G=JL,,

neN

where L

n+l

/ L, is a cyclic group of order p", n=0. Put L, /L,=(g,.L,),

28



Chapter 2. Groups, whose proper subgroups have chernikov derived subgroup

n>0. Since L 1s a proper subgroup, [L, L] 1s Chernikov. We must show that the
factor-group G /[L,L] has Chernikov derived subgroup. As above, we can
assume that [Z, /L] 1s trivial. In other words, we can assume that L is abelian.
Since G/ L 1s abelian, for every element x of G [x, A] 1s a normal subgroup of
G. Indeed, if y 1s an arbitrary element of G, then x” = xb for some element b of
L. Taking into account that Z is abelian, for an arbitrary element a e L
[x,a) =[x, a’]=[xb,a’]=[x,a’1[b,a’]=[x,a"].

Since [ is a proper subgroup, the derived subgroup of 7 is Chernikov.

In particular, [g ,l] is a Chemikov subgroup for every n=0. Let

x,yeG,ae L. Since L 1s abelian,

[xy,al=[x,af [y,a]=[x,a”][y,al €[x, A][y, 4].
In particular, [x*, 4] €[x, A], and therefore [(x),A] =[x, A]. This means that

[g,-L1=[(g,). L |<[{g,u)-L |=[g- L1
Thus, we obtain the following ascending series
lg,.L]1<[g,,L]=<...<[g,.L]<lg,...L]=<..
of G-invariant Chernikov subgroups of L. If /' 1s a finite G-invariant subgroup of
L, then the factor-group G/ C,(F") is finite. By our conditions, G has no proper
subgroups of finite index, and therefore G = C,(F") which shows that /< £(G).
Let C be a Chernikov G-invariant subgroup of L. Since C is abelian, C 1s a
union of its finite G-invariant subgroups. From the above, we obtain the

following inclusion C <£(G). In particular, {(G) includes [g,,L] for every

n>0. Put K = U[gn,L], then K <{(G) and by the choice of C the factor-

nelN

group Z, / K 1s abelian for every n>0. Since G = ULn , we obtain that G/ L 1s

neN

abelian. Thus, G is a nilpotent group and its class of nilpotency no more than 2.

Suppose that G is a periodic group. Then G =Dr /G, where G, is a

Sylow p-subgroup of G. If I1((G) contains at least two primes, then G is a direct

29



Groups with restrictions on non-normal subgroups

product of two proper subgroups, and therefore the derived subgroup of G is

Chernikov. Suppose now that II(G)={p} for some prime p. By
Proposition 1.2.5 . < (G). Taking into account that G/ L. 1s locally cyclic, we

obtain that G 1s abelian.

It remains to consider the case when G i1s non-periodic. Since G 1is
nilpotent, the set 7" of all its elements of finite order 1s a characteristic subgroup.
Then G /T is torsion-free, and therefore G includes a normal subgroup S such
that G/ S is a torsion-free divisible abelian group. This means that there exists a
normal subgroup R such that G/ R=U/RxV /R, where U/R and V' /R are
quasicyclic groups. In particular, G 1s a product of two proper normal subgroups
U and V, and their intersection is R. From the fact that / and } are proper
subgroups follows that their derived subgroups are Chernikov. Put
D=[U,U][V,V]. In this case G/D 1s a product of two normal abelian
subgroups UD/ D and VD/ D. Therefore, the center of G/ D includes their
intersection £/ D. Since RD/ D<E/ D, the factor-group (G/ D)/ (G / D) is

Chernikov. Hence, by Theorem 1.2.3 the derived subgroup [G/D,G /D] is
Chernikov. Since D is a product of two normal Chernikov subgroups, then D 1s

Chernikov. Therefore, the derived subgroup [G, (] 1s also Chernikov. []

From Lemmas 2.1.4 and 2.1.5 directly follows

2.1.6. Corollary. Let G be a solvable group. If every proper subgroup of
G has Chernikov derived subgroup, then the derived subgroup of G is also
Chernikov.

2.1.7. Proposition. Let G be an almost solvable group. If every proper
subgroup of G has Chernikov derived subgroup, then the derived subgroup of G
is also Chernikov.

Proof. Since G is almost solvable, G includes the largest normal solvable
subgroup S (solvable radical of G). If S=G, then by Corollary 2.1.6 the
derived subgroup of G is Chernikov. Therefore, suppose that S is a proper

subgroup of G. Let L/ S be an arbitrary proper subgroup of G/S. Then L is a
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proper subgroup of G, and therefore [Z,L] is a Chernikov subgroup. Since the
index |G: L] is finite and [Z, L] is normal in , the index |G: N ([L,L])] 1s also
finite. In other words, [Z,/.] has a finite set of conjugations in G.

By Lemma 2.1.3 the normal closure [L,L]° is a Chernikov subgroup.
Denote the system of all proper subgroups of G/ S by 9t. Since G/ S 1is finite,
this system 1s finite. In this case, the system D ={[L,L]|L>S,L/SeIN} 1is

also finite. Put C = <[L,L]G \[L,L]e ’D) As proven above, the normal closure of

every subgroup of ® 1s Chernikov. Since ® 1s finite, C 1s a Chernikov

subgroup. Thus, [S,5]1€®. Therefore [S,S]<C and [S,S]<SnC. Since
SC/C=S/(SnC), SC/C 1s abelian. In particular, if G=CS, then all is

proved. Therefore, suppose that CS is a proper subgroup of G. If L/SC 1s a
proper subgroup of G/SC, then L/S 1s a proper subgroup of G/S. This
means that [L,L]<C, which shows that L/SC is an abelian subgroup of
G/ SC. Thus, every proper subgroup of G/ SC 1s abelian. Therefore, G/ SC 1s
solvable (see Proposition 1.2.6). In turn, G/ C is a solvable group. Appling
Proposition 2.1.6, we obtain that the derived subgroup K/C of G/C 1s

Chernikov. Since C i1s Chernikov, K 1is also Chernikov. From inclusion

[G,G]< K we obtain that [G, (] is a Chernikov subgroup. []

2.1.8. Proposition. Let G be a locally solvable group. If every proper
subgroup of G has Chernikov derived subgroup, then the derived subgroup of G
is also Chernikov.

Proof. By Theorem 1.2.7 G has a normal Kurosh-Chernikov system,
whose factors are abelian. If GG includes a proper subgroup of finite index, then
G includes a proper normal subgroup of finite index. Since the derived subgroup
of every proper subgroups is Chernikov, G is solvable, and therefore we can
apply Corollary 2.1.6. Hence, we suppose that G has no proper subgroups of
finite index. If /' is a finite normal subgroup of G, then the factor-group

G/ C,(F) is also finite. Our assumption shows that G = C,(F), which means
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that the center £(G) includes F. Let C be a Chernikov normal subgroup of G.

Denote its divisible part by D. Since D is abelian, D 1s a union of its finite G-
ivariant subgroups, and we obtain that D < £(G). In the factor-group G/ £(G)
a subgroup CZ(G)/(G) 1s finite and normal, and using again the above
arguments, we obtain that C{(G)/{(G)<S(G/£(G)). In other words, the
second hypercenter £,(G) includes every normal Chernikov subgroup. Denote
by K the union of all proper subgroups of system &. Since & is linearly
ordered, K is a normal subgroup of G. If K # G, then from the properties of the
system & we obtain that the factor-group G/ K is abelian. Taking into account
that [K,K] 1s a Chernikov subgroup, we obtain that G is solvable, and then it
remains to use Corollary 2.1.6. Therefore, suppose that K =G . Since U <V,
[U,U]L[V.,V], and therefore the system
M={[U,U])|UeS,U =G}

1s also linearly ordered by the usual inclusion. This means that the union M of all
subgroups of the system D)1 is a normal subgroup of G. For every subgroup U
from 901 its derived subgroup [U/,U] is Chernikov. From the above, we obtain
that [U,U]<Z,(G). In other words, for every subgroup U from 9t the factor-
group UZ,(G)/ &,(G) 1s. This means that the factor-group G/ £,(G) 1s a union
of a linearly ordered system consisting of abelian subgroups. Therefore,

G/ &,(G) abelian. Thus, G 1s nilpotent and we can use Corollary 2.1.6. [

2.2. The structure of groups, whose all proper subgroups have

Chernikov derived subgroup

Our main goal here 1s to find the structure of groups from the rather wide
class of groups, whose proper subgroups have Chernikov derived subgroup.
2.2.1. Definition. A group G is say to be /ocally graded if each finitely

generated subgroup of G includes a subgroup of finite index.
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The class of locally graded groups 1s very wide, it includes the classes of
all locally finite groups, locally almost solvable groups, locally residually finite
groups.

The following assertion is well-known, but we could not find the proper
reference, so we give it with a proof

2.2.2. Proposition. Let G be a locally graded group. If G satisfies the
minimal condition, then G is a Chernikov group.

Proof. Note at first that every group satisfying the minimal condition is
periodic. Thus, G 1s periodic. Denote by F an arbitrary finitely generated
subgroup of G. Suppose that I can be infinite. Since F 1s finitely generated, it

includes a proper subgroup /7, of finite index. The finiteness of the index
| /2 F, | implies that F; is also finitely generated. Therefore, F, includes a proper
subgroup £, of finite index. Thus, we will obtain the strictly descending series

of subgroups, which contradicts to our condition. This contradiction shows that

F must be finite. Thus, G 1s locally finite. Well-known that locally finite group
satisfying the minimal condition is Chernikov (see Theorem 1.2.8). [

2.2.3. Lemma. Let G be a locally graded group, whose proper subgroups
have Chernikov derived subgroup. If [G,G] is not Chernikov, then G is

countable.
Proof. Suppose that [G, (] 1s not Chernikov. By Proposition 2.2.2 it does
not satisfy the mimimal condition. Then the derived subgroup [G,G] has a

strictly descending system of subgroups

H>H,>.>H, > ..
Choose an elements x, e H \H,,x,e H,\H,,....x,e H \H, _,.... Put

Xn:<xj|j2n>, neN.

These subgroups also construct a strictly descending system

Xi>X,>.>X,>....

This means that a subgroup X =X, can not be Chernikov. Since each element
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x, belongs to the derived subgroup [G,G], there is a finite subset M ; such that

x; €[T,,T,], where TJ=<M> jeN. Put T=<Mj|jeN>. Then 7" is a

J

countable subgroup and x, €[7,T] for every positive integer j. In other words,

the derived subgroup [7',7'] includes X. Hence, [7',7] can not be a Chernikov
subgroup. In turn, this means that 7 can not be a proper subgroup. Thus, 7'=G

and this shows that GG 1s countable. ]

2.2.4. Lemma. Let G be an infinite group, whose all subgroups have
Chernikov derived subgroup. Suppose that G has a system of proper subgroups

N=G,<G <£..£G,£G <.
0 1 n n+l

such that U G, =G. Then [G,G] is a Chernikov subgroup.

nelN

Proof. Denote the derived subgroup [G,,G,] by D, for each positive
integer n. Since D, is Chernikov, D, has a maximum normal divisible
Chernikov subgroup K,, neN. From inclusion G, <G, , we obtain that

K <K

n+l

for every positive integer n. In turn, this means that the union

UKn = K 1s a subgroup of G. Obviously, this subgroup is periodic abelian and

nelN

divisible. If G =K, then G i1s abelian, and all is proved. Therefore, suppose that
K is a proper subgroup. Then K is divisible and Chernikov. To be short we can
suppose that K is trivial. This will not affect to the generality of our
ivestigation.

By our assumptions, a subgroup D, is finite for every positive integer n.

Since G, <G

n+l>

D, <D, for each positive integer n. In turn, this means that

UDn =D 1s a subgroup of G. Obviously, last subgroup is locally finite. If

neN

G = D, then D is a normal Chernikov subgroup, and factor-group modulo D is
abelian, so all is proved. Therefore, suppose that G =D. In other words, the
group G is countable and locally finite. If G includes a subgroup of a finite

index, then our assertion follows from Proposition 2.1.7.
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Let G be a simple group, p be a prime and P be a Sylow p-subgroup of G.
If P=G, then G is a locally finite p-group. In particular, G 1s locally solvable.
Then by Proposition 2.1.8 G has a Chernikov derived subgroup. Thus, we can
suppose that G is not a p-group. In this case, every Sylow p-subgroup is proper
and hence has Chernikov derived subgroup. In particular, it is solvable. By
Theorem 1.2.9 a group G can not be linear. In this case, by Theorem 1.2.10 G
includes a subgroup Y such that ¥ /£ (Y) 1s isomorphic to PSL,(K) or Sz(K)
for some infinite locally finite field K. However, this contradicts to
Theorem 1.2.11. This contradiction shows that G can not be simple.

Thus, G includes a non-trivial normal subgroup 4. A factor-group G/ 4
1s again infinite and non-simple, and therefore includes a proper non-trivial
normal subgroup 4,/ A4, etc. Repeating the same arguments, we obtain that G
has an ascending series of normal subgroups

(V<4 <4,<.<4,<A4

o <-4, =G,

where y is a countable limit ordinal. The derived subgroup D, of every normal
subgroup A, is Chernikov. Denote by K, the divisible part of Chernikov
subgroup D, . Note that in a group without proper subgroups of finite index
every finite normal subgroup is contained in its center. Since K, is generated by

finite G-invariant subgroups and G has no proper subgroups of finite index,

K, <£(G) for every ordinal « <y . The factor group D,/ K, is finite and then
D, /K, <(G/K,) for each a<y. This means that the second term of the
upper central series of G includes [G,(G]. In particular, G 1s nilpotent. It remains
to apply Corollary 1.2.6. ]
Now we can proof the main result of this section.
2.2.5. Theorem. Let G be a group, whose all subgroups have Chernikov

derived subgroup. If G has a normal Kurosh-Chernikov system, whose factors

are locally graded, then [G,G] is a Chernikov subgroup.
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Proof. Suppose that G includes a proper normal subgroup H such that the
factor-group K =G/ H 1s locally graded. If K is finitely generated, then it
includes a proper subgroup W of finite index. In this case, /¥ has a Chernikov
derived subgroup, and hence K is almost solvable, and we can apply
Proposition 2.1.7. If K has no finite system of generators, then it is union of
countable ascending series of its proper subgroups, and we can apply
Lemma 2.2.4. In these cases, G/ H has a Chernikov derived subgroup. In
particular, G/ H 1s almost solvable. Since H is a proper subgroup, it also has a
Chernikov derived subgroup, and therefore it is almost solvable. This means that
the whole group 1s almost solvable, and we can apply Proposition 2.1.7. Thus,
G has a Chernikov derived subgroup.

Suppose now that G has no proper normal subgroups such that the factor-
groups by them are locally graded. In particular, G has no proper subgroups of
finite index. Let & be a normal Kurosh-Chernikov system of G, whose factors
are locally graded. From the above, we obtain that & has no maximal elements.
In other words, for an arbitrary subgroup L. of & there exists a subgroup R from
Gsuch that L is a proper subgroup of R. Since L is a proper subgroup of G, it
has a Chernikov derived subgroup [L,L]. From the fact that /. is contained in R

we obtain that [L,L]<[R,R]. Therefore, the system of subgroups
{[L,L]|LeS} like the system & is linearly ordered. Since G=UL,

Le®

0= U [L,1.] 1s a normal subgroup, which contains the derived subgroup of G.

Le®

Denote by d([L,L]) a divisible part of Chernikov subgroup [Z,/.]. Since L is a
subgroup of R, d([L,L])<d([R,R]). Therefore, the system of subgroups
{d([L,L])| L €S} like the system & is linearly ordered. This mean that the

union D= Ud([L,L]) 1s a subgroup of G. Note that the center of G includes

Le®
every finite normal subgroup. Indeed, G has no proper subgroups of finite index,
and therefore the centralizer of every finite normal subgroup is equal to whole
group. Since a divisible Chernikov subgroup d([L,L]) 1s a union of its finite
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G-invariant subgroups, the center £ (G) contains d([L,L]) for every subgroup
L e6. Thus, D<Z(G). Note that D is a periodic abelian divisible subgroup. In

the factor-group G/D consider the system &*={LD/D|Le&}. From
d([L,L])<D we obtain an i1somorphism [L,L]/([L,L]~D)=[L,L]1D/D,
which shows, in particular, that the factor-group [/,L]D/ D is finite. Since G
has no proper subgroups of finite index, [L,L]D/D<{(G/ D) for each

subgroup belonging to &. Hence, the second hypercenter of G includes Q. It has
already been proved that O contains a derived subgroup [G,G]. Thus, G is

nilpotent. Applying Corollary 2.1.6 we obtain our result. ]

2.2.6. Corollary. Let G be a group, whose all subgroups have Chernikov
derived subgroup. If G has an ascending series of normal subgroups, whose
factors are locally graded, then [G,G] is a Chernikov subgroup.

2.2.7. Corollary. Let G be a group, whose all subgroups have Chernikov
derived subgroup. If G has a descending series of normal subgroups, whose
factors are locally graded, then [G,G] is a Chernikov subgroup.

2.2.8. Corollary [93]. Let G be a locally graded group, whose all
subgroups have Chernikov derived subgroup. Then [G,G] is a Chernikov
subgroup.

2.2.9. Corollary. Let G be a locally generalized radical group, whose all
subgroups have Chernikov derived subgroup. Then [G,G] is a Chernikov
subgroup.

2.2.10. Corollary. Let G be a locally almost solvable group, whose all
subgroups have Chernikov derived subgroup. Then [G,G] is a Chernikov
subgroup.

O. Yu. Ol'shanskii constructed a series of exotic examples of infinite
simple groups, whose all proper subgroups are abelian (see [84, §28]). These
examples shows that the Theorem 2.2.5 can not be generalized to arbitrary

groups, whose all subgroups have Chernikov derived subgroup.
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CHAPTER 3
GROUPS, WHOSE ALL SUBGROUPS ARE EITHER NORMAL

OR HAVE CHERNIKOYV DERIVED SUBGROUP

Let G be a group, whose system L (G) consists of subgroups with

ROoNn—norm

Chernikov derived subgroup. Denote by & the system of all subgroups, whose
derived subgroup is not Chernikov. Then every of these subgroups is normal and
defines the Dedekind factor-group. Recall that a Dedekind group is nilpotent,
and its class of nilpotency no more than 2. Let H be the intersection of all
subgroups from &. Then the factor-group G/ H is nilpotent, and its class of
nilpotency no more than 2. If K is a proper subgroup of /, then from the choice
of H we obtain that K ¢ S, so its derived subgroup is Chernikov. As was proved
in the previous section, under some general conditions, a subgroup H also has
Chernikov derived subgroup. This means that G is almost solvable (under the
additional conditions considered in section 2). This shows that the case of
almost solvable group i1s fundamental in the study of groups, in which the

system L

RON—norm

(G) consists of subgroups with Chernikov derived subgroup.

3.1. Preliminary results

We start with the following almost obvious result.

3.1.1. Lemma. Let G be a group, whose subgroups are either normal or
have Chernikov derived subgroup. Then

(i) if H is an arbitrary subgroup of G, then each subgroup of H is either
normal or has Chernikov derived subgroup;

(i) if L is an arbitrary normal subgroup of G, then each subgroup of the
factor-group G/ L is either normal or has a Chernikov derived subgroup,

(iii) 1if S is an arbitrary subgroup of G and [S,S] is not Chernikov, then
the factor-group G/ S is Dedekind.
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3.1.2. Lemma. Let G be a group, whose subgroups are either normal or

have Chernikov derived subgroup. Suppose that A is a torsion-free abelian

subgroup of G. If N;(A) contains an element g of finite order, then g e C.(A).

Proof. Suppose the contrary. Assume that C,(4) has no an element g. Let

m be an arbitrary positive integer. Put Hm=<A’”, g>. A subgroup A" 1is
characteristic in 4, and therefore 4" is (g)-invariant. Then <A’”, g> is a
semidirect product of A" and (g): <A’”, g>= A" X{g). Tt follows that
[H,,H,6]1<A". Suppose that <A’”, g> is abelian. Then

(@) = (") ="
for each element a of A. As a corollary we obtain that (a®a™')” =1. Since 4 is

torsion-free, aa™ =1, and hence a® =a. It proves the inclusion geC,(A),
and we obtain a contradiction with our assumption. This contradiction shows

that <A’”, g> can not be abelian for any positive integer m. But in this case its
derived subgroup [/, ,H, ] is non-trivial for any positive integer m. Inclusion
[H,.H, 1< A" shows that [H,,6H, ] is torsion-free. In particular, it can not be

Chernikov. This means that <A’”,g> 1s normal for any positive integer m, and

hence the intersection ﬂ <A’”,g> = ( g) 1s also normal. Since g has finite order,

melN

(g) N A=(1), which means that g € C;(4), which proves our result. O

3.1.3. Lemma. Let G be a finitely generated group. If G includes a
subgroup L of finite index, whose derived subgroup [L,L] is Chernikov, then G
is almost abelian.

Proof. Denote the derived subgroup of L by K. The finiteness of the index
| G: L| shows that [ is also finitely generated (Theorem 1.2.12). Denote by D
the divisible part of Chernikov subgroup K. Then the factor-group L/ D
includes a normal finite subgroup K/ D such that 7./ K is abelian and finitely
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generated. In particular, the factor-group 2./ D is almost polycyclic. This means
that L/ D is residually finite (Theorem 1.2.13). Then L/ D includes a normal
subgroup '/ D of finite index such that (/D) (K /D)=(1). This shows

that a subgroup /'/ D 1is abelian. The fact that its index | G: F'| 1s finite together
with Theorem 1.2.12 shows that /' is finitely generated. Since it 1s metabelian, it
satisfies the minimal condition for normal subgroups (Theorem 1.2.14). On the
other hand, if D 1s non-trivial, then it has an infinite ascending series of finite G-

invariant subgroups. This contradiction shows that D =(1), and hence L=L/D
1s almost abelian. Since | G : L | 1s finite, G is almost abelian. ]

3.1.4. Lemma. Let G be a group, whose subgroups are either normal or
have Chernikov derived subgroup. Suppose that the derived subgroup of every
subgroup of finite index is not Chernikov. Let R be the intersection of all
subgroups of finite index. Then G/ R is either abelian or G includes a normal
subgroup V containing R such that G/V is a quaternion group and V / R is
abelian.

Proof. Since the derived subgroup of every subgroup of finite index is not
Chernikov, then every subgroup H of finite index is normal in G. By
Lemma 3.1.1 the factor-group GG/ H is Dedekind. Put

I ={X | X 1sasubgroup of finiteindex in G}, R=9IN.
By the classical Remak's theorem the factor-group G/ R is isomorphic to some

subgroup of the product Dr, G/ H . Suppose that G/ R is non-abelian. Then

G includes a normal subgroup U of finite index such that G /U is a non-abelian

Dedekind group. In this case G/U =0Q/UxV /U, where O /U is a quaternion

group and V' /U 1s a direct product of an elementary abelian 2-subgroup and
periodic abelian subgroup without elements of order 2 (Theorem 1.2.15). Let IV
be a subgroup of V, which has finite index in V. Then W has finite index in G,
and then ¥ is normal in G. This means that G /W 1s a Dedekind and non-
abelian group. If I/ W is non-abelian, then } includes a D-invariant subgroup ¥

such that the factor-group V' /Y is a quaternion group. Then G /Y 1s (quaternion
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group)-by-(quaternion group). On the other hand, Y has finite index in G, and

therefore by Lemma 3.1.1 G /Y is a Dedekind group. This contradiction shows
that 1V'/W is abelian. Put

S ={X| X isasubgroup of finiteindexin}'},7 =NGS.
Obviously, © is a subset of 91, so that 7> R. Applying Remak's theorem, we
obtain that V' /7" 1is 1somorphic to some subgroup of the product Dr, V /W .

Since the last group is abelian, V'/ 7" is also abelian. Let X € 90T, then X N}/
has finite index in J, which shows that X ") e&. This means that
S={X V| XeM}. Then

RszVz( N ijV: (X nV)=T.

Xem Xem

Thus, V' / R 1s abelian. []

3.1.5. Corollary. Let G be a finitely generated group, whose subgroups
are either normal or have Chernikov derived subgroup. If G is almost solvable,
then G is almost abelian.

Proof. 1If G includes a subgroup L of finite index with Chernikov derived
subgroup, then by Lemma 3.1.3 G 1s almost abelian.

Thus, suppose that the derived subgroup of every subgroup, which has
finite index in G, 1s not Chernikov. Denote by R the intersection of all subgroups
of finite index. Applying Lemma 3.1.4 we obtain that the factor-group G/ R is
either abelian or G includes a normal subgroup V such that V>R, G/V 1s a
quaternion group and J'/ R is abelian. The fact that the factor-group G/V 1s
finite together with Theorem 1.2.12 shows that J 1s finitely generated. Since it
1s almost abelian, V" includes proper subgroups of finite index. This means that
R =V . Since the factor-group V' / R is abelian, its derived subgroup [V, 1']=K
can not coincides with V. Let S be the largest normal solvable subgroup of K.
Obviously, a subgroup S is G-invariant. Suppose that K =.S. Then K /S 1s
finite and non-solvable. A factor-group V' /S 1s finite-by-abelian. Since it is

finitely generated, /S is almost polycyclic. By Theorem 1.2.13 the factor-
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group V' /S is residually finite. In this case }J' /S includes a normal subgroup
E /S of finite index such that (£/S)n(K/S)= (1) In particular, £ has finite
index in G, and therefore £ 1s normal in . From
X/S=(X/S)Y/(E/S)YmM(X/S))=(X/SNE/S)/(E/S)S(G/S)/(E/S)

and G/ E=(G/S)/(E/S) we obtain that G/ £ includes a finite non-solvable
subgroup. On the other hand, we noted above that each finite factor-group of G
1s Dedekind, in particular, it 1s solvable. This contradiction shows that K =S In
other words, K 1s solvable. Suppose that K is non-trivial. In this case
U=[K,K]#K, V/U is non-abelian, but metabelian. Since it is finitely
generated, it 1s residually finite by Theorem 1.2.14. It follows that U is the
intersection of some subgroups of finite index. On the other hand, R is the

intersection of all subgroups of finite index in V. Therefore, R 1s contained in U.

This contradiction proves the equality K =(1), which shows that V" is abelian.
Since G /V 1s finite, GG is almost abelian. ]

3.1.6. Lemma. Let G be a finitely generated group, whose subgroups are
either normal or have Chernikov derived subgroup. Suppose that G is torsion-
free and G includes a normal abelian subgroup A such that G/ A is a finite
cyclic group. Then G is abelian.

Proof. Let x be an element of G having the following property

G/ A=(xA). By our conditions G/ A is finite, and therefore x” € A for some

positive integer m. Since G is torsion-free, 1# x™. In particular, C=C(x) is a

non-trivial subgroup. It is easy to check that C is a pure subgroup of 4. If C = A4,

then G is abelian, and all is proved. Therefore, suppose that C is a proper

subgroup of 4. Obviously, C is (x)-invariant. Note that xC has finite order in
G/ C. Applying Lemma 3.1.2 we obtain that xC e C,-(4/C). But in this case

the factor-group GG/ C 1s abelian. Since 4 1s abelian, from the choice of C we

obtain that C < (G). In particular, it shows that G is nilpotent. Since G is
torsion-free and almost abelian, GG abelian. ]
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3.1.7. Corollary. Let G be a finitely generated group, whose subgroups

are either normal or have Chernikov derived subgroup. Suppose that G is
torsion-free and almost solvable. Then G is Abelian.

Proof. By Corollary 3.1.5 G includes a normal abelian subgroup A such
that the factor-group G/ A4 is finite. Thus, G = U Ax; for some elements

1<j<k

X,....X, of G. Lemma 3.1.6 shows that <A,xj> is abelian for every 1< j<k.

Since G = U <A,xj>, the center of G has finite index (Theorem 1.2.16). In

1<j<k
particular, G 1s an F(C-group. Since a torsion-free F/C-group is abelian

(Theorem 1.2.17), we obtain our result. [l

3.1.8. Corollary. Let G be a locally almost solvable group, whose
subgroups are either normal or have Chernikov derived subgroup. Suppose that
G is torsion-free. Then G is abelian.

3.1.9. Lemma. lLet G be a locally almost solvable group, whose
subgroups are either normal or have Chernikov derived subgroup. Then the set
of all elements of G of finite order is a (characteristic) subgroup of G.

Proof. Let x and y are arbitrary elements of finite order. Denote by /" a
subgroup, which generated by x and y. Suppose that [/ is infinite. By
Corollary 3.1.5 F includes a normal abelian subgroup 4 of finite index.
Applying Theorem 1.2.12 we obtain that A4 is finitely generated. In this case, we
can find a positive integer k such that K = 4" is a non-trivial torsion-free
subgroup. Moreover, the factor-group A/ A" is finite, and then 7/ K is also
finite. Lemma 3.1.2 shows that [K,x] = (1) =[K,y]. Since x and y are generators

of I, the center of /7 includes a subgroup K. On the other hand, since the center

of /" has finite index, F 1s an F'C-group. However, the set of all elements of /C-

group having finite order is a subgroup (Theorem 1.2.18). In particular, (x,y)

1s finite, which proves our result. []
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3.1.10. Corollary. Let G be a locally almost solvable group, whose
subgroups are either normal or have Chernikov derived subgroup. Then every
finitely generated subgroup of G is central-by-finite. In particular, G is a locally
FC-group.

Proof. Let ' be an arbitrary finitely generated subgroup of G. Denote by 7°
the subset of all elements of /7, which have finite order. By Lemma 3.1.9 7'is a
characteristic subgroup of /. From Corollary 3.1.8 we obtain that the factor-
group /7/7 is abelian. In turn, this implies the finiteness of [/, F]. This means

that /" is an /°C-group. It remains only to note that a finitely generated /C-group

has center of finite index. (]

3.1.11. Corollary. Let G be a locally almost solvable group, whose
subgroups are either normal or have Chernikov derived subgroup. Then the
derived subgroup of G is periodic.

Proof. Denote by 7' the subset of all elements of G of finite order. By
Lemma 3.1.9 7" is a characteristic subgroup of G. A factor-group G/7 is

torsion-free. By Corollary 3.1.8 GG/ T is abelian. Thus, [G,G]<T'. ]

Collected the above results, we obtain the following

3.1.12. Theorem. let G be a locally almost solvable group, whose
subgroups are either normal or have Chernikov derived subgroup. Then

(i) every finitely generated subgroup of G is central-by-finite; in
particular, G is a locally FC-group;

(i) the derived subgroup of G is a periodic (and therefore locally finite)
subgroup; in particular, 1f G is torsion-free, then G is abelian.

We can generalize this theorem 1n the following way.

3.1.13. Theorem. Let G be a group, whose subgroups are either normal
or have Chernikov derived subgroup. If G has a normal Kurosh-Chernikov
system, whose factors are locally graded, then G is almost solvable. In

particular, |G,G] is locally finite. Thus, if G is torsion-free, then G is abelian.
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Proof. 1If G includes a subgroup of finite index with Chernikov derived

subgroup, then G is almost solvable and we can apply Theorem 3.1.12. Thus,
suppose that the derived subgroup of every subgroup of finite index is not
Chernikov. Put
I = {X | X 1s a subgroup with non - Chernikov derived subgroup}, R=n9IN.

Thus, if H belongs to the system 971, then A 1s normal in G and the factor-group
G/ H 1s Dedekind by Lemma 3.1.1. By the classical Remak's theorem G/ R 1s
isomorphic to some subgroup of the product Dr,_,G/ X . Since every Dedekind
group 1is either abelian or nilpotent of class 2 (Theorem 1.2.15), G/ R 1s either
abelian or nilpotent of class 2 (note that the equality G = R 1is possible). If H 1s a
proper subgroup of R, then by construction of R a subgroup [H,H] is
Chernikov. Theorem 2.2.5 shows that the derived subgroup of R 1s also

Chernikov. Since G/ R 1s nilpotent, G is almost solvable. []

3.1.14. Corollary. Let G be a periodic group, whose subgroups are either
normal or have Chernikov derived subgroup. If G has a normal Kurosh-
Chernikov system, whose factors are locally graded, then G is locally finite.

3.1.15. Corollary. Let G be a finitely generated group, whose subgroups
are either normal or have Chernikov derived subgroup. If G has a normal
Kurosh-Chernikov system, whose factors are locally graded, then its center has
finite index. In particular, G is almost abelian.

Proof. Indeed, by Theorem 3.1.13 G 1s almost solvable. Thus, we can
apply Theorem 3.1.12. [

3.1.16. Corollary. Let G be a locally graded group, whose subgroups are
either normal or have Chernikov derived subgroup. Then G is almost solvable.

In particular, |G,G] is locally finite. Thus, if G is torsion-free, G is abelian.
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3.2. On some classes of groups, whose all subgroups are either normal

or have Chernikov derived subgroup

In the first section of this chapter we obtained some general description of
groups, whose subgroups are either normal or have Chernikov derived subgroup.
The following sections are devoted to a more detailed study of the structure of
such groups. In this section, we consider the case when such group includes a
subgroup of finite index, which has Chernikov derived subgroup.

3.2.1. Lemma. Let G be a group, whose subgroups are either normal or
have Chernikov derived subgroup. Suppose that A is an abelian torsion-free
subgroup of G. If N.(A) contains an element g of infinite order such that
g € A for some positive integer k, then g € C,(A).

Proof. Suppose the contrary, that is g ¢ C.(A). Since g has infinite order,
g* #1, which means that g e 4 and then C' =C (g) is non-trivial. Recall that
the extraction of a root in torsion-free abelian group is uniquely defined, which
implies that C is pure in 4. By above assumption C # 4. Thus, a subgroup 4
contains an element b, which does not belong to C. Put B= (b)<g>. Then
Z=BNC=B, which shows that Z is (g)-invariant. Since
B/ Z=B/(BnC)=zBC/C, the factor-group B/~Z 1is a torsion-free finitely

generated abelian group. In other words, B/ Z is a free abelian group of finite
rank. In this case B=Z7ZxR for some subgroup R (Theorem 1.2.4). Applying
Theorem 1.2.19, we obtain that 5 includes a ( g) -invariant subgroup £ such that

Z~E=(1) and B/ ZE is finite. In particular, this means that £ is non-trivial.
On the other hand, in (gC,4/C) an element gC has finite order, then by
Lemma 3.1.2 (gC, 4/ C) is abelian. This means that C includes [g, £]. Since £
1S (g) -invariant, [g, F]< E. Thus, [g, E]<Cn £, which means that [g, /] = <1>

and therefore £ <C,(g)=C". This contradiction shows that 4=C,(g). []
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3.2.2. Corollary. Let G be a group, whose subgroups are either normal or

have Chernikov derived subgroup. Suppose that A is an abelian torsion-free

subgroup of G. Then N (A)/ C,(A) is also torsion-free.

3.2.3. Lemma. Let G be a group, whose subgroups are either normal or

have Chernikov derived subgroup. Let g be an element of G. Suppose that G

includes a subgroup A such that A= Dr, A , where A, is a non-trivial ( g)-
invariant subgroup, neN. Then there exists a positive integer k such that
[4,g]= <1> forall n>k.

Proof. Suppose first that (g} is normal and denote by (x) the intersection
(g) N A. Then there is a positive integer k such that (x)~Dr, A, =(1). From
normality of (g) we obtain that for every element y of G [ (g),y]<(g). Onthe
other hand, choose a positive integer » such that n>k and let a be an arbitrary
element of A, Since A4, is (g)-invariant, [g,a]le 4,, and hence
[g.ale 4, ~(g)=(1). Thus, in this case we have to the equality [4,,g]=(1) for

all positive integers n>k .

Suppose now that [4,,g] are non-trivial subgroups for infinite set of
positive integers n. We can assume that [4, , 2] # (1) for all n> k. There are two

infinite subsets A and X, which have the following properties

AuZ={n|nzk} and AnZ=J. Put
AN =Dr,_ A and AX)=Dr, A,

nex

Note that the intersection A(A) N A(Y) 1is trivial. We have
Dr,.[g.4,1<[{g) AA).{g) A)]
and
Dryslg.4,1<[(g) AD)(g) A ].
These inclusions shows that the derived subgroups [( A(A) A(A)] and

[(2)A(Z).(g)A(Z)] can not be Chernikov. This means that both subgroups
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(g)A(A) and (g)A(X) are normal. Hence, their intersection
( g)A(A)m( g)A(Z) 1s also normal. From the construction of subgroups A(A)
and A(X) we obtain the equality (g)A4(A)~(g)A(Z)=(g). Thus, (g) is
normal and this case has already been considered earlier. []

3.2.4. Lemma. Let G be a group, whose subgroups are either normal or
have Chernikov derived subgroup. Suppose that A is an abelian p-subgroup of G
for some prime p. If gC.(A) is a g-element of N,(A)/ C,(A), where q is a
prime different from p, then [ A,g] is a Chernikov subgroup.

Proof. Note first that the centralizer C=C,(g) is a (g)-invariant
subgroup of 4. If aC 1s an element of 4/C such that [g,a]=ceC, then
g lag = ac and therefore g™ag* =ac" for any positive integer k. In particular,
if | gC.(A4)|=t, then ¢’ =1. On the other hand, ¢ and p are coprime and c is a p-
element, which implies that ¢=1. Thus, C,.(g)=(1). Denote B/C the lower
layer of 4/C. Since | gC;(A)| and p are coprime, B/C=Dr,_ A,/ C, where
A,/C is a minimal finite (g)-invariant subgroup for every index AeA

(Theorem 1.2.20). Applying Lemmas 3.1.1 and 3.2.3 and taking into account
the equality C,.(g)= (1), we obtain the finiteness of A . In turn, this means that

B/ C is finite. The finiteness of the lower layer of abelian p-group A/ C shows
that this p-group 1s Chernikov.

Consider now a mapping ¢, :a —>[a,g],a€ 4. Since A4 is abelian, ¢, is

an endomorphism of 4. Then A/C, (g)=A/Kerg, zIm¢, =[4,g]. Since
A/ C,(g) 1s Chernikov, [ 4, g] is also Chernikov. []

3.2.5. Lemma. Let G be a group, whose subgroups are either normal or
have Chernikov derived subgroup. Suppose that A is an abelian p-subgroup of G
for some prime p. If gC.(A) is a p-element of N,(A)/ C,(A), then [A,g] is a

Chernikov subgroup.
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Proof. 1f [a,g]=1 for every element a of 4, then [4,g]=(1), and all is

proved. Therefore, suppose that 4 has an element b, such that [5,g]#1. Put

B = (bl)(g>. A subgroup B, is finite and (g)-invariant. Among all subgroups of
A4 having trivial intersection with B, we choose the maximal subgroup and
denote it by M,. Then the lower layer of the factor-group 4/ M, is finite and

this means that this factor-group is Chernikov. Since the order | gC,(A4)| 1s

finite, the system of subgroups M, | x €(g)¢ 1s also finite. Let
1

{Mlx | x e (g)}z {u,,...,U }.

Then the intersection C,= (] M; =] U, is obviously (g)-invariant, and

xe(g) 1<j<m
applying Remak's theorem, we obtain the following embedding
A/C=Dr,.,A/U,.
For every element x of (g) there is an isomorphism A/M; = A/ M;*, which
implies that the factor-group A/U, is Chernikov for every 1< ;<m. This

means that the factor-group 4/ C, is Chernikov.

Suppose that C, has an element b, such that [5,,g]=1. Put B, =<b2)(g).
Note that B, is a finite ( g) -invariant subgroup and the intersection B, N B, is
trivial. Among all subgroups of 4 having trivial intersection with BB, choose
the maximal subgroup and denote it by M,. Then the lower layer of the factor-
group 4/ M, is finite, and this means that this factor-group is Chernikov. Using
the above arguments, we construct a ( g)—invariant subgroup C, such that the
factor-group A/ C, is Chemikov and the intersection BB, N(C, is trivial. If
[C,,g] is non-trivial, we will continue the process started above. If we assume
that this process is not finite, then we construct an infinite system {5, |ne N} of

finite ( g) -invariant subgroups such that [ B, g] are non-trivial for every positive
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integer n and (B, |neN)=Dr, B, . However, this contradicts to Lemma 3.2.3.
This means that our process can not be infinite. This shows that 4 includes a
( g) -invariant subgroup £ such that the factor-group A/ FE 1s Chemikov and

[, g] 1s trivial. In this case we can show that [ £, g] is Chernikov. []

3.2.6. Corollary. Let G be a group, whose subgroups are either normal or
have Chernikov derived subgroup. Suppose that A is an abelian periodic
subgroup of G. If gC.(A) is a p-element of N;(A)/C.(A), where p is a prime,
then [A4,g] is a Chernikov subgroup.

Proof. Indeed, we have a standard direct decomposition A= Dr, 4,
where A, is a Sylow g-subgroup of 4, g €Il(4). Applying Lemma 3.2.3, we
obtain the existence of finite subset 7 < I1(4) such that [A4_,g] is trivial for all
primes g from the subset I[I(4A)\z. If gexr and g=# p, then Lemma 3.2.4
shows that [4,,g] is a Chemikov subgroup. If per, then by Lemma 3.2.5

[4,.g] is Chernikov. Since a subset 7 is finite, [ 4, g] is Chernikov. []

3.2.7. Corollary. Let G be a group, whose subgroups are either normal or
have Chernikov derived subgroup. Suppose that A is an abelian periodic

subgroup of G. If gC;(A4) is an element of N,(A)/ C;(A) of finite order, then
[4,g] is a Chernikov subgroup.

Proof. Since gC,(A) has finite order, gC,(A4)=gCs(A4)-...-g,C:(A4),
where g C;(4) is a p -element for some prime p,, 1<;<m. By
Corollary 3.2.6 [A4,g,] is a Chemikov subgroup for each j, 1< ;<m. An

inclusion [A4,g]1<[4,g,]-...-[4,g,] shows that [ 4, g] is also Chernikov. L]

3.2.8. Corollary. Let G be a group, whose subgroups are either normal or
have Chernikov derived subgroup. Suppose that A is an abelian periodic
subgroup of G. If F/C.,(A4) is a finite subgroup of the factor-group
N (A)/ C,(A), then [ A, F] is a Chernikov subgroup.
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Proof. Let {g,,...g,} 1s a transversal to /' in C,(A). Corollary 3.2.7

shows that [4,g,] is a Chernikov subgroup for every j, 1<;<m. From
[A, F1<[4,g]-...-[4,g,] we obtain that [ 4, F'] is also Chernikov. ]

3.2.9. Corollary. Let G be an almost abelian group, whose subgroups are
either normal or have Chernikov derived subgroup. If G is periodic, then its
derived subgroup is Chernikov.

Proof. Denote by A an abelian subgroup of G of finite index. By
Corollary 3.2.8 [ 4,G] 1s a Chernikov subgroup. A factor group G /[4,G] has

center of finite index, and therefore by Theorem 1.2.2 its derived subgroup i1s

finite. In this case the derived subgroup of G is also Chernikov. []

3.2.10. Theorem. Let G be a group, whose subgroups are either normal
or have Chernikov derived subgroup. If G includes a subgroup of finite index
with Chernikov derived subgroup, then the derived subgroup of G is also
Chernikov.

Proof. Since G includes a subgroup of finite index with Chernikov
derived subgroup, it also contains a normal subgroup A with this property. Put
K =[H, H], then the factor-group H / K 1s abelian, and therefore the set 7'/ K
of all its elements of finite order is a characteristic subgroup. A factor-group
H/T 1s torsion-free and by Corollary 3.2.2 H /T <{(G/T). Applying
Theorem 1.2.2, we obtain that the derived subgroup D/7T =[G/T,G/T] is
finite. In this case, the set P/ D of all elements of G/ D of finite order is a
characteristic subgroup, and factor-group by it is abelian and torsion-free. From
the choice of P/ D, P/K 1s periodic and G-invariant. Suppose that 7" is a

proper subgroup of /. This means that // /K contains an element x K of

infinite order. Denote the normal closure (xK)"* by X,/K, then X,/K is a
finitely generated abelian G-invariant subgroup. Therefore, there is a positive

integer n such that ¥,/ K =(X,/K)" is torsion-free, in particular it is free
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abelian and G-invariant. If the factor-group /7 /Y, is non-periodic, then we find
in H /Y, a G-invariant free abelian subgroup Y, /Y, etc. Thus, we will find in

H/K a subgroup U /K, which has an ascending series of (G-invariant
subgroups, whose factors are free and abelian, and H /U 1s periodic.
Obviously, U is G-invariant and torsion-free. Since H /U 1s periodic, G/ U 1sa
periodic almost abelian group. By Lemmas 3.1.1 and 3.2.9 the derived subgroup
of G/U 1s Chernikov. Since P /K 1is periodic and U/ K 1is torsion-free,
PNU=K.ByRemak's theorem G/K=G/PxG/U. Since G/ P is abelian,

[G/ K,G /K] is Chernikov. Since K is Chernikov, then so [G,G]. ]

3.3. Some technical results

In this section we continue the investigation of groups, whose subgroups
are either normal or have Chernikov derived subgroup. In the previous sections
we showed that the main stage in investigation of such groups is the
consideration the case of almost solvable groups. In the studying of solvable
groups the first natural step 1s the study of their local structure, that is the study

of the structure of their subgroups of the form ( g,A), where 4 1s an abelian
subgroup and g e N,(A). The main goal of this section and the next section is

to study of such subgroups of groups, whose subgroups are either normal or
have Chernikov derived subgroup. This section contains some technical results
that we need in the future.

3.3.1. Lemma. Let G be a group, whose subgroups are either normal or
have Chernikov derived subgroup. Suppose that G contains an element g and

subgroups A and B such that
(1) [4,B]1=(1);
(2) A, B are ( g) -invariant;

3) {4.B){g)=(1);
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(4) AnB=(1);

(5) Cu(g)= 4.

Then the derived subgroup of (B, g> is Chernikov.

Proof. Since C (g)# A, a subgroup 4 has an element a such that
[g.al=d #1. In this case a'ga=gd#g. If gdeB(g), then gd=g"bh for
some integer m and some element b€ B. This implies that g”"' =db™'. By
condition (3) db™" =1, and then by (4) d =b=1. This contradiction shows that
gd ¢ B(g). In turn, this means that B(g) can not be normal. Thus, it has a

Chernikov derived subgroup. []

3.3.2. Lemma. Let G be a group, whose subgroups are either normal or
have Chernikov derived subgroup. Suppose that A is an abelian p-subgroup of

G, where p is a prime, and let g be an element of G, which does not belong to
the centralizer C,(A). If A=Dr, ,A,, where A, is a <g> -invariant subgroup,
then A includes a finite subset M such that A, <C (g) forevery Ae A\ M.

Proof. If the set A 1s finite, then all is proved. Therefore, suppose that A
1s infinite. Obviously, that A includes a subset A such that the difference A\ A

is finite and Dr,_, A, contains an intersection {g)~A. If C,(g) includes A,
for every A€ A, then again all is proved. Thus, suppose that there is an index
AeA such that the centralizer C,(g) has no A4,. Put B=Dr, ., 4,. By

eA{A}Y T

Lemma 3.3.1 the derived subgroup of B{g) is Chernikov. In this case the lower

layer Ql([B(g),B(g)]) of this derived subgroup is finite. This means that we

can find a subset X< A such that Ql([B(g),B(g)])mDr A, =(1), which

HEAZ Ty T
shows that the intersection | B(g),B(g) | Dr,.ys4, is also trivial. Since
Dr,ysA, is (g)-invariant, C,({g)) includes Dr,,4,, and we obtain our

HEANZ "1 Y7

result. [
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3.3.3. Lemma. Let G be a group, whose subgroups are either normal or
have Chernikov derived subgroup. Suppose that A is an elementary abelian p-
subgroup of G, where p is a prime and let g be an element of G of infinite order.
Suppose also that A is < g> -invariant and ( g)mCG(A):<1>. Then I, (g)—

module A is periodic.

Proof. Denote the ring I ( g) by J. Suppose the contrary. Then 4 has an
element ¢ such that Ann,(c) is trivial. In this case we have the following
isomorphism C =cJ =J . Put x=g”, then

J =1 ()@(F,(x))g.
and therefore C =C, @ C¥, where C, =c/, (x). Note that the both subgroups C,
and C, =C¥ are (x)-invariant. By Lemma 3.3.1 the derived subgroup of C,(x)
is Chernikov. Since C, is elementary abelian, [C,(x),C,(x)] is finite. In
particular, C, (x) 1s an I’C-group. Then there exists a positive integer m such
that x™ e C,(C,). However, this contradicts to the fact that C, is torsion-free.

This contradiction shows that I {g)-module 4 is periodic. O

3.3.4. Lemma. Let G be a group, whose subgroups are either normal or
have Chernikov derived subgroup. Suppose that A is an abelian p-subgroup of
G, where p is a prime and let g be an element of G of infinite order. Suppose
also that A is ( g) -invariant and ( g)mCG(A) = (1) If r, ( g) -module

A =Q,(A) is periodic, then Z< g)—module C= CZ( g) = (c><g> is finite for every

element c of A.

Proof. Denote the ring F,(g) by J and Z(g) by R. Since 4 is a p-

subgroup, the order of ¢ is equal to p* for some positive integer k. If k=1, then
C=cJ=J/1,where I =Ann,(c) 1s a non-zero ideal. Note that every non-zero

ideal of ./ has finite index, and therefore C is finite.
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We use induction by £. Suppose that £ > 1. Obviously, the mapping

¢:u— pu,ueC,

1s an R-endomorphism of C and Im¢= pC, Kerg =Q,(C). Moreover, since

1

pC=(pc)R, pC is a cyclic R-submodule and |pc|=p*". By induction

hypothesis, a submodule pC 1s finite. Moreover,
pC=Img=C/Kerg=C/€Q,(C),

which shows that C' /€ (C) is finite. Since R is noetherian, every finitely

generated R-module 1s noetherian. This means that submodule Q,(C) 1s finitely

generated. Since every cyclic J-submodule € (A4) is finite, Q (C) is also finite.

Thus, C is finite. ]

3.3.5. Lemma. Let G be a group. Suppose that G includes a periodic
abelian normal subgroup A such that the factor-group G/ A is abelian. If

( g,A> is locally nilpotent for every element g € G, then G5 is locally nilpotent.

Proof. Let p be a prime number and denote by P the Sylow p-subgroup of
A. Denote by B the lower layer of P, that is B=Q,(P). If g is an element of G,

which not belongs to 4, then B is a module over group ring F, {x), where (x) is

an infinite cyclic group, and the action of x on 4 is defined by the rule ax=a*

for every element a of B. Then J =/ (x) is a principal ideal domain. If B is not

J-periodic, then B has an element a such that Ann,(c)=(0) (note that this is
possible in the case when g has infinite order). However, in this case the
subgroup (a,g) is isomorphic to the wreath product {a)wr(g), which is non-

nilpotent. This contradiction shows that B is a J-periodic module. If b € B, than
(Y =bT =7 | Ann,(b)=(0).

Each non-zero ideal of ./ has finite index, which implies that (b)) is finite. If M
is a minimal J-submodule of 5/, then O = Ann,(M) 1s a maximal ideal of .J.

Since (g,M) is nilpotent, (1)=[g,M]=M(x—1). It follows that O is coincide
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with (x—1)J. The last equality 1s true for arbitrary simple J-submodule, which
shows that Ass,(B)={(x—-1)J}. It follows that B has an ascending series of
(g)-invariant subgroups

()=C,<(C=..<C,<C,, <..C,=JC, =B,

n ntl —
neN

where €, =C(g),C,,,/ C,=Cy (g) for every positive integer n. Since G/ 4

1s abelian, C, 1s G-invariant for every positive integer n.

Put B, =B, B,=Q (P) for every positive integer n. Obviously, that the

mapping
¢:b—>pb,beB,,

1s a <g> -endomorphism. Since Im¢ < B,, Ker¢ = B,, the factor-group B,/ B, is
isomorphic to some (g) -invariant subgroup of B,. This means that B,/ B, is
(g)-hypercentral. By induction, we can show that B,,, / B, is (g)-hypercentral
for every positive integer n, which implies that P is also ( g) -hypercentral.
Moreover, the length of the upper ( g) -central series of P no more than the first
infinite ordinal @. Indeed, by Lemma 3.3.4. for any element # € P a subgroup
<u><g> is finite. Since the center of (g)-hypercentral group has non-trivial

intersection with every non-trivial ( g) -invariant subgroup, some term of the

upper (g )-central series with finite index includes <u><g>.

Since this is true for every Sylow p-subgroup of 4, Z{g)-module 4 is
also (g) -hypercentral with < g> -central length at most @ . Let
(V=2,<Z<.<Z <Z <.Z,=4
be an upper ( g) -central series of A.

We choose in G another arbitrary element y. Applying the above
arguments, we can show that Z(y)-module Z, is {y)-hypercentral. Let

()=Y,<Y<..<Y, <Y, <.Y, =7
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be an upper ( y> -central series of Z,. By the choice of Z; this series is also

(g.y)-hypercentral.
Since the factor-group GG/ 4 1is abelian, the mapping
Eiz—>z(g-1),zeZ,
1s a G-endomorphism and Im& <7, Keré =2 . Thus, Z,/ Z, is isomorphic to
some G-invariant subgroup of Z,, in particular Z, / Z, is (g, y)-hypercentral. By

induction, Z .,/ Z 1s < g, y)-hypercentral for every positive integer n. It follows

n

that 4 is (g,y)-hypercentral. In other words, a subgroup (A4,g,y) is

hypercentral. Similarly, we can prove that (4,g,.....g,) is hypercentral for
every finite subset {g,,...,g,} of elements of G. []

3.3.6. Lemma. Let G be a group, A be an elementary abelian p-subgroup
of G, where p is a prime, and let g be an element of G of infinite order. Suppose

that A is ( g> -invariant and ( g) NC,(4) = (1) If F, ( g) -module A is periodic
and includes a non-zero divisible F, ( g> -submodule, then ( g) has an element x
and A includes an <x> -invariant subgroup U such that U <x> is non-normal and
Coo@)=(1).

Proof. Denote the group ring F (g) by J. Let D be a J-divisible part of 4.
By Theorem 1.2.23 D=®,_, D,, where D, is a Priifer P, -submodule for some
maximal ideal P,, A€ A. Suppose that A has at least two different elements A
and u. Since D,, D, are divisible, AnnJ(D;L):<O>:AnnJ(D#). In particular,

Cy(Dy) = (1. Applying the same arguments as in Lemma 3.3.1, we can prove

that D,(g) can not be normal, and we can assume that U=D,, x=g.

Let D be a Priufer P-submodule for some maximal ideal P. Put

L=Q,,(D), then L is isomorphic to J-module .J/P. Since every non-zero

ideal of ./ has finite index, L is finite. Put (z)=C,(L). We choose a non-zero
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element ¢, in L, then a,(z—-1)=0. Since D is a J-divisible module, there exists
an element a, such that a,(z—1)=ga,. Similarly, we can choose a set of
elements {a,|n>3}, which satisfies the following conditions:
a,.(z—1)=a,,n=3. In other words, O =(a,|neN) is a Prifer Z-submodule,
where Z=(z-1F (z). Put x=z7, then a,(x-1)=0. Let u,=a,v =a,.
Applying the above arguments, we can choose a subsets {u,|neN} and
{v.|ne N}, which satisfies the following conditions: #(x—-1)=0=v,(x-1),
U, (x=1)=u,v, (x—1)=v,, for of all positive integers n. Put U =(u, |neN),
V=(v,|neN). Both subgroups U and V are (x)-invariant and

C<x)(U)=C<x)(V)=(1). Applying the same arguments as in Lemma 3.3.1, we
can prove that U {x) is non-normal. ]

3.3.7. Lemma. Let G be a group, whose subgroups are either normal or
have Chernikov derived subgroup. Suppose that A is an elementary abelian p-
subgroup of G, where p is a prime, and let g be an element of G, which does not

belong to the centralizer C,(A). Suppose also that 4 is ( g> -invariant. Then the

maximal < g> -hypereccentric F, ( g) -submodule A is finite.

Proof: Suppose first that the element g has infinite order and (g) N A4 is
trivial. Denote the group ring £, {g) by J. By Lemma 3.3.3 a J-module 4 is
periodic. Let P be a maximal ideal of J and P=#(g—1)J. Denote the P-
component of J-module 4 by B. Put C=€Q,,(B). For submodule C we have a
direct decomposition C =& ,_, C,, where C, is a simple J-submodule such that
P=Ann,(C,). In particular, the centralizer C,({g)) does not contains C, for

every A€ A. By Lemma 3.3.2 the set of indices A is finite. This means that

B=®, ,E,, where E, is either a cyclic J-submodule or Prifer P-submodule

(see Proposition 1.2.21 and Theorem 1.2.22).
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Suppose that £, is a Priifer P-submodule. By Lemma 3.3.6 (g) has an
element x and 4 includes an (x)-invariant subgroup U such that U {x) can not

be normal and C,,(U)=(1). Then the derived subgroup of U (x) is Chernikov.

Since U is elementary abelian, the derived subgroup [ U/{x),U(x) ] is finite. In
particular, U (x) 1s an F'C-subgroup, and therefore we can find a positive integer
m such that x” e C<x>(U ). This contradiction shows that £, can not be Prifer P-

submodule. In other words, £, is a cyclic submodule, in particular, £, is finite

for every A€ A. From the finiteness of A we obtain that B is also finite.
Since 4 1s a J-periodic module, we obtain a standard primary

decomposition 4=®,__ A,, where 7 = Ass,(A) and 4, is a P- component of 4.

Per

If P#(g—-1)J,then C=Q,,(4,)=®,,C,, where C, is a simple J-submodule
satisfying the condition Ann,(C,)=F. In particular, for every AeA
Co(g)NC, =(0). This means that C,(g) 4, =(0) for every maximal ideal
P#(g-1)J.Put Z=7\{(g—-1)J}. If the set £ contains only ideal P, then by
proved above 4, is finite. Thus, suppose that 2 ={P} and put
A=3Z\{P},L=@®,_, 4,. Since the order of g is infinite, (g)m4=(1). By
Lemma 3.3.1 the derived subgroup of (L,g) is Chernikov. Since L is an
elementary abelian p-subgroup, its derived subgroup [(L,g).(L.g)] is finite,
which shows that (L,g) is an FC-subgroup. This means that the index
|L:C,(g)| is finite. Taking into account the equality (0)=C,(g), we obtain
that L is finite, which implies the finiteness of @©,_. A,. Note that @, .4, is a
maximal (g)-hypereccentric /(g )-submodule of 4.

It remains to consider the case when g has finite order or | g| is infinite,
but g* €C,(A) for some positive integer k. Put J =F,(y), where (y) is an

infinite cyclic group, and the action of y on A4 is defined by the rule ay=a* for
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every element ae 4. In this case J is a principal ideal domain, but
Ann, (A)=1#(0). In particular, 4 is a J-periodic module, which implies that

A=®,_, A,, where A4, is a P-component of 4 and the set 7 = Ass,(A4) is finite.
Put B=4,. Then by Theorem 1.2.24 we have a direct decomposition
B=®,_,B,, where B, is a cyclic J-submodule for every 1€ A. Applying the
above arguments, we can prove that the lower layer €,,(4,) is finite, and
therefore a set of indices A is also finite. In turn, this means that 4, is also
finite. Since L=\ {(y—1)J} is finite, the direct sum @,_, 4, 1s also finite. But

®,., 4, is a maximal (g)-hypereccentric F (g)-submodule of 4. ]

Pex

3.3.8. Corollary. Let G be a group, whose subgroups are either normal or
have Chernikov derived subgroup. Suppose that A is an abelian p-subgroup of

G, where p is a prime, and let g be an element of G, which does not belong to

the centralizer C.(A). Suppose also that A is ( g) -invariant. Then the maximal
( g) -hypereccentric Z< g>-subm0dule A is Chernikov.
Proof: Indeed, let 2 be a maximal (g)-hypereccentric Z(g)-submodule

of 4. By Lemma 3.3.7 Q,(F) is finite. This means that £ is Chernikov. [

3.3.9. Corollary. Let G be a group, whose subgroups are either normal or
have Chernikov derived subgroup. Let A be an abelian periodic subgroup of G

and let g be an element of G, which does not belong to the centralizer C.(A).
Suppose also that A is <g> -invariant. Then the maximal < g> -hypereccentric
Z< g>—subm0dule A is Chernikov.

Proof. Indeed, let £ be a maximal (g)-hypereccentric Z(g)-submodule
of A. Then we have a standard direct decomposition %~ = Dr, . E,, where I,
is a Sylow p-subgroup. By Corollary 3.3.8 £ is a Chernikov subgroup.
Applying Lemma 3.3.1, we can prove that the set II(£) 1s finite. This means

that £ 1s a Chernikov subgroup. []
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3.3.10. Lemma. Let G be a group, whose subgroups are either normal or

have Chernikov derived subgroup. Let A be an elementary abelian p-subgroup
of G, where p is a prime, and let g be an element of G, which does not belong to

the centralizer C,(A). Suppose also that A is (g) -invariant. If C is an upper
F, < g> -hypercenter of A, then [C,g] is a finite subgroup.

Proof. Suppose first that g has infinite order and (g} A4 is trivial. We
will consider 4 as a module over group ring F (g). As above, put J =1 (g).
By the choice of C we obtain that C is coincides with the Z-component of A,
where Z=(g—-1)J (obviously, this ideal is maximal). By Theorem 1.2.25 C

includes a submodule B satisfying the following conditions: B is a J-pure

submodule, B=®,_, B,, where B, is a cyclic J-submodule for every index

Ae A and C/ B is J-divisible.
Suppose that B= C,(g). Then A has index v such that C,(g) does not

contains B,. Put £=®,, B,. Applying again Lemma 3.3.1, we obtain that the

Ay
derived subgroup of (£,g) is Chernikov. Since £ is elementary abelian, the
derived subgroup [ (k,g),(k,g) | is finite, in particular, (£, g) is an FC-group
and 1n this case | £:C.(g)| is finite. Therefore, the index | B:Cy(g)| is also
finite, which shows that Ann,(B)#(0). By Theorem 1.2.26 we obtain the

following direct decomposition C'=B® D. Since D is isomorphic to the factor-
module C/ B, D is a J-divisible submodule, and then by Theorem 1.2.23 Dis a
direct sum of Priifer submodules. As in the proof of Lemma 3.3.7, we can show
that D must be trivial, that is C is coincides with B. In particular, the index

|C:C-(g)| 1s finite.

It remains only to consider the case when element g 1s of finite order or
| g| is infinite, but g*eC,(4) for some positive integer k. Denote by .J the
group algebra of the infinite cyclic group < y) over simple field 7 ( y) and

define the action of y on A4 by the following rule ay=a*® for every element
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ae€ A. This action naturally can be extended to the action of J on 4, that 1s 4

becomes a module over J. Note that J is a principal ideal domain, but

Ann,(A)=1 ;t(O). In particular, 4nn,(C) ;t(O). Then by Theorem 1.2.24 we
have a direct decomposition C =@ ,_, B,, where B, 1s a cyclic J-submodule for

every A€ A. Using the above arguments, we can prove that the index

|C:Cq(g)]| 1s finite. ]

3.3.11. Corollary. Let G be a group, whose subgroups are either normal
or have Chernikov derived subgroup. Let A be an abelian p-subgroup of G,

where p is a prime, and let g be an element of G, which does not belong to the

centralizer C.(A). Suppose also that A is < g> -invariant. If C is an upper Z( g>-
hypercenter of A, then [C,g] is a Chernikov subgroup.

Proof. If g has infinite order, then the intersection 4~ (g) is trivial. If
order of g is finite, then the intersection S=AN(g) is also finite. Obviously,
that S'is a < g> -invariant subgroup. Therefore, in this case instead of subgroup 4

we will consider its factor group 4/ S. Also we can assume that in every case

the intersection 4~ (g) is trivial.

If[g.C]= (1) , then all 1s proved is proved. Therefore, we can assume that

C contains an element ¢ such that [g,c]# 1. Denote the normal closure <c)<g> by
C,, then C, is finite and [g,C,] i1s non-trivial. Consider the lower layer
L=Q,(C) of C. Put J=F,(y), where (y) is an infinite cyclic group and the
action of y on 4 is defined by the following ay =a*® for every element a e A.
Note that ./ 1s a principal ideal domain. By Lemma 3.3.7 Ann,(C) is non-zero.
Applying Theorem 1.2.24, we obtain a direct decomposition C=@,_, B,,
where B, is a cyclic J-submodule. Lemma 3.3.10 shows that there is a finite
subset ® = A such that B,(y—1)=(0) for every A belonging to A\®. In other

words, [g,B,]1=(1) for every 1e A\®. Since C, is finite, the intersection
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LN is also finite. Then there exists a subset W < A such that the direct sum

@,y B, contains the intersection . NC,. Put A=Y, 0=®,_, B,, which
shows that QO 1s finite. Choose a ( g)-invariant subgroup £ in C such that £ is
maximal by the following properties: @, ,B,<E and QnE=(1). Put

R/E=Q/(C/FE). By Lemma 3.3.10 the index | R/ E: C,,.(g)| 1s finite. By the

choice of I we obtain that R/ E 1is finite, which follows that the factor-group
C'/E 1s Chernikov. Applying again Lemma 3.3.1, we obtain that the index
| ££:C.(g)| 1s finite. This means that C'/ C.(g) is Chernikov.

The mapping ¢:.c—>[g,c],ceC 1s a ( g) -endomorphism of 4. Then
Im¢=[g,C], Kerg=C.(g) are (g)-invariant in 4. Since [g,C]1=C/C.(g),
[¢,C] 1s a Chernikov subgroup. []

3.3.12. Corollary. Let G be a group, whose subgroups are either normal

or have Chernikov derived subgroup. Let A be an abelian periodic subgroup of

G and let g be an element of G, which does not belong to the centralizer C,(A4).
Suppose also that A is ( g) -invariant. If C is an upper Z< g)—hypercenter of 4,
then [C,g] is a Chernikov subgroup.

Proof. As in the proof of the last result we can assume that g has infinite

order and the intersection 4N ( g) 1s trivial. We have a standard primary direct
decomposition C'=Dr,_ C , where 7 =1I1(C) and C, is a Sylow p-subgroup of
C, pern. If [g,Cp]z(l) for every prime p, then [g,(C] is trivial, and all is
proved. Therefore, it remains to consider the case when there is a prime g such
that [g,C,]=(1). By Corollary 3.1.11 [g,C,] is a Chernikov subgroup. Put
L=Dr,C, . Applying Lemma 3.3.1, we obtain that the index |L:C (g)| is

finite. In turn, this means that [g,/.] is finite. Taking into account the existence

of direct decomposition [g,C]=[g,C, ]x[g,L], we obtain that [g,C] is a

Chernikov subgroup. []
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3.3.13. Lemma. Let G be an abelian group, A be a 7.G -module such that
C;(4) =<1>. Suppose that B is a 7.G -submodule of A satisfying the following
conditions:

(1) Band A/ B are simple ZG -modules;

(2) B is a G-central submodule and the factor-module A/ B is G-
eccentric.

Then there exists a 7.(G -submodule C such that A=B®C.

Proof. Choose in GG an arbitrary non-trivial element z. Since G 1s abelian,
the mapping

g a—>a(z-1),ae 4
1s a ZG-endomorphism of 4. In particular, Im¢g  and Kerg, are ZG-
submodules of 4. By the choice of this mapping Kerg, contains B. If we
suppose that Kerg, does not coincides with B, then from our conditions we
obtain the equality Kerg, = A, which follows that zeC,;(A4)=(1), and we
obtain a contradiction. Thus, Kerg, = B. Then

A/ Kerg, =Im¢, =C,
which means that C is a ZG -submodule of 4, for which C.(C)# G . Moreover,
C1s a simple ZG -submodule. Therefore, since C # B, the itersection C N B 1S
trivial. Since the factor-module A/ B is a simple ZG -module, C+ B= A, and

therefore we have a direct decomposition A=5® C. []

3.3.14. Lemma. Let G be an abelian group, A be a 7. -module such that
C;(4) =<1>. Suppose that B is a 7.G -submodule of A satisfying the following
conditions:

(1) Band A/ B are simple ZG -modules;

(2) B is a G-eccentric submodule and the factor-module A/ B is G-

central.

Then there exists a 7.GG -submodule C such that A=B® (.
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Proof. Choose in G an arbitrary non-trivial element z. Since G is abelian,

the mapping
g :a—>a(z-1),ae 4

1s a ZG-endomorphism of 4. In particular, Im¢g. and Kerp, are ZG-
submodules of 4. Since C;(A4/B)=G, Img, < B. If we assume that Img, =(0),
then zeC,;(A4)=(1), and we obtain a contradiction. Thus, Im¢, is a non-zero
submodule. Since B is a simple ZG-submodule, Img =B. ZG -factor
A(z=1)/ B(z—-1) i1s a ZG -homomorphic image of the factor-module A/ B.
Since C,(A/B)=G, then C,(A(z—1)/ B(z-1))=G. From the fact that B is a
simple ZG -submodule and equalities A(z—1)=Im¢ =B and C,(B)=G we
obtain that A(z—1)=B(z—-1). In other words, for every element a of 4 in B
there exists an element 5 such that a(z—1)=b(z—-1). This means that
(a—b)z—-1)=0, and therefore a—be C,(z). Since a is an arbitrary element of
A, A=B+C,(z). Note that C,(z)=Kergp,, and then C,(z) is a ZG-
submodule. Since B 1s a simple ZG-submodule, we obtain that either
intersection BNC(z) 1s trivial or C,(z) contains B. In the last case we obtain
that A= C,(z), which means that z € C;(4)=(1), and we obtain a contradiction
with the choice of element z. Thus, (0)=B~C,(z), which implies the equality

A=B®C,where C=C,(z). ]

3.3.15. Corollary. Let G be an abelian group, A be a Z( -module such
that C,(A)= (1) Suppose that A has a finite 7.G -composition series. Then

(1) A=C®E, where C is an upper G-hypercenter of A and E is a
maximal G-hypercentral 7.G; -submodule of A;

(2) E includes every G-hypereccentric 2.G -submodule of A, in particular,
the above direct decomposition is unique.

Proof. The first statement follows directly from Lemmas 3.3.13 and

3.3.14. Let B be a G-hypereccentric Z(G -submodule of A. If the factor
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(B+E)/ E 1s non-zero, then it contains a non-zero ZG -submodule D/ E.
From isomorphism (B+£)/E=B/(BnE) we obtain D/ E is G-isomorphic
to some simple ZG -factor of B. Hence, D/ £ 1s G-eccentric. On the other hand,
the relations (B+E)/E<A/E=C shows that C,(D/E)=G. This

contradiction shows that /- contains a submodule B. (]

3.3.16. Corollary. Let G be an abelian group, A be a 7.G -module such
that C,(A)= (1) Suppose that every finitely generated submodule of A has finite

Z7.GG -composition series. Then

(1) A=C®E, where C is an upper G-hypercenter of A and E is a
maximal G-hypercentral 7. -submodule of A;

(2) E includes every G-hypereccentric 2.G -submodule of A4, in particular,
the above direct decomposition is unique.

Proof. 7G-module 4 has a local system of finitely generated 7ZG -

submodules {4, | A€ A}. Since A4, has a finite composition ZG -series, by
Corollary 3.3.15 there exists a direct decomposition 4, =C, @ E,, where C, 1s
an upper ZG -hypercenter of A, (in other words, C, =CnA4,) and £, is a
maximal G-hypereccentric ZG -submodule of 4, for every A€ A. If submodule
4, contains a submodule 4,, then from

A, (A, nE)=A)F,/E, <A,/ E,=C,
we obtain that 4, N[, is a maximal G-hypereccentric ZG -submodule of A4,

that is 4, ~E,=L,. Put I'= UEA. Then E is a G-invariant subgroup of A4,

AeA

which has the property £ A4, = E, for every A€ A. By the construction of £,
it 1s a G-hypereccentric Z(G -submodule of 4. Then, since

A =CxE, =(CNA4)x(ENA),
we obtain the direct decomposition 4=Cx £ . In particular, £ is a maximal G-
hypereccentric Z(G -submodule of 4. The proof of the second statement is the

same to proof of the corresponding statement from Corollary 3.3.15. []
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3.3.17. Corollary. Let G be a group, A be a normal abelian p-subgroup of

G, where p is a prime. Let g be an element of G such that
Co(A) # gl (D ed(G/C(A). If F, (g) -module Q,(A) is periodic, then 4
includes the G-invariant subgroups C and E such that A=CxE, where C is an

upper Z< g)—hypercenter of A and E is a maximal ( g) -hypereccentric Z( g)—

submodule of A.
Proof. If g has infinite order and intersection {g)C,;(4) is trivial, then

by Lemma 3.3.4 the normal closure <a><g> is finite for every element a of 4. If
there exists a positive integer m such that g” € C.(A4), then we can show that

<a><g> 1s finite. This means that every finitely generated Z( g)-submodule A has

finite composition series. Therefore, we can apply Corollary 3.3.16. From the

fact that gC;(A4) belongs to the centre of G/ C,;(A) follows that C is a Z({g)-
module of 4. By Corollary 3.3.16 each (g)-hypereccentric Z(g)-submodule of
A 1s contained in £, which shows that £ is G-invariant. ]

3.3.18. Corollary. Let G be a group, whose subgroups are either normal
or have Chernikov derived subgroup. Let A be an abelian periodic subgroup of

G and let g be an element of G, which does not belong to the centralizer C,(A4).

Suppose also that A4 is ( g) -invariant. Then [A4,g] is a Chernikov subgroup.
Proof. 1f there exists a positive integer »n such that g"eC.(4) (in

particular, this is possible if g has finite order), then <A, g”> 1s the central

extension of subgroup A by cyclic group. In this case <A,g”> 1s abelian and

(4,g) is almost abelian. By Theorem 3.2.10 (4,g) is a Chernikov subgroup,
in particular [g, 4] 1s also Chernikov.
Thus, we can assume that the intersection (g)C;(A) is trivial. By

Lemma 3.3.3 and Corollary 3.3.17 4 includes the (g) -invariant subgroups C
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and £ such that 4=Cx £, where C is an upper Z(g)-hypercenter of 4 and £ is
a maximal (g)-hypereccentric Z(g)-submodule of 4. By Corollary 3.3.9 £ is a
Chernikov subgroup. By Corollary 3.3.12 [g,(] 1s also Chernikov. Hence, it

follows that [g, A] is a Chernikov subgroup. []

3.3.19. Lemma. Let G be a group, whose subgroups are either normal or
have Chernikov derived subgroup. Let A be an abelian subgroup of G and let g

be an element of G, which does not belong to the centralizer C,(A). Suppose
also that A is < g> -invariant and [T',g]= (1) where 1'is the periodic part of A.
Then [A,g] is a Chernikov subgroup.

Proof. 1t there exists a positive integer n such that g”"eC.(4) (in

particular, this is possible if g has finite order), then <A, g”> 1s the central

extension of A4 by cyclic group. In this case <A, g”> 1s abelian and (A,g) 1S
almost abelian. By Theorem 3.2.10 the derived subgroup of (4,g) is
Chernikov, in particular [g, 4] 1s also Chernikov.

Thus, we can assume that the intersection (g)NCy;(A4) is trivial, in
particular (g)~A is also trivial. If 4=7", then the statement is trivially

executed. Therefore, we can assume that 4 is non-periodic. The factor-group

(A, g)/ 7" 1s an extension of torsion-free abelian subgroup A4/7 by infinite

cyclic group. Therefore, it 1s also torsion-free. By Theorem 3.1.12 the factor-

group (A, g) /T 1s abelian. This means that for every element a of 4 we have

a® =ax for some element xe7 . Since x has finite order, g* e C,(a), where
k =| x|. In other words, every element of 4 has in H = (A, g) only finite set of

conjugations. By Theorem 1.2.27 together with the fact that (A4,g)/7 is
abelian we obtain that the normal closure {a)” is a finite-by-(infinite cyclic)

subgroup. In particular, there exists a positive integer ¢ such that <a’> 1s normal
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in H. Suppose that element a, of 4 has infinite order and let 7, be a positive

integer such that B =<a1’1> is normal in A. If the factor-group A/ B, has an
element a,B, of infinite order, then we find again a positive integer 7, such that
B,/ B :<a§Bl> is normal in /H/B,. Applying the same arguments and
transfinite induction, we construct in subgroup 4 an H-invariant free abelian
subgroup B such that the factor-group A/ B is periodic. By Corollary 3.3.18
the derived subgroup of # / B is Chernikov. Since B is torsion-free, BT =(1).
Applying the Remak's theorem, we obtain the embedding of H to the direct
product H/ Bx H /T =L. We have already noted that the factor-group 7 /7" 1s

abelian and the derived subgroup of H / B 1s Chernikov. Hence, it follows that
the derived subgroup [, /] 1s also Chernikov. In this case [H,H] and hence

[4,g] 1s a Chernikov subgroup. []

3.3.20. Theorem. Let G be a group, whose subgroups are either normal
or have Chernikov derived subgroup. Let A be an abelian subgroup of G and
g2e N,(A\C,(A). Then [4,g] is a Chernikov subgroup.

Proof. Denote the periodic part of 4 by 7. Applying Corollary 3.3.18, we
obtain that B=[g,7’] 1s a Chernikov subgroup. In the factor group 4/ B we

have the inclusion 7/B<C,,(gB). By Lemma3.3.19 [gB,4A/B] is a

Chernikov subgroup. Since B is Chernikov, [ A4, g] is also Chernikov. []

3.4. On the structure of some groups, whose all subgroups are

either normal or have Chernikov derived subgroup

In this section, we will continue the studying of groups, whose subgroups
are either normal or have Chernikov derived subgroup. We will find here the
description of the structure of some classes of almost solvable groups that have

this property. We start with the following result.
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3.4.1. Lemma. Let G be a group, whose subgroups are either normal or
have Chernikov derived subgroup. Let A be an abelian subgroup of G. If B is a
subgroup of N,(A) such that B> A and B/ A is a finitely generated abelian

group, then the derived subgroup of B is Chernikov.

Proof. Since B/ A 1is abelian and finitely generated, it includes a torsion-
free subgroup C/ 4 of finite index. We will prove that the derived subgroup of
C is Chernikov. Then by Theorem 3.2.10 the derived subgroup of B 1is
Chernikov.

Since C'/ A4 1s a torsion-free finitely generated abelian group, C'/ A4 is a

torsion-free abelian group of finite rank, that is

ClA=(gdyx..x{g,A).
By Theorem 3.3.20 [g,,A] are Chernikov subgroups for every j, 1< ;j<n.
Then their product D=[g,,A4]-...-[g,, 4] 1s also Chernikov. In this case we can
assume that D is trivial. This means that [B, A] i1s also trivial. Denote the

periodic part of 4 by 7. Since A/7 and B/ A are torsion-free, B/ 7T 1is also

torsion-free. By Theorem 3.1.12 it is abelian. In turn, it follows that [g ,B] are

periodic subgroups for every j, 1< j<n. Since B is nilpotent and its class of
nilpotency at most 2, we obtain the following isomorphism

[g,,B]1=B/Cy(g,)
for every j, 1< j<n. Obviously, B is contained in every centralizer Cy(g,),
which shows that the factor-group B/ Cy(g;) is periodic. Since it is abelian and

finitely generated, B/ C,(g,) is finite for every j, 1< j <n. Taking into account

Theorem 1.2.27, we obtain that the normal closure ( Ziseens gn>B 1s finite-by-(free

abelian group of finite rank). Note that the factor group B/ P 1is a product of its

central subgroup A/ P and torsion-free abelian subgroup. Therefore, B/ P is

abelian, which implies that P includes [B, B], and we obtain our result. []
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3.4.2. Theorem. Let G be a locally graded group, whose subgroups are

either normal or have Chernikov derived subgroup. Suppose that G includes a
normal abelian subgroup A such that the factor group G/ A is finitely
generated. Then the derived subgroup of G is Chernikov.

Proof. Since the factor-group G/ A4 1s finitely generated, G includes a
finitely generated subgroup F such that G=FA. By Corollary 3.1.15 F is
almost abelian, and by Theorem 3.1.12 the derived subgroup of F'1s finite. The
1somorphism

G/ A=FA/ A=F /(FnA)
shows that the factor-group G/ A has finite derived subgroup. In this case,
(G / A includes a finitely generated abelian subgroup 7./ A of finite index. We
can assume that /. i1s normal in G. By Lemma 3.4.1 the derived subgroup [, L]

1s Chernikov. Applying Theorem3.2.10, we obtain that the derived subgroup of
G 1s also Chernikov. ]

3.4.3. Lemma. Let G be a group, whose subgroups are either normal or
have Chernikov derived subgroup. Suppose that G includes a normal abelian
subgroup A such that the factor-group G/ A is abelian and has no proper
subgroups of finite index. Then the center of G contains its derived subgroup.

Proof. Let £={L,| 1 A} be a system of subgroups of G, each of which
contains A, such that {7,/ 4| 1€ A} 1s a local system of all finitely generated

subgroups of the factor-group G/ A. By Theorem 3.2.10 the derived subgroup
D, of L, is Chernikov for every A€ A. Since L,/ A 1s abelian, 4 includes D, ,

in particular D, , is abelian. Then D, has a system {D, |ne N} of its finite G-
invariant subgroups such that D, is generated by elements of this system. The
centralizer of every subgroup D, has finite index in G. On the other hand,

every such centralizer contains a subgroup 4. Since the factor-group G/ A has
no proper subgroups of finite index, this centralizer must coincides with G. In

other words, the center of G includes a subgroup D, for every positive integer
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n. Since the subgroups D, generate D,, then the center of G includes a
subgroup D, for every AeA. If [, <L, then obviously D, <D, . Since the
system {, | A€ A} i1s local, the system {D, | A< A} 1s also local. Therefore, the

union D = UDA 1s a subgroup of . As we have shown above, the center of G
A€l

includes a subgroup D. Since G is generated by 7,,4 € A, the derived subgroup

[G,G] coincides with D. This means that G/ £(G) 1s abelian. ]

3.4.4. Lemma. Let G be a periodic group, whose subgroups are either
normal or have Chernikov derived subgroup. Suppose that G includes a normal
abelian subgroup A such that the factor-group G/ A is abelian and has no
proper subgroups of finite index. Then G is abelian.

Proof. By Lemma 3.4.3 G 1s nilpotent and its class of nilpotency at most
2. Since it is periodic, we have a standard direct decomposition G =Dr, 1,5,
where S is a Sylow p-subgroup of G, pell(G). Each subgroup S, is an

extension of its normal abelian subgroup S, A4 by abelian group

S, /S, nA)=S,4/ A. Put Q=Dr,_ S ,then S =G /Q, which shows that
S, Al AzG/QA=(G/ A)/(QA] A).
Thus, S, /(S, N A) is isomorphic to some subgroup of G/ A. This means
that the factor-group S,/(S, nA) has no proper subgroups of finite index.

Since this factor-group is abelian, it is divisible. By Proposition 1.2.5 the center
of S, contains a subgroup S, "A=4,. Since S,/ 4, is divisible and abelian,
by Theorem 1.2.28 it is a direct product of quasicyclic subgroups, and then S,
has an ascending series of subgroups

A,=K<R<.P<F,<.P=S,
whose factors are quasicyclic. Consider a subgroup F. Since A4, its central
subgroup and £/ 4, is quasicyclic, P, is abelian. From the fact that S,/ 4, is

abelian we obtain that £} is normal in S,/ A4,. From the above, 7] is a central
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subgroup of S . Using the above arguments, we can show that P, is abelian.

Applying now a transfinite induction, we obtain that S, is abelian. Since this is
true for every prime p from I1(G), G is Abelian. []

3.4.5. Corollary. Let G be a periodic metabelian group, whose subgroups
are either normal or have Chernikov derived subgroup. Suppose that G has no
proper subgroups of finite index. Then it is abelian.

3.4.6. Corollary. Let G be a periodic solvable group, whose subgroups
are either normal or have Chernikov derived subgroup. Suppose that G has no
proper subgroups of finite index. Then it is abelian.

Proof. Suppose that G i1s non-abelian. Put D=[G,G] and K =[D,D].
Then G=# D and D # K . The factor-group G/ K 1s abelian. By Corollary 3.4.5

it is abelian. In this case, the subgroup K contains D, and we obtain that D=XK .

This contradiction shows that  is abelian. (]

3.4.7. Corollary. Let G be a periodic almost solvable group, whose
subgroups are either normal or have Chernikov derived subgroup. Suppose that
G has no proper subgroups of finite index. Then it is abelian.

Proof. Indeed, since G has no proper subgroups of finite index, it is

solvable, and we can apply Corollary 3.4.6. []

3.4.8. Theorem. Let G be a periodic group, whose subgroups are either
normal or have Chernikov derived subgroup. Suppose that G has a normal
Kurosh-Chernikov system, whose factors are locally graded. If G has no proper
subgroups of finite index, G is abelian.

Proof. Indeed, by Theorem 3.1.13 G is almost solvable, and we can apply
Corollary 3.4.7. ]

3.4.8. Corollary. let G be a periodic locally graded group, whose
subgroups are either normal or have Chernikov derived subgroup. If G has no

proper subgroups of finite index, G is abelian.

73



Groups with restrictions on non-normal subgroups

3.4.9. Corollary. Let G be a locally finite group, whose subgroups are
either normal or have Chernikov derived subgroup. If G has no proper
subgroups of finite index, G is abelian.

3.4.10. Corollary. Let G be a periodic almost solvable group, whose
subgroups are either normal or have Chernikov derived subgroup. Suppose that
G includes a normal abelian subgroup A such that the factor-group G/ A has
no proper subgroups of finite index. Then G is abelian.

Proof. By Corollary 3.4.7 the factor-group G/ A4 1s abelian, and we can

apply Corollary 3.4.4. []

3.4.11. Theorem. Let G be a periodic almost solvable group, whose
subgroups are either normal or have Chernikov derived subgroup. Suppose that
G includes a normal subgroup A such that the factor group GG/ A has no proper
subgroups of finite index. If the derived subgroup of A is Chernikov, then the
derived subgroup of G is also Chernikov.

Proof. Put K =[ A4, A], then K 1s Chernikov. By Corollary 3.4.10 G/ K is

abelian. This means that K 1s a derived subgroup of the whole group G. ]

3.4.12. Corollary. Let G be a periodic group, whose subgroups are either
normal or have Chernikov derived subgroup. Suppose that G contains a normal
subgroup A such that the factor-group G/ A is Chernikov. If the derived
subgroup of A is Chernikov, then the derived subgroup of G is also Chernikov.

Proof. Indeed, denote by 1D/ A the divisible part of Chernikov factor-
group G/ A and put K=[D,D]. By Theorem 3.4.11 K i1s a Chernikov
subgroup. Since D has finite index in G, by Theorem 3.2.10 the derived

subgroup of G 1s Chernikov. ]

Consider the following generalization of residually finite groups. Let X
be a class of groups. We will say that a group G is residually- X -group if for

each non-trivial elements g there exists a normal subgroup H, that does not

contain this element and G/ H, belongs to X.
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If X 1s a class of Chernikov group, then we will say about residually

Chernikov groups.

3.4.13. Theorem. Let G be a periodic group, whose subgroups are either
normal or have Chernikov derived subgroup. Suppose that G is a residually
Chernikov group. Then the derived subgroup of G is Chernikov.

Proof. Since G is a residually Chernikov group, it has a system of normal

subgroups {#/, | A € A}, having the following properties: ﬂ H, = (1) and factor-

AeA

group G/ H, 1s Chernikov for every A€ A.

If there exists an index e A, for which the derived subgroup [H ,H ]
1s Chemnikov, then by Corollary 3.4.12 the derived subgroup of the whole group
G 1s Chernikov. Thus, we can assume that every derived subgroup [/7,,H ] is
not Chernikov for any A€ A. By Lemma 3.1.1 the factor-group G/ H, is a
Dedekind group for every A€ A.

Suppose that G includes a normal subgroup U such that the factor-group
G /U is a non-abelian Dedekind group. In this case G/U=Q/UxV /U,
where Q/U is a quaternion group and V' /U is a direct product of an
elementary abelian 2-subgroup and periodic abelian subgroup without elements
of order 2 (Theorem 1.2.15). Consider a system of normal subgroups
{V,=VnH,|AeA}. Since V has finite index in G, the factor-group G/V,
(respectively V' /1) 1s Chernikov for every A€ A. Suppose that there exists an
index v e A such that the factor-group V' /V, is non-abelian. Then V includes a
normal subgroup Y such that the factor-group V' /Y is quaternion group. Note
that ¥ has a finite index in G. If the derived subgroup [Y,Y] 1s Chernikov, then
by Theorem 3.2.10 the derived subgroup [G,G] is also Chernikov, and all is
proved. Therefore, suppose that that [Y,Y] is not Chernikov. Then Y is normal
in G and by Lemma 3.1.1 the factor-group G /Y is Dedekind. On the other
hand, the factors G/V and V' /Y are isomorphic to quaternion group, and

therefore (G/Y can not be Dedekind. This contradiction shows that the factor-

75



Groups with restrictions on non-normal subgroups

group V' /V, is abelian for every A€ A. From the equality (|H,=(1) we

AeA

obtain that ﬂ V.= (l) By Remak's theorem we obtain that } is isomorphic to

AeA

some subgroup of the product D, .V /V,. Since each groups V' /V, is abelian,
the product Dr, o} /V, is an abelian group, and therefore its subgroup 1 is also
abelian. By the choice of V' it has finite index in G, and again applying
Theorem 3.2.10, we obtain that the derived subgroup [G, (] 1s Chernikov. [

3.4.14. Corollary. Let G be a locally finite group, whose subgroups are
either normal or have Chernikov derived subgroup. Suppose that the Sylow p-
subgroups of G are Chernikov for every prime p. Then the derived subgroup of
G is Chernikov.

Proof. By Theorem 1.2.29 G is an almost locally solvable group. By
Corollary 1.2.31 the factor-group G /0,(G) is a Chernikov group for every

prime p. Clearly, the intersection of all normal subgroups of O (G) is trivial

(that is the intersection by all primes p). This means that G is residually
Chernikov. By Theorem 3.4.13 the derived subgroup of GG is Chernikov. [

3.4.15. Corollary. Let G be a locally finite group, whose subgroups are
either normal or have Chernikov derived subgroup. Suppose that G has a finite
section rank. Then the derived subgroup of G is Chernikov.

Proof. Indeed, by Theorem 1.2.32 for every prime p the Sylow p-

subgroups of & are Chernikov, and we can apply Corollary 3.4.14. []

3.4.16. Corollary. Let G be a locally finite group, whose subgroups are
either normal or have Chernikov derived subgroup. Suppose that G has a finite
special rank. Then the derived subgroup of G is Chernikov.

3.4.17. Lemma. Let G be a group, whose subgroups are either normal or
have Chernikov derived subgroup. Suppose that G includes a normal abelian
subgroup A such that G/ A is a quasicyclic p-group. If g is an element of G of

infinite order, then [g,(G] is either a quasicyclic p-group or trivial.
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Proof. By Lemma 3.4.3 the derived subgroup of G is contained in its

center. It follows that the mapping 6, : x —>[g,x],x€G is an endomorphism of
G. Moreover, Kerf, =(C;(g), Im6, =[g,G]. Obviously, the centralizer Cj;(g)
contains a subgroup A. Since G/ A4 is either a quasicyclic p-group or trivial,
from isomorphism G/ Ker@, =G/ C;(g)=Im6, =[g,G] we obtain that [g,G]
1s either a quasicyclic p-group or trivial. []

3.4.18. Corollary. Let G be a group, whose subgroups are either normal
or have Chernikov derived subgroup. Suppose that G includes a normal abelian
subgroup A such that the factor-group GG/ A is a divisible Chernikov group. If g

is an element of G of infinite order, then [g,G] is a Chernikov group.

Proof. Since the factor-group G/ A4 is a divisible Chernikov group, G has

a finite series of subgroups
A=4,<4<..24, =G,
whose factors 4,,,/ 4, are quasicyclic, 0< j<n—1. We use induction by n. If
n=1, then the assertion follows from Lemma 3.4.17 (note that the trivial group
1s Chernikov). Suppose that »>1, and let it be already proven that [g,4 ] 1s
Chernikov. Consider the factor-group G/[g,4,,].- We must show that
[glg.4,,1.G /g, A, 1] is a Chernikov subgroup. Since
[8.G1/18.4,,1=18l8.4,.1.G /g, 4,,]]

and [g, 4, ,] 1s a Chernikov subgroup, [g,G] is also Chernikov. In this case we
can assume that [g, 4, ,] is trivial. In other words, we suppose that the center of
A _, contains an element g. By Lemma 3.4.3 the derived subgroup of G is

n

contained in its center. This means that the mapping 6, : x —>[g,x],x€G is an

endomorphism of G. By induction hypothesis the centralizer C,(g) contains a

subgroup 4, ;. From the isomorphism G/Ker@, =G /C;(g)=Imb, =[g,G]

we obtain that that [g,(G] 1s either a quasicyclic p-group or trivial. [l
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3.4.19. Lemma. Let G be a group, whose subgroups are either normal or
have Chernikov derived subgroup. Suppose that G includes a normal periodic
abelian subgroup A such that the factor-group G/ A is abelian and minimax.
Then the derived subgroup of G is Chernikov.

Proof. Since G/ A 1is abelian and minimax, it contains a torsion-free
finitely generated subgroup C/ A such that G/C 1s Chemikov. Denote the
divisible part of G/C by D/C. We must show that the derived subgroup
[D, D] 1s Chernikov. By Theorem 3.2.10 the derived subgroup G is Chernikov.
Therefore, we can assume that G/ C 1s a divisible Chernikov group.

By Theorem 3.4.2 the derived subgroup [C,(’] is Chernikov. In this case
we can assume that [C,(] is trivial. In other words, suppose that C is abelian.
Then A4 1s a periodic part of C. By Theorem 1.2.4 C'= 4Ax K for some subgroup
K. Note that from the isomorphism C'/ A= K we obtain that X is a torsion-free
finitely generated subgroup, which shows that it is free abelian. Thus, K has a

direct decomposition

K:<g1>x...x<gn>,

where g, has infinite orders, 1< j<n. By Lemma 3.4.3 the centre of G
contains its derived subgroup. Lemma 3.4.18 shows that [g,,(] is a Chernikov

group for every j, 1<j<n. Put L=[g.G]-...-[g,.G]. Then L is a normal

Chernikov subgroup of G. The factor-group K7./ L. is contained in the center of
G/ L, in particular it 1s normal. The factor-group (G/L)/(KL/L)=G/ KL 1s

an extension of its periodic abelian subgroup (CL/L)/(KL/L) by divisible

Chernikov group G/ CL, and then it is periodic. Applying Lemma 3.4.4, we
obtain that (G/L)/(KL/ L) is abelian. The factor-group G/ L 1s an extension
of its periodic normal subgroup AL /L by abelian group G/ AL. Denote the
periodic part of G/ AL by 7'/ AL. Then 7'/ L 1s a normal periodic subgroup
and the factor-group (G/L)/(17'/L)=G/T 1is an abelian torsion-free group.

Since KL/L =K is torsion-free, the intersection (7°/ L) (KL /L) 1is trivial.
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Applying the Remak's theorem, we obtain the embedding of G/ L in the direct
product (G/L)/(KL/L)x(G/L)/(T'/L). As we have seen above, both direct

multipliers of this product are abelian groups. It follows that G/ L 1is also

abelian. In turn, this means the derived subgroup of G is contained in /., and

therefore coincides with L. Since L is Chernikov, all is proved. [l

3.4.20. Lemma. Let G be a group, whose subgroups are either normal or
have Chernikov derived subgroup. Suppose that G includes a normal periodic
abelian subgroup A such that the factor-group G/ A is almost solvable and
minimax. Then the derived subgroup of G is Chernikov.

Proof. By Theorem 3.1.12 the set 7 of all elements of finite order of G is
a characteristic subgroup and the factor-group G/ 7 is torsion-free and abelian.
Since A 1s periodic, it contained in 7. Note that the periodic almost solvable
minimax group is Chernikov, and therefore 7'/ A 1is Chemikov. By

Corollary 3.4.12 the derived subgroup [7',7'] is Chernikov. By Lemma 3.4.19
the derived subgroup of G /[7,7] 1s Chernikov. Finally, from
(GG, T]=[G/[T.T].G/T1.T]]

we obtain that the derived subgroup of G is Chernikov. []

3.4.21. Theorem. Let G be a locally graded group, whose subgroups are
either normal or have Chernikov derived subgroup. Suppose that G includes a
normal periodic abelian subgroup A such that the factor-group G/ A is
minimax. Then the derived subgroup of G is Chernikov.

Proof. By Corollary 3.1.16 G is almost solvable, and therefore we can
apply Lemma 3.4.20. [

Finally, consider one of the possible partial situations.

3.4.22. Theorem. Let G be a periodic subgroup, whose subgroups are
either normal or have Chernikov derived subgroup. Suppose that G includes a
normal abelian subgroup A such that the factor-group G/ A is also abelian. If
[I(A)NIG/ A) =D, then the derived subgroup of G is Chernikov.
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Proof. 1f the center of  contains a subgroup 4, the G is nilpotent. In this
case, it 1s a direct product of its Sylow I1(A)-subgroup and Sylow II(G/ A)-

subgroups. In particular, it is abelian, and all is proved. Therefore, suppose that

A 1is non-central. Then there exists an element g, € A and g, € G\ A4 such that
[a,,g,]#1. We can assume that H((gl))mH(G/A)zg. Put C,=C,(g).
Since the factor-group G/ A4 is abelian, the mapping
6 :a—|g.,al,ae 4,
is a G-endomorphism of 4. This means that Ker6, =C,(g,) and Imé6, =[g,, 4]
are G-invariant subgroups of 4. Since 4 has finite index in (4,g),
Theorem 3.2.10 shows that the derived subgroup of (A, gl) 1s Chernikov. In
particular, [g,, A] 1s also Chernikov. From the isomorphism
A/ Ker6=A/C,(g)=1m6 =[g,,A4]

we obtain that the factor-group 4/C,(g,) 1s Chernikov. Suppose that the centre
of G contains a subgroup C,. Consider the factor-group G/C,. By
Theorem 1.2.32 4/, has a complement, thatis G/C, =4/ C, N L/, . Since
(A NG/ A= and A4/C, is an abelian Chernikov subgroup, the
centralizer F£/C, of A/C, has finite index in G/C,. Note that
E/C=A/C/xK/C,. In particular, £/C; 1s abelian. Since C, <Z(G), E 1s

nilpotent, and hence abelian. Now it remains to apply Theorem 3.2.10.

Suppose that the center of G has no C|. Then there exists an element
a,eC, and x, € G\ 4 such that [a,,x,]#1. By Theorem 1.2.32 (gl,xZ,A> has
a semidirect decomposition ( gl,xZ,A>:A>\S , and all complements to 4 are
conjugate. In particular, we can assume that S contains an element g,. We have
x,=g,b,where g,€S,be A. Then [a,,x,]=[a,,g,]. Note that S 1s abelian, and
therefore S = ( gl,g2>. Note that S 1s a direct product of two cyclic subgroups,
and therefore we can assume that S =(g,)x(g,). By Theorem 1.2.33 we obtain

a direct decomposition
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4=C, (&) @[ 4(2)]=Ci(g) @[ 4(2)]=C +[4(g)]

Since a,€C,, (g,4)(g,.a,)=(1). Put C,=C,({g,.g,)). Repeating the

above arguments, we obtain that the factor-group A/C, is Chernikov. If the
center of G contains a subgroup C,, then we can prove that the derived
subgroup of G is Chernikov. Therefore, we can assume that C, 1s non-central.
Then again we can find the elements g,,a,, etc. Applying the above arguments,

we find the elements g,,...,g,,a,...,a, such that
(D) (&> 80) =( &) - x(g,);
) T({g,,...&,)) "TI(A)=2;
(3) a,,....a, € A;
4 [a,,g,121,1<j<n;
() {218,000, ) (2,00, ) =(1);
6) g, a]=Lk<jl1<jk<n.

If this process is finite, then as above we can prove that the derived
subgroup of G is Chernikov. Therefore, we assume that this process is infinite.

Consider an arbitrary element g,. The set of positive integers {n|n> j} split
into two infinite subsets A and M having trivial intersection Let
U=(g.a|teA), V=(g,a,|teM). Both subgroups U and V are <gj>-
invariant, U nJ =(1), derived subgroups [(/,U],[V,V] are not Chernikov and
< g j>mUV =(1). Then the derived subgroups of subgroups < g j>U and < g j>V
are not Chernikov, and then these subgroups are normal. In this case their
intersection <g j>=<gj>U m(gJ.)V is normal. This means that [a, gj.]e(g j>.
On the other hand, since A4 is also normal, [a,,g ]€ A, which means that

[a,g j]e< g j>mA:<1). But this contradicts to the choice of elements g,

and we obtain our result. (]
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HEPEJIIK TEPMIHIB TA YMOBHUX ITIO3HAYEHb

H® — nopmanvue samuxauns miarpyma H y rpyni G, T06T0 HOpManbHa
niArpyna, nopoLUKeHa BCiMa CpsbKeHUMU 3 H miarpynamu y rpymi G.

$(G) —yeump rpynu G.

S (G) — unen eepxHvboco yemmpaivHoco psady Tpynmu (G, WO Mae
MTOPSAIKOBHAN HOMEDP & .

v, (G) — wien HudCHb02O0 yenmpaivHoco psady Tpynu (G, MO Mae
MTOPSIKOBHAN HOMEDP & .

[G,G] — komymanm rpynu G.

Aut(G) — epyna asmomopgpizmis rpynu G.

C,(M)={xeH|xa=axV ae M} — yenmparizamop NAMHOXUHU M y
niarpymi H. Slkmo H — HopMmanmbHa miarpyna rpynua G, [ — miarpymna, o

mictuth H, 10 yepe3 C,(L/H) mo3Hauumo noBHUi npooOpa3 B G miarpynu
Co (L1 H).

I'pyna G Ha3uBaeThCs Hanignpsmum 00Oymkom CBOIX mArpyn 4 i B, ue
Oyae mno3Hauatuck G=AXB, skmo mniarpyna 4 € HOPMaIbHOW B G,
AmB=(1> Ta G=AB.

I'pyna G Ha3MBaeTbCA OedexinOogolo, SKIIO KOXKHA ii miarpyna €
HOPMAJIBHOIO.

bynemo rosoputh, mo rpyna G 3a00BOJBHSAE YMOBY MAKCUMALOHOCHI
(BIANOBIAHO, MiHiMalbHOCMI), KO (G HE MAa€ HECKIHYCHMX 3POCTAI0UUX
(BIAMOBIAHO, CAJAI0UYMX ) JAHI[FOKKIB TIATPYII.

I'pyna G Ha3MBAETBCS YEepHiKOBCLKOIO, KOJIA BOHA MICTHTH y CO01
HOPMAJIBHY MIArPYyMy /) CKIHYEHHOTO IHAECKCY, IO PO3KIAJAEThCA Y MPSAMUI
N00YTOK CKIHYEHHOI MHOKMHM KBa3ILMKIIYHUX MArpymn. [{ro miarpyny D mu
OyAeMO HAa3UBATH HOOLILHOI 4acmuiolo YEPHIKOBCHKOI rpynu (G 1 MO3HAYaTH

yepesd d(G).
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I'pynu 3 oOMeskeHHSIMH HA MIATPYNH, 110 He € HOPMAJbHUMH

I'pyna G Ha3uBaETBCI HOMIYUKIIYHOIO, SKINO BOHA MAa€ CKIHUCHHUH
HOPMaJIbHHNA ps MArpyN
()=G, <G, «..<G, =G,
akropu G, / G, sikoro OyayTh muKITivHIME rpymamu, 0< j<n-1.

I'pyna G Ha3MBAETLCS MIHIMAKCHOW, SKIIO BOHA MAa€ CKIHUEHHUWH D
HOPMAJIBHHUX MIATPYIL, KOKEH (PAKTOP SIKOTO 330BOJIbHIIE YMOBY MIHIMAJIBHOCTI
a00 YMOBY MaKCUMAJIBHOCTI JUIsl BCIX MIATPYIL.

Sxkmo rpyna G Oyae MIHIMAKCHOK Ta Maifke PO3B'sI3HOK0, TO BOHA Mae
CKIHYEHHWI psl HOPMAJBHUX MIATPYyN, KOXeH (akrop sikoro Oyae abo
YEPHIKOBCHKOIO IPyNor0 a00 MAKe MOTIMUKITYHOIO TPYTIOH0.

I'pyna G Ha3UBAETBCA einepyeHmpaivbHolo, SKIIO BOHA Ma€ BEpXHii
LHEHTPAIBHUI psAl, MO 3aKIHYYEThCS Tpynor G (To06To rpyna G cHiBmagae 3

OCTAHHIM YJIEHOM BEPXHBOTO LIEHTPAIBHOTO DAY ).

Jlns noBinbHOrO eneMeHTa g (G TO3HAUMMO Yepe3 g° MiJIMHOKHHY
BCIX €JIEMEHTIB, Ki crpsbkeHi 3 g, 0610 g7 = {x'gx| x € G}.

FC(G)={g e G|xnac g° — cxiHyeHnMit} .

OueBunno, FC((G) — XapakTepucTU4HA MiArpyna rpynu (, ii Ha3UBarOTh
FC-yenmpom rpymu G. SIxkmo G = FC(G), 10 G Ha3uBaroTh FC-rpymnoro.

Hexali X — knac rpyn. bynemo nucarn X =SX y BUNAAKY, KOJIU KOKHA
niarpyna y Oynap-skiii X -rpymi camMa HaJlexkuTh A0 Kiacy X . byaemo mucatu
X=0X y BUNaAKy, KOIM KoxHa (akrop-rpyna Oyap-sikoi X -rpynu cama
HaJIeXNTh 10 kimacy X . bypemo mucatm X =N, X y BUNAIKy, KOJU KOXKHA

rpyna, mo € J00YTKOM CKIHYEHHOT MHOXXMHM HOPMaJIbHUX X -MIArpyM, cama
HAJIEKUTh JI0 Kiacy X .

Axmo G — rpyna, 7 — Aeska MHOXKHHA MMPOCTUX yucel, 1o yepe3 O (G)

OyaeMO Mo3HaYaTH HaOLIbIy HOpMaIbHY 77 -miArpymny 3 G. SIkuio p — npocre,

TO yepe3 p’ MO3HAYATUMEMO MHOXKHHY MPOCTUX YMCEN, BIAMIHHUX BifJ p. OTKE,

O,(G) — 1e HaibinbIIa HOpMaNbHa MiArpyna 3 G, sika He MICTHTH p-CIICMEHTIB,
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Ilepenix TepMiHiB Ta YMOBHHUX NO3HAYEHDb

Hexaii X — knac rpyn ta G — rpyna. byaemo rooputy, mo G € maiixe
X -epynoio, sxuo rpyna G MICTUTh TaKy HOpManbHy miarpyny H, mo G/ H €
CKIHUeHHOI, a H eX. 3okpema, Maibke abOeneBa (BIAMOBIAHO, Maibke
pPO3B'sI3HA) Tpyma — L€ Ipyna, sKa MICTUTh y co0i abeneBy (BIAMOBIAHO,
PO3B'SI3HY ) MIATPYMY CKIHYEHHOTO IHAEKCY.

Hexaii A — abGeneBa rpyna, p — IpocTe 4ncio, P — CUJI0OBChbKA p-MiArpyna
A. Jlna xoxnoro nelN mnokmagemo Q (P)={xeP||x|<p"}. OdeBuuHo,

Q (P) —xapaxrepuctruHa marpyna 4. Maemo

Q(P)<Q(P)<..<Q (P)<Q,  (P)<...

i P=]JQ,(P).

nelN

['pyna Ha3UBAETBCS JIOKAILHO CKiHYEHHOIO, SKIIO KOKHA ii CKIHYCHHA
M1IMHOKHHA MOPOJIKYE CKIHYEHHY MIATPYIY.

['pyna Ha3MBaeTbCs 0OMedcerol0, KO MOPSIKA ii eJIEMEHTIB OOMEKEH1
Y CYKYIHOCTI.

['pyna HaA3MBAETBCH pe3uUOYANbHO CKIHYEHHOH, SKIO Ui KOKHOrO ii
HEOJMHUYHOIO €JIEMEHTA ICHYE (HOpPMaJlbHA) MIArpyna CKIHYEHHOrO 1HJIEKCY,
110 HE MICTHTB LIbOTO €JIEMEHTY.

Hexaii K — nokanbHO CKIHYECHHE mojie Ta € — aBromopdisam K, 110
3aJ0BOJIHAE YMOBY 67 (a)=a’ mns xosxknoro a < K . Jliniiina rpyna Sz(K) — ue
niarpyna SL,(K), o NOpOmKYEThCS:

(1) marpynoro Q BCIX MAaTPULb, IO MAKOTh HACTYIHUANA BUTJIST

1 0O 0 O

a 1 0
(1+6)a)+b Oa) 1 0
+0)a)+ab+6(b) b a 1

, e a,bek ;

(11) marpynor ) BCiX AlarOHAJbHUX MATPHIlb, TOJIOBHA J1arOHANIb SIKAX

Ma€ HACTYITHUI BUTIIA

(1+ 07 )@),07 (a),~0" (a),(-1-0" @), ne a e U(K);
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(111) MaTpHLICIO

_— O O O
o = O O
o O = O
S O O =

Hexaii p — npocte uncno. byaemo ropoputa, mo rpyna G Mae cKiH4eHHul

cexyiunui p-pane r,(G)=r, AKOI0 KOKHA CJICMEHTapHA aleseBa p-CEKIist

U/V rpymu G Oyae CKIHUEHHOK 1 Mae€ MOPSAAOK, II0 HE MEpEBUUIyE p', Ta
ICHy€e eJieMeHTapHa aleneBa p-cekuiss A/ B rpynu (G, MOPAAOK SIKOI TOYHO
JIOPIBHIOE YHCTY p’ .
Bbynemo rosoputy, mwo rpyna G Ma€ CKiHYeHHUN CeKyitiHuil paxe, SIKIO0
BOHA MA€ CKIHUEHHWI CEKLIIMHMIA p-paHT ISl KOYKHOTO MPOCTOTO YKCHA p.
bynemo rooputu, mo rpyna (G Ma€ CKIHYEeHHUU CHeyialbHUll paHe

r(G)=r, AKIIO KOKHA CKIHYCHHO MOPOKEHA miarpyna rpynu G Moxe OyTH

NOPO/DKEHA HE OUIbLIE HIK 7 €IEMEHTAMHU 1 7 — II€ HAllMEHIIE HaTypaJlbHE
YUCIIO, 1110 MA€E JaHY BJIACTUBICTb.

I'pynma G Ha3MBAETBCS Y3dedibHeHO pAaoOuKaiviolo, SKIIO0 BOHA Mae
3pOCTAOUMi psiJl HOPMAIBHUX MIATPYI, KOKEH (PAKTOP SKOro € ado JIOKAJIbHO
HIJILIOTEHTHOO, a00 JIOKAJIbHO CKIHYEHHOK TPYTIOH).

Haramaemo Tenep aeski HeoOX1aH1 MOHATTA 3 Teopii MoayniB. Hexail R —

KOMYTaTHUBHE KUIbLE Ta 4 — MOAYJb HAJ KibLeM R. [Toknanemo

Tor,(A)= {a € A| Anny(a) # (O)}
SKkmo kutbe R HE MaE€ JUIBHUKIB HyJA, TO MAMHOKHHA Jor,(A) Oyzne
niaMoayseM B A. Y 1pOMy BHMAAKY MIAMOAYIb 1or,(A) Oynemo HazuBatu R-

nepioouyHor yacmuxolo mooyis A. Monyie 4 HazuBaeTvCs R-nepiooudnum,
SKIIO BIH CHIBMAAAE 31 CBOEK R-MEPIOIMYHOID YAaCTUHOM. byaemMo roBopuTH,
10 MOAYJb A € iltbHuM 6i0 R-ckpymy, KOO HOro R-mepioanyHa 4acTuHa Oyie

HYJIBOBOXO.
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Hexait D — nenexinnosa oonactb. [loxknamgemo
Spec(D) ={P| P — makcumanbnuii inean Dy} .
SIxmo / — inean D, To Hexait
A4, ={aeA| al” =<O> I[HSII[GSIKOFOHEN}.
Hepaxxko nmobaunty, mo niaMHokuHa A4, Oyne D-miamoaynem 4. Iligmonyns
A, Oynmemo HazuBatu [-xomnowenmoio A. SIkmo A coiBnagae 31 CBO€K /-

KOMIOHEHTO0, TO OyAEMO TOBOPUTH, O 4 — 1€ [-mo0yib Hao xineyem D.

Jlami, Hexait
Q, (A ={ae4|al" =(0)}.
HeBakk0o yNMEBHMTHCH y TOMy, LIO MiAMHOKMHA €2, ,(A4) Takox Oyme D-
MIAMOJYJIEM, Ta [0 Ma€ Micle BKIrOYeHHS €2, (A)<CQ, (A) IIs KOXKHOTrO

HATYPAJIBHOTO /1, TaK 110 U Q, (A)=4,.

nelN

[loznaummo Ttenep uepe3 Ass,(A) NIAMHOXKMHY TUX MAaKCHMalIbHHUX
1aeaniB KUtbLs DD, JUId IKAX BIAMOBIAHA P-KOMIIOHEHTA A, € HEHYIbOBOK. Toxi

Tor,(A)=@,_, 4y, ne w= Ass,(A)

Pern
(muB., Hanpuknan, [1, nacmoinok 3.8]).

Hexaii D — aenekinaoBa ob6mactb, (' — npoctuit D-moaynab, toal C €
13oMoppHUM A0 D/ P jans JAeSIKOro MakCUMajabHOro iaeany P xuibns D.

[To3HauuMo D-iH'€eKTUBHY 000J0HKY (' 4epe3 pr. Monynb Cpoo oyaemo
HA3UBaTU npilogeposum P-mooyrem. Monryib Cpoo OyJe 1H'€EKTUBHOIK MPAHULICIO
cucremu D-monymiB {D/ P"|ne N} :

pr = [iminj{D/ P" | ne N}

(muB., Hanpukiaa, [1, Hacmimok 5.21]). 3a cBo€w MoOYyI0BOKO, MPIOPEPOBHIA

MOAYJb Cpoo Oyne P-monysieM, IpHYOMY Qp,k(pr);D/ P* ta maioTh Micue

130MOp(p13MH

Qp (€ )/ (C ) =(D/ P*Y /(P P"Y=D/P
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JUTSl KOYKHOTO HATYyPaJIbHOTO 4Kcia k. Takum 4ymHOM, sIKIo F~ Oyae BiacHuM D-

M1IMOAYJIEM pr , TO 3HAAETHCS TAKE HATYPAIBHE YUCIO k, O £ =), k(pr) .
JUiiicHO, SKIIO eNeMeHT b HajnexuTb A0 2, k(pr), ajie HE MICTUTHCS B
ngk_l(pr), To E=bD. BigmiTumo, mo nprodepoBuil P-mMomaylib pr €
MOHOJIITUYHUM 1 HOr0 MOHOJIT CHIBNAAAE 3 IOr0 HIKHIM IIapom €2, I(pr ).

Hexaii R — komyTaTtuBHE KuibLle O€3 AUTBHUKIB HYJS, X — HOro
HEHYJIbOBUI €NEMEHT Ta A — MOAYJb HAJ KijblleM R. Bynemo roBoputH, mo
MOIYJIb A € X-nOoOiMbHUM, SKIIO IS KOKHOTO €IEMEHTA ¢ MOy A 1CHye
€JIEMEHT ¢, 10 MAaE BIACTUBICTh ¢X = a. [HaKkmie Kaxyun, Ax = A.

Monaynb A Ha3WBAETHCS R-noOinbHUM, SKIO BIH € X-NOOLIbHUM IS
KOKHOT'O HEHYJILOBOTO €JIEMEHTA X KITbLSA K.

Hexali D — nenexkiHmoBa o0jacTh Ta 4 — MOJYJb HaJ KUIBLIEM, X —
eneMeHT D. Ilinmonyne B moaynst 4 OyaeMO Ha3WBaTH X-CepeanmHuM, SKILIO
Mag€ MicCIie piBHICTb Bx =B M Ax.

Skmo L —iaean D ta nigMoayib B OyJe X-CEPBAHTHUAM B A JJIE KOYKHOTO
€JIEMEHTA X € L, TO B Ha3UBAETLCA L-cepsanmuum niomooyiem.

Hapewri, B Oynemo Ha3uBatu cepsanmuum niomooyiem, skmo B Oyne D-
CEPBAHTHUM.

Hexali G — aOenesa rpyma, H — ii marpyna ta 4 — ZG -MOnayb.
IToxagemo

& (A)={ae A| ax = a nns xoxnHoro x € H} .
Hepaxko yneBHUTHCE B TOMY, 10 NIAMHOXKUHA &y, (A4) Oyne ZG -niamonynem

A. &, (A) nasuBaerses H-yenmpom A. 1lounHaroum 3 H-UEHTPY, MU MOXKEMO

noOyayBaTH eepxuiii H-yenmpanvnuii psio A

(0)=C,<(C <.C,<C,,, <..C

e

3a HactynHuMm npaswioM: C =¢,,(A4), C

a+l

/1C,=8,,(A/C,) nna BCIX
TMOPSAKOBHX UHCeN o <7, Ta &y (A/ C,)=(0). Octanwiit wien C, HbOro psimy

HA3UBAETHCA 6epxuim H-2inepyenmpom A.
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Ilepenix TepMiHiB Ta YMOBHHUX NO3HAYEHDb

Hexait G — abenesa rpyna, H — ii miarpyna ta A — ZG -monynbs. Hexaid
nam B, C — ZG -nmiamonym A, npudomy B <. ®aktop C/ B Ha3uBaeThes H-
yeumpanonuym  (BIANOBINHO, H-exyenmpanenum), axkmo C,(C/B)=H
(simnmosinno, C,, (C/ B)= H).

Z.G -mamonynb C OyaeMo HazupaTw H-einepexyenmpanvhum, Ko C
Mae 3pocTarounii psaa ZG -miaMoayiIiB

(0)=C,<( <..C,<C,,, <..C,=C,

[24
110 33J0BOJIBHSIOTH HACTYTHI YMOBH:

(1) C,,/C, —npoctuii Z( -MOyJb;

(2)C,,/C, — H-exueHTpaJIbHHHA (PAKTOp I KOXKHOTO MOPSAKOBOIO

qucna <y .
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BCTYII

Boke Oinbuie cta poKiB 3M1ACHIOETHCS THTEHCUBHE JOCIIKEHHS BIUIABY
CUCTEMH HOPMaJIbHUX MIArpyn Ha OyaoBy Bciei rpynu. Skmo G — rpyna, To

yepez L, ((G) (BLANOBIAHO, Yepe3 L (G)) OymeMo MoO3HAYaTH CUCTEMY

RON—norm

yCiX HOPMAJIBHUX MIATpyM rpynu G (BIAMOBIIHO, CUCTEMY BCIX MIATPYII, IO HE
€ HOpMabHMMM). HasBHICTH BEMMKOI KITBKOCTI HOPMAIbHUX MiArpym i
ONMM3BbKUX 0 HUX THITIB MIATPYI Iy>KE€ CHJIBHO BIUIMBAE HA CTPYKTYPY TPyIH.
SIkmo BCl MArpynu rpynu € HOpMaIbHUMH, TO ii OyaoBa OyJia onmMcaHa JOCHTh
naBHO. el onuc OyB oTpuMaHuil Ansl CKIHYEHHUX rpymn uie P. Jlenexinaom, a
TPOXW 3rofoM OyB pO3MIMpPEeHH Ha JoBUIbHI Tpymu P. bepom. ['pynm, Bci
OIATPYNA  SKUX € HOPMaJbHUMM, Oyl Mi3HINIE Ha3BaHI JEACKIHAOBHMH.
[IpypoaHMM HACTYMHUM €TAanOM CTajl0 BHUBYCHHS Tpyn G, y SKHX CHCTEMA

L (G) 3a70BOJIBHAE ACSKOMY (4acCTO JOCUTh CHJIBHOMY) OOMEXKECHHIO. [1s

RON—norm

TEMaTUKa T[OYAHAE IHTEHCUBHO po3puBaruca C.M. UepHikoBUM Ta ioro
IIKOJIOK, a TakoXX OaraThMma IHIIMMH BIJOMMMH ajreOpaictamu, 30Kpema,
P. bepom, b. Helimanom, ®.M. Jlumanom, M.®. Cecexinum, J[. PoOiHCOHOM,
JLA. Kypnaueakom, M.®. Kyzennum, M.M. Cemxom,  A. PemTysioro,
C. ®paniiosi, O. ne XKuosanni, X. JICHCTPOIO.

I".'M. Pomatic Ta M.®. Cecekin novyajid BUBYATH TPYNH, B SIKUX CHCTEMA

L (G) ckymamaeThes TUIBKM 3 abeneBuX miarpymn. Taki rpynu Oynu Ha3BaHi

RON—norm

HUMU memazamiiemonogumuy. [TpUpoOAHAM TPOJOBXKEHHSAM LUX NOCITIIHKEHb €

PO3IJI CUTYyallli, KOJIM MIArpynu cucremMu L (G) HajexaTh 10 Kiacy

Ron—norm

Ipyn, IO € MPUPOJHUM pPO3IMIMPEHHSIM Knacy abeneBux rpym. Takx JLA.
Kypmauenko, X. Oranom, A. Pycco ta /[. BiHUeHIII BUBYAIUCS TPYNH, Y SIKUX

OIArpynu cuctemMu L (G) MarTh CKIHYCHHUI KOMyTaHT abo Oynyte FC-

on-norm
rpynamu. JlaHa aucepTaiiiina poOoTa TPOJAOBKYE HOCIAIHKCHHS Y I[bOMY
HanpsMKy. OCKUIbKM MPUPOJHMM Y3araJlbHEHHSAM CKIHUCHHUX TPyl €
YEPHIKOBCBbKI TPyNH, TO MNPUPOAHAM PO3LIMPEHHSAM TPyl 31 CKIHYUEHHUM
KOMYTAHTOM OyayTh TPYNH 3 YEPHIKOBCBKUM KOMYTaHTOM. B naniii poGoti i
NPOBOJMTHCS BUBUEHHS TPYI, V AKMX KO>KHA MiArpyna € abo HOpMajabHOR, abo
Ma€ YEPHIKOBCbKUH KOMYTaHT.

Sk MM 3a3HAUANM BHILE, TPYNU 3 BEIMKMMH CUCTEMAMH HOPMATBHHMX
OIATPYN € JOCHTh NaBHIM OO0'€KTOM JOCIIDKEHHS y Teopii rpyn. Hopmanmehi

HIATPYNA MarOTh JTOCHTh BEJHMKHWI BIUTMB HA OyAOBY Ipynu, TOMY y OaraTbOx
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Beryn

BUIAJKAX, KOJM iX AOCUTH OaraTo, CTPYKTypa TPynH MOxke OyTH JETAIbHO
BUBUYcHA. OOPa3HO KaXXy4yu, YuM OIIblIe Ma€ rpyna HOPMAJIbHUX MIATPYI, THM
onmwkye rpyna a0 abeneBoi. Hampuknan, skmo BCi MIACPYyNd TPynu €

HOpManeHUMH (TOOTO cuctema L ((GG) MICTHTH ycCiI MIATPYNH TpPymu 1

BIAMOBIIHO cucremMa L

ROon—Rnorm

(G) € mycrow), TO BoHa abo abeneBa, abo €

npsMuUM JOOYTKOM TPYIH KBAaTEPHIOHIB, €IEMEHTApPHOI aleneBoi 2-rpynu Ta
nepioguydHoi rpynu 0e3 eeMeHTIB nopsaaky 2. Lei pesynbrar OyB oTpuMaHuil
JUIS CKIHYEHHMX rpyn e B podoti P. Jlenekinaa [2], a notiM OyB po3MIMpEHUi
Ha JOBUIbHI rpynu y poooTi P. Bepa [3]. [IpupoiHAM HACTYIMHUAM €TaroM CTaJio

BUBYCHHS Tpyn (G, y Akux cucrema L (G) 3aA0BOJIBHSIE JECIKOMY (4acTo

RON—norm

JOCUTh CHJIBHOMY) 0OMekeHHro. [lepummu Takumu podotamu Oynu poOOTH
O.JO. [lImiara [4,5], mo Bxe cranu knacudyHuMu. B Hux O.1O. IlImiaT BuBYaB

CKIHYEHHI IPYIH, Y AKHX YC1 NIATPYNHA CUCTEMU L (G) € cupsbkeHuME a00

RON—norm

cucrema miarpyn L (G) cKIIamaeThes 3 IBOX KJIACIB CMPSKEHUX MIATPYIL.

RON—norm

AJle CHUCTEMATHYHE BHBYCHHS TPYI, y SKUX CHUCTEMa MIATPYN, MO0 HE €
HOPMAJIBHUMH, 33J0BOJIBHSE ACIKY AOCUTH CHJIBHY YMOBY, NMOYMHAETHCS 31
crareii C.M. UepHikoBa [6,7]. SIk MH BX€ 3a3Hauajau BUIIC, B PO3BUTKY L€l
TEMaTUKW Opajgo ydvacTh Oararo BIIOMMX ajreOpaicTiB, ski 30araTWid ii
OaratbMa TTTMOOKMMH 1 LIKaBUMHU pe3yibTatamu. ONHIE 3 I[IKAaBUX IUISTHOK
i€l TeMaTHMKW OyJI0 BHBYEHHS IpyM, Y SKUX KOXKHA MIATPyna, IO HE €
HOPMAJIBHOIO, Oyne abeneBoro. Taki  rpymm Oynu  Ha3BaHl
Mmemazamiremonosumu. 1X BABYEHHS mouanocs B podorax M.®. Cecexina Ta
I''M. Pomamica [8-10]. CkiHYE€HHI METaramibTOHOBI TPYNW BUBYAIHACA B
pobdorax B.T. HarpeGeupkoro [11] Tta A.A. MaxuwoBa [12]. TloBHuii onwuc
METAraMiJIbTOHOBUX Tpymn Oyyio oTpuMmaHo y cepii podit M.®. Ky3eHHoro Ta
M.M. Cemxka [13-19]. Kitac abeneBux rpyn Mae 6araro npupoJHUX PO3LMIUPEHb.
OAHMMH 3 HUX € KJIaC TPyl 31 CKIHUCHHMM KOMYTAHTOM Ta OUIBII IIAPOKHIA
kiac FC-rpyn. YV crartax  JLA. Kypmauenko, X. Orama, A.Pycco Ta
J1. Binuenui [20,21] BuBUanucs rpymnu, y SKMX OIATPYNA CUCTEMH L, (G)

RON—norm

MarOTh CKIHUEHHUI KOMyTaHT a0o0 OynyTe FC-rpynamu. OCKIJIBKM TPAPOIHUM
y3araJbHEHHSM CKIHYEHHUX TPyl € YEPHIKOBCHKI TPYMH, TO MNPUPOJHUM
PO3IIMPEHHSM TPyn 31 CKIHUYCHHMM KOMYTaHTOM OyAyTb Tpynd 3
YEPHIKOBCHKMM KOMYTAHTOM. JlaHa poOoTa MPUCBSYECHA PO3MIISLY TPYI, Y SAKAX

KOKHA MIArpyna € abo HOpMAIBbHO0, a00 Ma€ YEPHIKOBCHKUIT KOMYTAHT.
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PO3/LT 1
OIJISLT ITEPATYPHU TA MOIMEPE/THI
TEOPETUYHI BIIOMOCTI

Y  upOMy  po3aunl  JAEThCs  OTJIsiA  JITEPATypd,  MPUCBAYEHOT
JOCIKEHHSIM, [0 TOB'sI3aHl 3 pe3yjbTaTaMu JaHoi podoth. HaBememo
KOPOTKHWA BUKJIQA BIJOMMX PpE3yJbTarTiB, $Ki BHKOPUCTOBYIOTBCS B

MOIAJTBIIIOMY.

1.1. Orasig Jireparypu

Axmo G — rpyma, 1o uepes L, (G) (BianosigHo, uepes L, . (G))
OyAeMO MO3HAYaTH CHCTEMY YCIX HOPMaJbHUX MiArpyn rpynu (G (BiAMOBIAHO,
CUCTEMY BCIX MIATPYM, IO HE € HOPMAJTBHUMHM ). ['pynu 3 BEIUKUMHU CUCTEMAMHU
HOPMAJIbHUX MIATPYI € JOCUTh JABHIM O0'€KTOM JOCHIPKEHHS Y TEOpii Tpyl.
HopmaneHi miarpynu MarTh AOCUTH BETUKWW BIUIMB HA OyJOBY TPylH, TOMY

ko cucrteMa L, ((G) € [IOCTaTHBO BEIMKOK (BLANOBITHO, CHCTEMA

L (G) € DOCUTh MAIOK) AOCUTH YacTO CTPYKTypa Tpynud Moxke OyTh

RON—norm

JE€TaTbHO BHBUYCHA. Hampuknana, Koo BCl MIATPYNW TPYNUA € HOPMAaIbHUMH

(Trobro cucrema L (() MICTHTh yCl MATPYNM TPYNH 1 BIAMOBIAHO CHUCTEMA

L (G) € mycToro), To BoHA abo abenieBa, a00 € MpsMUM JOOYTKOM TPYIH

RON—norm

KBATCPHIOHIB, eNleMeHTapHOi aleneBoi 2-rpynmM Ta MNEPIOAMYHOI rpynu 0Oe3
€JIEMEHTIB MOPAAKY 2. Llel pe3ynabTar OyB OTPUMaHMIA 1Sl CKIHUCHHHX TPYII LIE
B poboti P. llenekinaa [2], a motim OyB PO3IIMPEHUN HA AOBUIBHI TPynu y
po6ori P. bepa [3]. [IpupoaHuM HACTYIHUM €TanoM CTaJI0O BUBYEHHS rpyn (7, y

AKUX cuctema L (G) 3a10BONBHSE NEIKOMY (Y4acTO JTOCHTh CHUJIBLHOMY)

RON—norm

oomexenHto. [lepummu takumu podotamu Oymm pobotu O.1O. MImiara [4,5],
mo ke cramm knacnyHuMu. B Hux O.1O. [lImiar BUBYaB CKIHYEHHI TPYIH, Y

SAKMX yCl MArpynu cucremMu L, (G) € cnpsbkeHuMU ab0 CUCTEMA MiArpyn

RON—norm
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Po3ain 1. Ornsx nitepaTtypu Ta nonepeaHi TeopeTHYHI BiTOMOCTI

L . (G) CcKIagaeTeCs 3 ABOX KIACIB  COPsDKCHHMX miarpym.  Llikaso

BIAMITUTH, O pe3yabTard podotn O.}O. Hmiara [4] Oynu MOBTOPEHI 3HAYHO
nizHime P. bpananem [22], a pesyabratu podotu O.1O. [lImiara [5] Oynu
MOBTOPEHI 3HayHO mi3Hime X. Moycasi [23]. Aje cUCTEMAaTU4YHE BHUBYCHHS
Ipyn, y SKAX CUCTEMA MIArPYM, IO HE € HOPMAIBHUMH, 3aJ0BOJIBHSE ACIKY
JOCUTh CHJIbHY YMOBY, nmounmHaeTbcst C.M. UepHikoBuM. BiH HammcaB cepiro
CTaTel, y SKUX MPOJACMOHCTPYBaB €(EKTUBHICTh LBOT0 MIAXOLYy. Y MepuIii
poGoTi [6] wmiei cepii BIH PO3IJISIHYB HECKIHYEHH! TPYMH, yV SKHX MHOKMHA

L (G) cKmamaeTbed JMIIE 31 CKIHYEHHUX MArpyn. Y poOoti [7] BiH

RONn—Rnorm

PO3IJISIHYB HECKIHYCHHI TPYIU, y SKAX MHOXKMHA L (G) 3an0BOJNBHSE

RON—norm

YMOBY MIHIMQIBHOCTI. Y 1bOMY 3B'SI3Ky Clif BIAMITHTH, 00 B 1990 p.
H. Xexkcrep ta X. JlencTpa onyOmikyBanu poOoTy [24], Ae pO3rAsSHYIU TPYIIH, Y

AKUX MHOKMHA L (G) € ckiHueHHO. Pe3ynbrary 1iei podoTH € MPOCTUM

RON—norm

HACIIAKOM pe3yJibTariB podoTH [7]. ¥V pobortax [25-30] C.M. UepHikoBuM Oynu
PO3IJISHYTI ACAKl y3araJlbHEHHS PE3YyJbTaTiB MEPIIAX OBOX PoOIT. Y poboti
JLA. Kypnauenka, M.®. Kyzennoro ta M.M. Cemka [31] T1a y poOoTi
JI. Kyrono [32] Oysi0 pO3MJISIHYTO HECKIHYEHHI TPYNMH, Y SKUX MHOKHHA

L (G) 3amoBONIBHSIE YMOBY MakcuMalibHOCTI. Lli pesynbratu Oynu

RONn—Rnorm

y3arayiibHeH1 y po0oTi JI.A. Kypaauenka ta B.E. 'openpkoro [33].

VY Bigomux podotrax P. bepa ta JI.1. 3aifiiea Oyau BBEIEHI IyKE IIKaBI
HOB1 YMOBH CKIHYEHHOCTI — CJIA0KI YMOBH MAKCHMAJIbHOCTI Ta MIHIMAIBHOCTI
JUIS PI3HUX TUMIB miarpyn. [l yMOBM Ta TOB'S3aHI 3 HUMHU pPE3YJIbTATH
BUSIBWIMCH HACTUIBKM I[IKABUMM Ta TUTIAHUMH, IO MOPOJWIN BEIHUKY CEPIIO
poOIT, y SKHX Il YMOBH PO3MMSJAINACH JUIS PI3HUX TUMIB MIATpyn. Mu He
OyJeMO po3rasiaaTH TYT BCl aCHEKTH JOCHIIKEHb, MOB'SI3aHUX 31 CIAa0OKUMH
YMOBAMH MAaKCHUMAJIBHOCTI 1 MIHIMAQJIBHOCTI JUIs PI3HMX THWIIIB MIATPYN, a
BIIMITUMO OJMH PE3YJIbTAT, MOB'A3aHHIA 3 HAIIOK TEMATUKOKO.

Hexait 901 — neska cucrema miarpyn rpynu G. bynemo ropoputy, mo 91

3aI0BOJIBHSIE CIAOKY YMOBY Minimanvrocmi (BIANOBIIHO, MakcumaibHocmi) abo
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I'pynu 3 oOMeskeHHSIMH HA MIATPYNH, 110 He € HOPMAJbHUMH

rpyna G 3aJ0BOJIbHSE CJIA0OKy YMOBY MIHIMAQJIBHOCTI A 90 -Niarpymn uu
Kopotiie Min—co—9 (BIANOBIIHO, MAaKCUMAJBHOCTI Ui 90T -miarpyn 4u
Kopotiie Max—co—90), akio G HE Ma€ TAKUX HECKIHUCHHHMX CHAJar0uux
(B1AMOBIAHO, 3pocTarounx) psaaiB {/, |neN} miarpyn 3 cucremu 991, mio
mnexen |H, : H, | (BionosigHo, |/ ,,: H, |) HECKIHYEHH] AJIs KOKHOTO ne N,

Skmo PN — MHOXKMHA BCIX HEHOPMAIBHHUX MIATPYI, TO MAEMO I'PYIIH 31 CIA0KOK0
YMOBOK MIHIMAQJIBHOCTI (BIAMOBIIHO, MAKCUMAJIBHOCT) JJIi HEHOPMAJIbHHUX
niarpyn. Bonun suBuanmucs JI.A. Kypnauenkom ta B.E. ['openbkum [33].

O.M. Jluman [34,35] po3rIIsiHYB IpyNH, y SIKUX MHOXKMHA L (G)

RON—norm

CKJIQJA€THCS JUIIC 3 UAKIIYHUX MIATPyN. SIKIIO B TPyMi BCI UMKIIIYHI MIATPYIH
HOpMaJIbHI, TO 1 BCl ii MArpynu HOpManbHl. TOMYy BHHHMKAE€ MUTAHHS TPO
OyJI0BY TpyN, BCl HEHMKIIIYHI MIATPYNH SKUX HOPMaJibHI, TOOTO CHCTEMA BCIX
HEHOPMAJIBHUX MIATPYN CKIIANAETHCS TUIBKU 3 IUKIIIYHUX TiArpyn. Ile nutanus
Ooyno mnocrapneHo C.M. UepHikoBum [26]. Bkazani Buie poOoTu 1 Oyniu
NPUCBSYCHI PO3B'A3aHHI0 LBOTO MHUTAHHA. SIKIIO B TPyl BCl CKIHYEHHO
BUHWKAE MUTAHHS MPO MPOTUIICKHY CHUTYAIIO: 110 MOYKHA CKA3aTH MPO TPy,
BCl MIATPYNM SKWX, IO HE MAKTh CKIHYEHHOI CUCTEMH MOPOKYHOUUX
€JIEMEHTIB, HOPMalbHI. ['pynmu Takoro poay po3rIsJaIMCh y podoTax
JLA. Kypnauenka ta B.B. ITunaepa [36] ta JI. Kytono 1 J.A. Kypnauenka [37].
Cmip takox BiAMITUTH cepito ctateit M.®. Kyzennoro, M.M. Cemka [38-67],
M.M. Cemka, O.A. SlpoBoi [68-74], ne Oyim PO3MISHYTI TPYyNH 3 IHIIUMHA

NPUPOJHUMHU OOMEKEHHAMU Ha cuctemy L ((G).

[Tpupomaum npoaosxkeHHs M poOIT O.1O. Imiara [4,5] crana pobora
P. na Xaiie Ta A. Pemtyinu [75], ne po3risianuck Tpynu (4K CKIHYEHHI, TaK 1

HECKIHUYEHH1), Y SKUX MHOXWHa L (G) posnmajgaeTbes y NOCUTH Mally

RON—norm

KUTBKICTh KJIACIB CHPsKEHOCTL. Y poboti M. ne @anbko, @. ne JXKuoBaHHI Ta
K. Mrozennu [76] Oynu poO3rMsiHYTI HECKIHYEHH! TPYNH, Y SKUX MHOKHHA

L (G) € 00'eTHAHHSIM CKIHYEHHOTO YHCJIA KJ1AaCIB CIPS>KEHOCTI.

RON—norm

102



Po3ain 1. Ornsx nitepaTtypu Ta nonepeaHi TeopeTHYHI BiTOMOCTI

I"'M. Pomainic Ta M.®. Cecexin [8-10] moyanu BUBYATH TPyNH, Y SKHX

cucrema L, (G) cknagaerbes TIbKH 3 abeneBux marpyn. Taki rpynu

ROon—norm

Oynu Ha3BaHI HUMH  MemdedMilbmoOHOGUMY. BHBYEHHS  CKIHYEHHUX
METAraMiIbTOHOBUX Tpyn Oylio mpojaomxkeHo y podortax B.T. Harpebenbkoro
[11] Ta A.A. MaxnboBa [12]. Ta moBHMI onmuc MeTaramMuIBTOHOBUX T'pyIl OYyB
oTpuManuii y cepii podit M.®. Kyzennoro Ta M.M. Cemka [13-19].

3a3HaunMo, 110 KJI1ac adeneBuX rpyn Mae 0arato MpUpOAHUX PO3IMIAPEHb.
OAHMMH 3 HUX € KJIaC TPyl 31 CKIHUCHHUM KOMYTAHTOM Ta OUIBIN IIAPOKHIA
kiac FC-rpyn. Y crartax JLA. Kypmauenka, X. Orama, A.Pycco Ta
JI. Binuenmi [20,21] BuBYaiMCA TpynM, y SKUX MOACPYOH, MO HE €
HOPMAJIBHUMH, MAalOTh CKIHYEHHUH KOMyTaHT abo Oyayte [FC-rpynamu.
OCKINTbKH MPUPOJHUM y3arajJbHEHHSAM CKIHUEHHUX TPYIl € YEPHIKOBCHKI IPYIIH,
TO MPUPOJHUM PO3LIMPEHHSM I'PyH 31 CKIHUEHHUM KOMYTAaHTOM OyAyThb I'PYNH 3
YEPHIKOBCBKMM KOMYTaHTOM. JlaHa jaMcepramiiiHa po0oTa MpUCBSYCHA
POy TPyIN, y SKUX KOXKHA miaArpyna € ado HOPMalibHOK, a0 Mae

YEPHIKOBCHKHIA KOMYTAHT.
1.2. llonepeani TeopeTHYHI BiAOMOCTI

Hactynni pe3yabrary, mo OyayTe NOTPIOHI, BIAHOCATBCA 10 Teopii FC-
rpyn. Ilepmmii pe3ynbrar, skuii Mu OyJIeMO BUKOPHCTOBYBATH — L€ KJIACHMYHA
aema Jlinvana (nuB., Hanpukian, [77, nema I1.1.1]).

1.2.1. Jlema. Hexaii G — epyna, M — ckindeHHa niOMHOMCUHA T
esiemenmis. Ilpunycmumo, wo KodcHuil eaemenm muodxcunu M mac ckindennut
NOpAOOK 1 CKiHYeHHY KLIbKicmb chnpsadcenux. 1000 nopmaivha niozpynd,
NOPOOICeHd NIOMHOJICUHOW M, OyOe criHdeHHOI0.

HactynHuii BaknuBWi pe3ynpTaT 1€l Teopli — KIacM4Ha TeopeMma
[. lllypa (auB., Hanpuknan, [77, teopema 11.1.4]).

1.2.2. Teopema. Hexaii G — epyna, yeump Axkoi Mae CKIH4eHHULl IHOeKC C.
Tooi komymanm |G,G| makoowe ckinyennui, oinvur moeo [G,G]° = (1)
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I'pynu 3 oOMeskeHHSIMH HA MIATPYNH, 110 He € HOPMAJbHUMH

Llst TeopeMa Mae HACTYMHE y3arajibHEHHS, K€ TaKOK OyJe HaM MOTpiIOHE
(muB., Hanpukian, [78, reopema 3.9]).

1.2.3. Teopema. Hexaii G — epyna i npunycmumo, wo ii pakmop-epynd no
yenmpy € yepnixoscoroio. Tooi komymanm [G,G| maxosic 6yoe 4epHiKo8CbKOI0
niozpynoio.

Ham Ttakox OyayTe mOTpiOH1 AesKi pe3ysbTaté Teopii adeneBUX IPYIL
[lepinii 3 HUX — HACTYNHU (OUB., HapUKIan, [79, Teopema 14.4]).

1.2.4. Teopema. Hexaii G — abenesa epyna, uyo micmums y cobi niocpyny
H, ona axoi ¢axmop-epyna G/ H ¢ sinvnoio abenesoro. Tooi niocpyna H
suoinaemocs y epyni G npsamum muodxcHuxom, moomo G=H x K o Oesaxoi
nioepynu K.

1.2.5. IIponosuuis [80]. Hexani G — cinepyenmpanivia spyna ma Hexdil
A — HopmaneHa abenesa p-nioepyna OJs 0esik020 NPOCcmoeo ducida p. Axuo

paxmop-epyna G/ C,(A) He mae 61acHux nioepyn iHOexcy p, mo yeHmp epynu

G micmumb y cobi niocpyny A.

HactynHuii pe3ynpTaT € OAHUM 3 MEPUIMX BAXIMBHX PE3YJbTATIB TEOPIi
CKIHYEHHMX Ipyn (IuB., Hanpuknan, [81, teopema A.10.7]).

1.2.6. IIponosunis. Hexaii G — ckinyenHa epyna. Axkuo KoodxcHa eiacua ii
nioepyna b6yoe abenegoio, mo epyna G € po3e'si3ioio.

Hexait G — rpyma. Cucrema & ii miarpyn Ha3sWBaETBCA CUCMEMOIO
Kypowa-Yepnixosa, KO BOHA 3aJOBOJIbHSIE HACTYITHI YMOBH:

(1) BOOpSIKOBaHA 32 BKJIFOUEHHSIM MHOKMHA G JIIHIHHO BIOPSIKOBAHA;

(i1) G,(l) €S,

(ili) © € 3aMKHEHOIO BiJTHOCHO TIEPETUHIB Ta 00'€MHAHb CBOIX MiATPYTI,
30KpeMa Pa3oM 3 KOKHOKO CBOEIO MiArpynow A # G BoHA MicTuTh mepetuH H *
yCiX THUX MArpyn cucteMu S, ki MIiCTATh H Ta HE CHIBMAAA0Th 3 H, a TaKOXK
Pa30M 3 KOKHOK CBOEK) HEOJMHUYHOIO MIATPYNOK K BOHA MICTHTh 00'€IHaHHS
KV thx HiArPyI cUcTeMH &, AKi MICTAThCS B K Ta HE CMIBNAAAIOTh 3 K

(iv) axmo H €& ta H #G, 1o H € HOpMATbHOWO B H "
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®akrop-rpymu H"* / H wasuBaroteca gpaxmopamu cuctemu S . Cucrema
S Ha3MBAETHCS HOPMAILHONW, SKIIO KOXKEH ii WIEH € HOPMABHOIO MiATPYHO0
yciei rpynu G.

1.2.7. Teopema [82, § 58]. Axwyo G —aoxanvrHo posze’azna epyna, mo 6oHd
mae  Hopmaneny cucmemy Kypowa-Yepnikoea, ¢axmopu kol  6yoyme
abenegumu.

Takox mnoTpiOHMMU  OyayTh JA€dKl PE3yJbTaTH Teopli  JOKAJIbHO
CKIHYEHHHX TPyIIL. [lepimmii pe3ynbrar, Mo BXKe CTaB KIIACHYHHUM, 1€ HACTYITHA

1.2.8. Teopema [83]. Arxwyo «roocna abenesa niocpyna JOKAILHO
ckinyennol cpynu (G 300080JbHAE YMOBY MiHIMAIbHOCHI, Mo (G 4epHIKOBCHbKA.
3oxkpema,  JOKANbHO — CKIHYEHHd pYynd 3  YMOBOK — MIHIMAIbHOCMI €
UEPHIKOBCHLKOIO.

3 Teopemu 4.8 kHuru [84] Ta icCHyBaHHS KiacH(ikailii CKIHUYCHHUX
MPOCTUX TPYI BUIUIMBAE HACTYITHE TBEPHKECHHS.

1.2.9. Teopema. Hexaii G — JOKaAIbHO CKIHYEHHA NpOCMA 2pynd.
Ipunycmumo, wo cuiosceki p-nioepynu (G po36'asHi Ol KOICHO20 NPOCHO20
yucaa p. Tooi G ne modsice 6ymu CKiH4eHHOBUMIPHOIO JIHITIHOIO 2pYNoIo.

1.2.10. Teopema [85]. Hexaii G — wHeckiHyeHHad JIOKAILHO CKIHYEHHA
npocma epyna. Ilpunycmumo, wo cunogcoki p-niocpynu G 6yoyms po3esazuumu
Ot KOJICHO20 npocmo2o ducia p. Axwo G He € CKIHYeHHOBUMIPHOIO JLHITHOIO
epynoio, mo 6ona micmums y cobi maxy nioepyny Y, uo yenmpaiena gaxkmop-

epyna Y/ S(Y) € isomopgpnoro abo oo PSL,(K), abo oo Sz(K) orsa Oeaxozo

HECKIHYEHHO20 JOKAIbHO CKIHYEeHHO20 NoJis K.
1.2.11. Teopema [86]. Hexaii G — epyna, KoxiCHA 61ACHA NIOSPYNA AKOI €
PO3ULUPEHHAM Y4EePHIKOBCLKOI NIO2pynu 3d OONOMO20I0 HIIbNOMEHMHOI 2pYyniu.

Tooi epyna G He moodce oOymu isomopghnoro oo epyn PSL,(K) abo Sz(K) oz

0Y0b-8K020 HECKIHYEHHO20 JIOKANbHO CKIHYeHNH020 noisi K.
HactynHuii kmacuyHuid pe3yabTar € BIIOMHM.
1.2.12. Teopema. ko G — CKiHYE€HHO NOPOOICEHA ePYNd, MO KOJICHA IT

nioepyna, wo Mdae CKiH4eHHUil iIHOexc, makooie Oyoe CKiHYeHHO NOPOOIICEHOIO.
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1.2.13. Teopema (auB, Hanpukian, [87, rnasa 1, teopema 1]). Axuo G —
Maiidice NOMIYUKIIYHA 2pynd, Mo 8OHA Oyoe pe3udydibHO CKIHYEHHOI.

1.2.14. Teopema (nuB, Hanpukian, [88, teopema 3]). Axwyo G —
CKIHYEHHO Nopoodxcend memabenesa 2pynd, Mo GOHA 3d00BOIbHIEC YMOGY
MAKCUMANLHOCHI OJ151 HOPMATILHUX NIOZPYA.

1.2.15. Teopema [2,3]. Hexai G — cpyna, xoocHa nioepyna Kol
Hopmansha. Axuo eona ne ¢ abenesoio, mo G byoe npsamum 00OYmMKoM cpynu
K8AMEPHIOHIG, eleMeHmapHol abenegoi 2-ecpynu ma nepioouyHoi abenesoi epynu
Oe3 enemenmic nopsioxy 2.

1.2.16. Teopema (nuB, Hanpuknan, [89, teopema 7.4]). Hexaii epyna G ¢
00'eonanusim CrindeHHol MHodcuHu abenesux niozpyn. Tooi ii yewmp mae
CKIHYEHHUT THOEKC.

1.2.17. Teopema (auB, Hanpukian, [89, Teopema 1.6]). Hexait G — FC-
epyna. ko 6ona € 8ilbHol0 810 CKpymy, mo 6onda byoe abenesoio.

1.2.18. Teopema (auB, Hanpukian, [89, Teopema 1.6]). Hexait G — FC-
epyna. Munooxcuna ecix ii enemenmis, wo malome CKIHYEHHUI NOPSIOOK, € IT
XApakmepucmuyHolo nio2pynoio.

1.2.19. Teopema (nuB, Hampuknaxa, [78, wacmimok 5.12]). Hexaii G —
ckinyenna epyna. Ilpunycmumo, wo A — ZG-mooyre ma B — iioeo 2 -
niOMOOYb. AKwo aoumusna epyna mooyis A € CKiH4eHHO NOpOOICEeNHOI0, MO
icnye maxuti 2 -niomooyne E, wo nepemun BNE ma paxmop-epyna
A/ (BN E) 6yoyms cxindennumu.

1.2.20. Teopema (nuB, Hampuknaxa, [78, wacmimok 5.15]). Hexaii G —
ckinvenna epyna, F — noise ma A — FG-mooyme. Ilpunycmumo, wo abo

char(F)=0, abo char(F) wue oinume nopsook cpynu G. Tooi A 6yoe

Hanisnpocmum I'G-mooynem.

1.2.21. Teopema (nuB, Hanpuknan, [1, nponosutts 7.11]). Hexai D —
oeoexinoosa obnacme, P — maxcumanvuuii ioean xineys D ma A — P-mooyins Hao
D. Mooyne A 6yoe apmunogum mooi i miieku mooi, KoIu apmuHosum 0yoe
1020 nudcnin wap €, (A).
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1.2.22. Teopema (nuB, Hanpuknana, [1, nponozuiis 7.11]). Hexaii D —
oeoexinoosa obaacms ma A — mooyine Hao D. Mooyne A 6yoe apmurnosum mooi

1 MiIbKU MOOI, KOAU

A=aD®. ®aDOC, ®..®C,,

oe C, — nplogpeposuii P -niomooyrs, P eSpec(D), 1<j<k, ma

J
Anny(a)=P", P e Spec(D), 1< j<n.

1.2.23. Teopema (nuB, Hanpuknan, [1, teopema 5.26]). Hexai D -
oeoexinoosa obracme ma A — mooyas Hao D. HAxwo A € nepioouunum ma
nooineHUM, Mo A 6yOe po3riaoamucs y npsimy cymy nprogeposux niomooyis.

1.2.24. Teopema (muB, Hanpuknan, [1, wacmimok 6.5]). Hexaii D —

oeoexinoosa obnacme ma A — mooyine Hao D. Hxkuo Ann,(A) € nenyivosum,

mo A 6yoe po3xnadamucst y npsamy Cymy YyukaivHux niomooyiie.

1.2.25. Teopema (nuB, Hanpuknan, [1, teopema 9.15]). Hexai D -
oeoexinoosa ooracme ma A — P-mo0ynb HaAo DD 015 0esik020 MAKCUMATbHOSO
ioeany P. Tooi A micmums y cobi maxuii D-cepsanmnuii niomooyie B, wo B
PO3KINAOACMbCSL Y NPAMY CYMY YUKITYHUX RIOMOOYI8, a axmop-mooyie Al B
0yoe D-nooineHum.

1.2.26. Teopema (nmuB, Hanpuknan, [1, teopema 8.11]). Hexai D -
oeoexinoosa obnacmoe ma A — mooyae nao D. Axwo B — cepsanmuuii D-

niomooyns A, ona axoeo Ann,(A) € Henynvoeum, mo A 6yoe poskiaoamucs y
npamy cymy A=B® C oxa oesxoeo D-niomooyisa C.

1.2.27. Teopema [80, nema 1]. Hexait G — epyna, a — ii eremenm, wo mac
CKIHYEHHY MHOJMCUNY chpssicenux. Tooi HopmanibHe 3amMuKdantsl <a>G oyoe abo

CKIHYEHHUM, aDO POSULUPEHHSM CKIHYEHHOT niO2pynu 3a OONOMO20I0 BLIbHOT IO
CKpYmMYy CKIHYEHHO NOPOOJICEHOT abenesoi epynu.

1.2.28. Teopema (nuB., Hanpuknaxa, [79, teopema 23.1]). Hexaii G —
nepioouyHa nooinvHa abenesa cpynd. 100i 80HA PO3KIAOAEMbCS YV NPSAMUL

000YMOK KEAZIYUKILIYUHUX NIOZPYA.
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1.2.29. Teopema [90]. Hexai G — JaokanvHo CKiH4eHHA —epyna.
IIpunycmumo, wo cunoscoki p-niocpynu (G € 4epHIKOBCOKUMU OJSl KOICHO2O
npocmoeo yucia p. Tooi epyna G 6yoe matioice 10KkaIbHO o386 'SI3HOIO.

1.2.30. Teopema [91]. Hexaii G — nepioOudHa J1OKANbHO pO3643HA 2pyNd.
Ipunycmumo, wo cunrogcoxi p-niocpynu (G € 4epHIKOBCbKUMU O OeaK020

npocmozo  yucia p. Tooi gaxmop-epyna G /O, (G) 6yoe 4epHIKOBCHKOIO

2pynoio.
1.2.31. Hacainok. Hexaii G — nepioouuna matidice JOKANIbHO pO36's3HA
epyna. Ilpunycmumo, wo cunrosceki p-niocpynu (G € 4epHiKOBCbKUMU Ol

oesikozo  mpocmozo  yucia  p. Tooi  paxmop-epyna G /0O, (G)  6yoe

YePHIKOBCLKOIO 2PYNOIO.

1.2.32. Teopema (muB., Hanpuknaxa, [92, teopema 2.4.5]). Hexani G —
JokanvHo ckindenna epyna ma C — il HopmaivHa YyepHikoscbka nioepyna. Axkuyo
[CO)NTNG/ C)=L, mo nioepyna C mae oonoeHeHHsi i 8Ci Yyi OONOBHEHHS
cnpsoiceni y epyni G.

1.2.33. Teopema (nuB, Hanpuknan, [78, nponosuuis 5.19]). Hexaii G —
ckinvenna ecpyna, A — 7. -M00yib, AOUMUBHA 2PYNA SAKO20 € NePIOOUHHOIO.

Ipunycmumo, wo TI(A) NING)=. Tooi A=C(G)D[A4,G].
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PO3/ILJI 2
T'PYIIN, BJACHI IIITPYIU IKUX MAIOTH
YEPHIKOBCBLKHIT KOMYTAHT

Hexaii G — rpyna, y sgkoi cucrema L (G) cKmagaeThes 3 MIACPYI,

RON—norm

10 MAKOTh YEPHIKOBCHKMI KOMYTaHT. TyT MOKJIMBI Bl KpaiiHi AlaMEeTPAIBbHO
NPOTUJICKH] cuTyallli: (a) cucrema L (G) € mycrow, Ta (0) cucrema

ROon—norm

L (G) cKkmagaeTbed 3 yCIX BIACHUX MmArpyn rpynu G. Y mnepumomy

RONn—Rnorm

BUMAJKY BCl MIArpynu rpynu (G € HOPMAJIbHUMH, 1 CTPYKTypa Takoi rpynu
JaBHO BioOMa. Y APYroMy BHMAAKYy BCI BJIACHI MArpynu rpynu G MaroTh
YEPHIKOBCHKI KOMYTAHTH, 1 I BUMAI0K NOTPEOYE CEMIAIbHOTO AOCIIKEHHSI.
Lle BaxnMBHil mepmMii eranm y AOCHIKEHHI TPynl, BCl MIATPYNHA skux ado

HOPMAaJIbHI1, 800 MaKOTh YEPHIKOBCHKUII KOMYTAHT.
2.1. llonepeaHi pe3yabraTu

Mwu nOYHEMO 3 HACTYIMHOIO HEBEIMKOTO y3araJlbHEHH JJeMu [inmaHna.
2.1.1. Jlema. Hexaii G — epyna ma F — i ckinyenna niocpynd. Axkuo

MHOJICUHA NiOepyn, cnpsidicenux 3 I, € ckinuenHolo, mo HopmaivHe 3aMUKAHHS]
FY nioepynu IF maxooic 6yoe ckindennu.

Jlogedenns. OCKUTbKH [ Ma€ CKIHYEHHY MHOKMHY CIPSDKEHMX MIATPYIL,
TO ii HOpMamizatop N,(F') Mae ckiHueHHWH 1HAexe y rpym G. Tomi [/ Oyne
HOPMAJIBHOK CKIHUEHHOK HIArpynow B /1 = N,(F). 3BlACKM BUILUIMBAE, LIO0
neHrpamszarop C,(x) Mae B marpyni /4 CKiHYEHHUH 1HAEKC s OyJb-sKOTO
enemeHta xeF'. Ockinbku 1HACKC |G:H | € CKIHYEHHMM, TO TAKMM K€
CKiHYeHHUM Oyne 1 iHaeke | G: C,(x)| s Oyap-sKOro eneMeHTa X IArpynu £

3actocyBaBi Jemy 1.2.1, orpumaemo 1o (pakT, 0 HOPMAJIbHE 3aMUKAHHS

G . .
<x> OyJe CKIHYEHHUM Ui KOXKHOro enemeHra xe /7. Ockulbku F €
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CKIHYEHHOK, TO ii HOpMaJlbHE 3aMHWKaHHS MOPOHKYETHCS CKIHYCHHOIO

. G . . .
MHOYKHHOIO MIiArPYII <x> , KOOKHA 3 SIKUX € CKIHYEHHOIO. 3BiJICH 1 BUILUIMBAE
ckinuennicTs . []

2.1.2. llpono3unis. Hexan G — epyna ma H — ii nioepyna. Jlani, nexaii
X — xuac epyn, o 3a00801bHIE HACMYNHI YMOBU.

(a) X=SX,

(6) X=N,X,

(8) KoJICHE posutupenHs 006LbHOI X -epynu 3a OONOMO2010 CKIH4eHHOI
epynu Hanedcums 00 xknacy X .

Axwo H nanescums 0o xiacy X ma muodcund niocpyn, cnpsiscenux 3 H,
€ crindentolo, mo nopmansue samuxanus HS nidepynu H marxosc nanesicums
oo kaacy X.

Jlogeoenns. OCKinbkn H Mae CKIHYEHHY MHOKUHY CIPSDKEHUX MIATPYIL,
To ii HOpmamizarop N,(H) maec ckiHucHHui 1HAexc y rpymi G. Hexait
{H,=H,H,,...H,} — MHOXWHA BCIX MArpyI, cupsbkeHux 3 4 y rpyni G. Toxi 1
KOKHUE HOpMamizatop L, = N;(H ) Oyne maru B rpymi G CKiHYCHHUH iHIEKC,
0< j<n.Cnj BIAMITATH, IO KO H ;= x'Hx, 101

L, =Ng(H,)=N;(H")=N;(H)",0<j<n,
TaK 0 MHOXHUHA {L,,,L,,...,L, } Oyae TOUHO KJIaCOM CIPSDKEHUX MIArPYIL. 3 TOrO

akry, mo ingexcu |G:L,| € ckindeHHumu, 0< j<n, OTpUMAaEMoO, moO i

nepetud K = ~ MYCHUTH MaTH B C'PVIII KIHYeHHWN 1Haeke. Takox ciifg
epe K L, myc a yii G CKiHYe aeke. Takox cii

0<j<n
3a3HauuTH, WO miArpyna K yxe Oyae HopMmanbHOK B rpyni G. BIHOYeHHS

1 1 Yy _
K <N,(H,) 3abesneuye piBHicTe H) =H, 6 115 KOXHOTO €IeMEHTa y 3

miarpynu K ta koxxnoro 0< j <n. [loknanemo TJ =H ; N K , Toai OyiemMo mMatu
I"=(H,nKY =HNnK"=H,NnK=T,

JUTS KO>KHOTO efeMeHTa y 3 K 1a koskHoro 0 < j <n. [Hakmie kaxyuu, miarpyna
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I, Oyme HopmambHOHO B K mpu KokHOMY O< j<pn. 3 piBHOCTI X =SX
OTpUMAEMO BKJIOUeHHs 7, € X, 0< j <n. 3a natmumu ymoBamu X =N X, a e

TATHE 3a cO00K0 TOH (akT, Mo A0OYTOK 7, -...-7 TIOBUHEH HAJIEXKATH IO KIIACy
X. € oueBnaHuM TOH (pakt, mo miaMHOXuHA {7,,7;,...,7} YyTBOPIOE KIiac
CIPSDKCHUX MArpyn. A 1e o3Hayae, mo ix pol0yrok 7'=7 -..-1 Oyne
HOPMAJIBHOIO B G MIATPYIIOKO.

Maemo Tenep 13omopdizsm H7'/T=H/(HNT). Jdam MaeMO Takox
BKIHOUeHHA 1, =H NK<H ta 1, <7, tak mo 7, <H N7. 3 Toro ¢axry, mo
K — HopManebHa B (G miarpymna, oTpumMaemMo wio mnepetiH H MK  Oyxae
HOpMabHOKW B H miarpynoro. [Bomopdism H /(HNK)=HK /K pasom 31

CKIHUEHHICTIO (akTop-rpynu (/K moka3zye, mo mnepetnH HNK wmae
ckiHueHHMI 1Haeke B H. Ockinbku H MK wmictutecss B H N1, TO nepeTuH
H N7 wmae ckiHueHHuii iHaeKe B H, a ockuibku H1T /T =H /(H NT), 10 11€
JIOBOJUTH CKiHYeHHICT, H7' /7. Takum wywmHOM, H7' /7T € CKIHYCHHOIO
miarpynow (¢akrop-rpynu G /7, ska Ma€ CKIHUEHHY MHOXHHY CHPSHKCHHX

marpyn. 3 Jgemm  2.1.1 orpumaemo, mo ii HOpManbHE 3aMHKaHHS

(HT'/T)" =H°T /T 6yae CKIHYEHHOK MiATPYHON0. 3a3HAYUMO  TOM

oueBuHMI (akT, o miarpyna " micturhed B H 7 | Tak 1o OTPUMAEMO PIiBHICTE
H°T =H°. Hapewri, ckinuennicte H° /7 Ta BkmoueHHs 7'e X pasoMm 3

YMOBAMH IIbOT0 TBEPKEHHs MOKA3yI0Th, o H ° Hanexwuts 10 knacy X. [

2.1.3. Hacaipok. Hexait G — epyna ma H — iT uepnixogcvrka niozpyna.
Axwo mnoocuna nioepyn, chpsoicenux 3 H, ¢ cxindennolo, mo i HopmaibHe
samuxanns HS marooic 6yoe uepHikoscokolo nidepynoio.

O4eBHAHO, WO KJIAC YEPHIKOBCBKMX TPYI 33J0BOJIBHSIE BCIM yMOBaM
npono3uuii 2.1.2.

2.1.4. Jlema. Hexaii G — pozg'azua epyna. Axwo G micmums y cobi eiacti
nioepynu  CKIH4eHHO20 [HOeKCy 1 KodicHa eidcHa nioepyna 2cpynu G mae

yepnikogcokuti komymanm, mo [G,G| 6yoe uepnixo8cokoio niozpynoio.
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Jloseoennsa. Ockiibkn (G € PO3B'SA3HOK0, TO BOHA MICTUTh y COOl TaKy
HOpMaJIbHY miarpyny L, mo ¢akrop-rpyna G/ L. Oyae CKIHYEHHOK LHUKJIIYHOI)
P-TPYIIOKO TS IEAKOTO MPOCTOro uncina p. [lo3HaunMo yepes gl nopoKyroInii
eneMeHT 1iei pakrop-rpynu, 100tTo G/ L =<gL>. [IpunycTuMo Crovarky, 1o
EIIEMECHT ¢ Ma€ CKIHYCHHHMIA NOpAIoK. 3a Hammmu ymoBamu (/L Oyne p-
IPyNo, TOMYy MH MOXEMO BBRKATH, IO g € p-€IEMEHTOM. 3 BUOOpY L
BUIUTMBAE, MO ii KoMyTaHT [[,[l] Oyae 4YEpHIKOBCHKOK MIArpynor. Hamioro
HaHOMIKUOK METOK OyJie moKazaTH, 10 KOoMyTaHT (aktop-rpynu G/[L, L]
OyJie YepHIKOBCHKOIO MIArPYIor0. 3aCTOCYBaBIINA PIBHOCTI

[G/[L,L,G/[L, L =IG,GI L, L)/ [L,L1=[G,G]/[L, L],
oTpuMaeMo ToAal, WO 1 [(,(G] € YEpHIKOBCHKOK MiArpynor. OCKIJIbKK BCi
HACTYITHI apryMeHTH OyAyTh 3aCTOCOBYBATHCH 10 (hakrtop-rpymu G /[L,L], TO,
o0 He POOWTH MO3HAYEHb AYXKE TPOMI3AKMMM, MPOCTIIIE NPHUITYCTUTH, IO
niarpyna /. Ma€ OqMHAYHUN KOMYTaHT, TOOTO € abeneBoro. Sk Mu modaummo 3
NOJAIBIIOrO, € HE OOMEXHTH 3arajlbHOCTI HAIIMX MIPKyBaHb. 3 TOro (hakry,
o L € aGeneBoto 3pa3y BUIUIABAE, WO MepeTH S =(g) N L Gy1e HOpMAIbHOK
niarpynoro yciei rpynu G. OCKUTbKH BOHA € CKIHYEHHOK, TO OyJe H0CTaTHIM
JIOBECTH, IO KOMYTaHT (pakTop-rpynu (/S Oyae YEPHIKOBCHKOIO MIATPYIOL0.
Sk nme Oyno paniiie, mod HE YCKIAIHIOBATH MO3HAYEHb, MOKEMO BBAXKATH
niarpyny S oquHuYHOK. [Ipunyctumo, mo /. MicTATh y co01 BIAacHI MiArpynu
CKIHYEHHOTO 1HAEKCY. 3 Toro (akty, mo ¢akrop-rpyna G/ [ € CKIHYEHHOIO,
OTPUMAEMO TOAl, WO /. MICTUTh y cO01 BiracHy (-1HBapiaHTHy miarpymny K.

Skmo npunyctuty tenep, mo G cniBnaaae 3 JOOYTKOM miarpyn K ta ( g}, TO
OTpHMAEMO piBHICTE L =K (L all g)) =K, AKa OPUBOJUTH 10 IPOTUPIYYS 3
BrOoOpoM miarpynu K. OTpuMaHe MpoTHpIvYs MOKa3ye, mo J00yToOK £ =K ( g)

OyJae BiIacHO MiArpynor B G. 1le Bixke Tiarue 3a coOO0r0 TOM (PakT, 10 KOMYTaHT

D migrpynu K (g) OyJie YEPHIKOBCHKOI MiArpynorw. OCKulbKK (akTop-rpyna

G/ L. € abeneBoro, TO miArpyna /. MictuTh y ¢o01 komyTaHT [G,(G], a 3Ha4YUTh
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oTpuMyeMO BKIOUeHHA D <[G,G]< L. Toi ¢akr, mo ¢axrop-rpyna £/ D
Oyne abeneBoro, TATHE 3a COOOKD PIBHICTH (1) =[gD,KD/ D]. 3 iHuoro 0oky,

niarpyna /. Takok € a0eNeBor, Tak IO B3aeMHMA komyTaHtT [L/D,KD/ D]
Oyae onuHu4yHuM. [IpuiiHsaBIM 10 yBaru Toil (akrt, mo rpyna G € no00yTKOM

migrpyn (g) ta L, orpumaemo BkimroueHHs KD/ D <¢(G/ D). CKiHYCHHICTD

¢daxtop-rpyn G/ L Tta L/K TArHE 3a COOOK CKIHYEHHICTH (DaKTOP-Irpynu
(G/D)/(KD/D). lnakwie Kaxyud, ueHTp (akrop-rpynu G/D  wmae
CKIHYCHHUH THACKC. Y 1boMY BUMAIKY ii komyTaut U/ D =[G/ D,G/ D] Oyne
CKIHYCHHOI MIATPYNoOr 3a kKjaacuyHoro Teopemoro . [llypa (Teopema 1.2.2).
Ane Tomi miarpyna U OyJie YEpHIKOBCHKOIO, a OTXke, 1 KoMyTaHT [G,G] Takox
OyJie YePHIKOBCHKOO MiArPYIIOKO.

Tenep HEOOXITHO PO3MIIHYTH BHIMAJOK, KOJIM MiArpyna /. HE MICTUThb Y
co0l1 BJaCHUX MIATPYM, IO MArTh B Hid CKiHYCHHMH 1HAEKC. OCKUIBKU [ €
a0eNeBOr0, TO BUOMPAEMO B HIM Taky BUIbHY a0eneBy miarpymy Y, 1mo (aktop-
rpyna L /Y yxe Oyae MepioAWYHOI, a Y BUMAJAKY, KOJM [, € NEPIOJUYHOILO,
OyaemMo BBakaTH miArpyny ! oaMHUYHOK. 3 Teopemu 1.2.28 oTpuMyemo, IO
L /Y Oyne npsmMum AOOYTKOM KBa3IUMKIIIYHUX MIATPYM. 3BIIACH OTPUMYEMO,
o /. MicTuTh y €001 Taky miarpymny V, mo L/V — KBa3iLMKIIYHA p-rpyna ajis
JESKOrO MPOCTOro yncia p. CKIHUEHHICTh (akTop-rpynu G/ L. TIrHe 3a cO00K0

CKIHYEHHICTh MHOXKHHHA {J* | x € G} . [lokmmagemo

V¥ xeGy =W, =V, aW=V,.

1< j<n
Jlist  AOBUTBHOTO eneMeHTa X Tpynu (G OyaemMo Martu  130MOpQi3M
L/V =LV =L/V, akuii nokasye, mo (akrop-rpyna L /V* takox Oynae
KBA3IMKIIYHOK p-TPYMoOr. 3acTocyBaBlIM Teopemy Pemaka, oTpumaemo
HACTYMHE BKJIaJAaHHS

LIWSsLIVx. . xL/V,
AK€, y CBOI 4Yepry, CBiAYMTH mnpo T, mo ¢akrop-rpyna L /W Oyxae

YEPHIKOBCHKOK. Cia 3a3HauuTv, 1o marpyna W € G-1HBaplaHTHOW, a
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no6yrok W (g) Oyae BracHow miarpynowo G. Lle Tsrae 3a o600 To# (akt, mo
KOMYTAHT ! MiArpynu W( g) OyAe YEPHIKOBCHKOIO MIATPYIO0. 3aCTOCYBABIIU
HABECHI BUILE aPryMEHTH, MM MOXEMO JOBECTH, II0 MAE€ MICLE BKIIFOUCHHS
WY /Y <Z(G/Y). CkinueHHicTh paktop-rpynu G/ L 1 1o ¢akt, mo L/W €
YEPHIKOBCHKOK), JAa€ MOSKJIMBICTH Temep JOBeCTH, o (akrop-rpyna
(G/Y)/¢(G/Y) Oyae YEpHIKOBCBKOK. Y [bOMY BHUNAAKY KOMYTaHT
Z/Y=[G/Y,G/Y] Oyne 4YEpPHIKOBCbKOK MIArpynow 3a Teopemoro 1.2.3.
3ragaeMo, Mo MIArpyna /Z € YEPHIKOBCHKOK, a 3HAYWTh 1 KOMYTaHT [G,G]
Takok OyJ1€ YEPHIKOBCHKOIO MIATPYIIOKO.

[TpunycTumo Temep, mi0 €IEMEHT g MAa€ HECKIHUEHHUI MOPAIOK. Sk 1e
B¢ OyJIO paHillle, MM MOKEMO MPUITYCTUTH, WO miarpyna /. € adenesoro. Lle
NPUIMYLICHHS TATHE 3a COO0K TOW (pakT, Mo mepetuH S =<g>mL Oyzae Bxke
MIArpymnoro, Mo HopMaibHa B ycid rpyni G. B ¢akrop-rpym G /S o6pa3 gS
€JIEMEHTA g BXXEC MA€ CKIHUCHHUH MOPSAIOK, 1 3 POIJISHYTOrO BUIIC BUILIMBAE,
o KomyTtanT (/S Oyae 4YepHIKOBCHKOK MNiarpymnoro. IlozHaummo uepes 7
NEPIOANYHY YacTUHY abeneBoi miarpynu L. 3azHaummo, mo 1 Oyae G-
IHBApIaHTHO MArpynoro. Posrmsiaemo daxrop-rpyny G/ 1.

Hexaii 7 #b7° — noBuIbHMH ememMeHT L/7, 1 mWOKIageMo
B/Tz(bT)G/T =(bT)<gT). Skmo (g7,B/T) — Bnacha migrpyma G /7, 1o ii
KOMYTaHT OyJ€ YEpPHIKOBCHKOKW MIATPynorw. 3 1HMWOro OOKy, KOMYTaHT
OArpynu (gT ,BIT ) MICTUTBCS B B/71, a Tomy Oyjae BUIBHOK BIJ CKPYTY
OIArpynorw. 3BIJCH BUIUIMBAE, [0 KOMYTAHT MiATPyNd (gT ,BI/T ) oyne
OIMHUYHAM, TOOTO enemeHTH g1 Ta b1 Oynyth mepectaBHUMU. [lpumyctumo

remep, wo  G/7I'=(gl,B/T). Tomi  Mae  Mmicue  piBHICTb
(B/T )(L /T m( gl )) =L/T. OueBuHUM € BKJIFOYCHHS

L/T m(gT )SCB/T(gT ), IK€ CBIMYMTH Mpo Te, o Cp.(g7) € HEONMHUYHOKO

niarpynor. Axmo B/ 7T =C,,(g7), TO 3HOBY OTPUMYEMO, 11O €1eMEHTH g1’ Ta
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bT OynyTh mnepecTaBHUMHU. TOMYy 3IMINWIOCH PO3INISIHYTH BUIANAOK, KOJH

B/T#C,,(gl)=C/T. OCKUIBKM B3ATTS KOpPEHS Yy BUIBHIA BIX CKPYTY

abenesiil rpymi € ogHO3HauYHUM, To C' /7 Oyjae cepBaHTHOW miarpynow B/ 1.
3 toro ¢akry, mo ¢akrop-rpyna G/ /1 € CKIHUEHHOI, BUIUIMBAE, WO B/ 71
OyJie CKIHYEHHO MOPO/PKEHOI0 a0€IeBOI0 MIArpynow, a ToMy B/ (C € BUIBHOIO
a0eNIeBOI0 TPYMOK CKIHYEHHOro paHry. Ane toal miarpyna C /7 BUAUISIETbCS
OPSIMUM MHOKHHUKOM, TOOTO Mae Micue npsmuid posknan B/7T=C/TxR/T
s peskoi  miarpynu R/7 (muB.  Teopemy 1.2.4). Maemo Tenep
(eI'YNR/T =(1), 30xpema, (gI',R/T) Gyae BIACHOK MiArPYNOH (akTop-
rpymi G/7. Slk Mu Bxke Oauwiu paHiole, y LbOMY BHIAAKy MiArpyna

(gT,R/T) e abenesoro, a Tomy Mae Micue Brtrouensst R /7 <Cy, (g7)=C/T .
Otpumana cynepeunicte nokasye, mo B/7'=C, (g7). Takum 4YuHOM, Yy

KOKHOMY 3 BUNaAKIB paktop-rpyna G/ 7 Oyzae abeneroto.

Ockinpku miarpyna 7 € mnepioAudYHO0, TO nepetuH 7' NS  Oyae
OJIMHUYHUM. 3aCTOCYBABIIM TEIEP TeopeMy Pemaka, orpumaemo, mo rpyna G
Oyae 130MOp(HOK A0 ACIKOT MIArpynu JIeKapToBoro no0ytky G/1T'xG/S. 3
Toro (akry, mo ¢akrop-rpyna G /7 € abeneBorw, a KOMYTaHT (paKTop-rpynu

(G/ S € 4epHIKOBCHKOIO MIATPYIIOI0, OTPUMAEMO TEMEP, 10 1 KOMYTaHT rpynu (G

OyJie YePHIKOBCHKOIO MiArPYIIOKO. []

2.1.5. Jlema. Hexai G — pose’asna epyna i npunycmumo, wo 60HA He
Micmume Y cobi IACHUX NIOSPYN CKIHYEHHO20 [HOeKcy. AKuo KOJICHA 61dcHd
nioepyna epynu G mac  4epHixoscekuti komymamum, mo [G,G] 6Oyoe
YepPHIKOBCHKOIO NIO2PYNOIO.

Jloeeoenna. Ockinbku rpyna G € po3B'I3HOKD, TO BOHA MICTUThH Y €001
TaKy HOPMaJIbHY MIATpyny B, mo BianoBigHa (akrop-rpyna G/ B 0Oyne
abeneporo. Crmia BIAMITATH Temep, O adeneBa rpymna, ska HE Mae BIACHUX
NIATPYN CKIHYEHHOTO 1HAEKCY, Oyae MOAUIBHOK. TakuM 4MHOM, (pakTop-rpyna
G/ B Oyne moauibHOK abeneBoro. Jlami 3a3HaumMMo, MO KOXKHA MOJAUIbHA

abenesa rpyna Mae KBa3iMKIlYHy (akrop-rpyny. Takum ynHOM, G MICTHTH Y
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co0l Taky HopMmanbHy miarpyny L, mo d¢akrop-rpyna G/ Oyzae
KB3IIUKIIIYHOI p-TPYIOK0 AJIs ACSIKOTO MPOCTOTO YMcia p. Y bOMY BHUMAIKY

ICHY€ TaKWH 3pOCTAr0UMil JTAHIFOXKOK MIATPYT

L=I,<L<.<L,<L,<.G=]L,,

nelN

0 KOxHMN dakrop L ., / L, Oyae DIUKITYHOIO IPyNor0 Mopsaaky p” npu n=0.

+1

Hexaii .

‘n+l

/Ly={g,,L,), n=0. 3 Toro daxry, wo L € BIACHOK MiArPyMOK

BUILIMBAE, IO ii kKoMyTaHT [/, /] OyAe 4epHIKOBCHKOK MIArpymnoro. [Tokaxkemo,
o ¢akrop-rpyna (G/[L,L] Mae 4epHIKOBCbKUI KOMYyTaHT. Sk 1e Oyyio mpu
JOBEJICHH] MOMEPEAHBOT JIEMU, HE OOMEKYIOUH 3arajlbHOCT] HAIIUX MIPKYBaHb,
MO>KHA IPUITYCTUTH, WO miArpyna [, /L] Oyae oMIMHUYHOK. [HAKIIE KOKYyYH, MU
MOKEMO BBakatu miarpyny /. adeneporo. Ockiibku 1 ¢akrop-rpyna G/ L €
abeneBoro, TO It OyIb-SKOrO eJIeMEHTa X Tpynu (G B3aEMHHUI KOMYTaHT [X, A]
OyJie MiArpynoro, HOPMAJIBHOKW B ycii rpym G. [{IiCHO, SKIIO y — AOBUIbHUMA
eNeMeHT rpynu (G, TO Ma€ MICHE PIBHICTh Xx* =xb s IEIKOro eaemeHta b 3
miarpynu L. BpaxyBaBmm Toil ¢akt, mo [ € adeneBorw MArpynorw, s

JOBUIBHOTO €JIEMEHTA @ € . OyAeMO MaTH PIBHICTh

[x,a) =[x",a’ ] =[xb,a’ =[x, 1[b,a’]=[x,a"].
3 Toro (pakty, mo [, € BIACHOK HIATPYNOI0, BUILIMBAE, MO ii KOMyTaHT Oyne
YEPHIKOBCBKOIO MIATPYNOr. 30Kpema, B3aeMHU KomyTaHT [g .l] Oyzae

YEPHIKOBCHKOK MIATPYNnow Juist Oyab-sikoro n>0. Bubepemo J0BUIBHI

eneMeHTd X,y <(G,a< .. 3HOBYy 3 ypaxyBaHHsSM Toro, mo [ — aleneBa
niArpyna, MaeMo
[xy,a]l=[x,al[y,al=[x,a’][y,a]l €[x, ][y, 4].
3okpema, [x*,A4]e[x,A], a Tomy [(x),A]z[x,A]. 3BifcH BHILIMBAIOTH
HACTYIMHI CH1BBIIHOLIEHHS
[g,-L1=[(2,).L |<[(g,u).L |=[&a-L].

TakuM YMHOM, OTPUMYEMO HACTYITHY 3POCTar04y MOCIOBHICTh
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(g, L1=[g L1 <. <[g,, LI<[g,, LIS

(G-1HBapIaHTHUX YEPHIKOBCHKMX miarpyn /L. Skmo F € CckKiHYeHHOW G-

IHBapP1aHTHOXO MATPyNor L, 1o ¢pakrop-rpyna G/ C,(F) Oyne CKiHYEHHOO. 3a

HallUMKA yMoBaMM (G HE MICTUTh Yy €001 BJIACHUX MIArPYN, I[NO MAKOTh

CKIHYEHHUI 1HAEKC, 1 1€ MPUBOIUTH HAC 10 PIBHOCTI G =(C,(F'), sKa MOKA3ye,
mo /<¢(G). Hexaih tenep C — 4YepHIKOBCbKa (G-1HBaplaHTHA miarpymna L.

Ockineku C € abeneBoro, TO BOHA Oyae 00'€MHAHHSM CBOiX CKIHUYEHHUX G-
IHBapiaHTHUX TIATPYN. 3 JOBEIEHOrO BUIIE BUIUIMBAE HACTYMHE BKJIHOUCHHS

C <<£(G). 3okpema, ueHtp £(G) mictuthb y coli [g,,L] g KoxHOro n=0.

[Toxnagemo K = U[gn,L], tom K <¢£(G) 1 3aBasguyroun BUOOpY miarpynu K,

nelN

¢daxtop-rpyma L /K Oyne alOeneBor Tpynorw mins KOXKHOTO n=0.

BpaxoBytoun tenep piBHiCTE (= ULn , OTPUMAEMO, 10 1 BCS (akTop-rpyna
neN

HUIBIMOTEHTHOCTI HE IEPEBULITYE 2.
[Tpunyctumo cnovarky, mo (G Oyne nepiogu4Horo rpynor. Toai MaeMo

CTaHAapTHUM npsmui posknan G =Dr, G, , 1e G, — CHIOBCbKa p-miarpyna

G. Slkmo npunyctuty, mo MHOkHUHA [1((G) MICTUTH HE MEHII HIXK JBA MPOCTUX
yucaa, To rpyna G Oyjae npsMuMm Ao0OYTKOM JBOX CBOIX BJIACHUX MIATPYM, A B
bOMY BHIMAJKY ii KOMyTaHT OyJe YEpHIKOBCHKOK MArpymnor. [Ipumyctumo

tenep, wo I[I(G)={p} nad AEIKOro MNpoOCTOro 4YMUClIa p. 3aCTOCYBaBUIN
npono3uuiro 1.2.5, orpumaemo BkmtoueHHs [ <¢((). IlpuitHsaBmm tenep o

yBaru Toil pakt, mo G/ L — J0KadbHO LUKIIIYHA IPyMNa, OTPUMAEMO, 110 rpyna
G Oyne abeneroro.

3aUIIMI0OCh PO3TJITHYTH BUMAIOK, KOJM rpyna G He Oy nepioM4YHOKO.
OCKIJIbKA BOHA € HIJILIIOTEHTHOI), TO MHOKMHA 7' BCIX ii €IEMEHTIB, 1[0 MalOTh
CKIHYEHHHMI MOpsSAoOK, Oyle XapakTepUCTHYHOK MIArpynor. dakrop-rpyna

G /T BXe € BUIBHOK BIJ CKPYyTy, a ToMy rpyna (G Ma€ TaKky HOPMAJIbHY
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miarpyny S, mo G /S Oyae BUIBHOKO BiJl CKPYTY MOJIJILHOO a0€IEBOK0 TPYIOH).
VY CBOK Hepry, 1€ TPUBOJUTE IO ICHYBAaHHS Takoi HOPMAIBHOI MArpynu K, mio
G/R=U/RxV/R,ne U/R 1a V' /R € KBa31LMKIIYHUMH IPynamu. 30Kpema,
rpyna G Oyae noOyTKOM JABOX CBOiX BIAaCHMX HOpMaibHUX miarpyn U, V,
NEPETHH SKUX AOPIBHIOE miArpymi R. 3 Toro ¢akry, mo U, V' — BIacH1 mArpymnu,
BUIUIMBAE MO iX KOMYTaHTH OyIyTh YEPHIKOBCHKUMU miarpynamu. [Tokmaaemo
D=[U,UNV.,V]. Tenep Bxe ¢pakrop-rpyna G/ D Oyae n1oOyTKOM IBOX CBOiX
HOpMaJibHUX abenepux marpyn UD/ D ta VD / D. Tomy uentp rpynu G/ D
MICTUTh iX mTepetmH F£ /D, a OCKUIbKA € OYEBUJHUM BKJIKOYCHHS

RD/D<E/D, 10 ¢akrop-rpyna (G/D)/(G/ D) € 4epHIKOBCHKOK. AJie
Tonl kKomytaHt [G/D,G/D] Oyae YEpHIKOBCHKOK  MIATPYNOKD  3a

TeopeMoro 1.2.3. Ockuibku D € 10OyTKOM JBOX HOPMAIBHUX YE€PHIKOBCHKHX

OIATPYI, TO MIArpyna /) € YEPHIKOBCBKOKO, a OTXKE, 1 KOMyTaHT [(7,(G] Takox

OyJie YepHIKOBCHKOIO MiArPYIIOKO. []

3 nem 2.1.4 Ta 2.1.5 0e3n0cepeIHBO BAMIIIMBAE

2.1.6. Hacaipok. Hexaini G — pose'asna epyna. Axwo KoodcHa 6irdcHa
nioepyna epynu G Mae 4epHIKOBCbKUL KOMYymanm, mo xomymanm ycici epynu GG
OyOe 4epHiKOBCHKOI NIO2PYNOI0.

2.1.7. llpono3unis. Hexaii G — maiioce poszs’asna epyna. Axwo kodcHa
ginacra nioepyna cpynu G Mac 4epHikOBCoKUti KOMYmMAaHm, mo KOMYymamnm ycici
epynu (G 6yoe uepHiko8cbKoio NiO2PYNoIo.

Jloseoenna. Ockiibku G — Maike po3B'sa3HA, TO BOHA MaE HANOUIbIITY
HOPMaJIbHY PO3B'si3HY miArpyny S (po3p'si3Huid pagukan rpynu (). Skmo mae
MICLE PIBHICTh S =(, TO 3 HACTIAKY 2.1.6 OTpUMAEMO, IO KOMYTaHT rpynu G
OyJle YEPHIKOBCHKOI MIArpynorw. Tomy mpumyctumo, mo S Oyae BIIACHOKO
miarpynot B . Hexait 1./ S — noinbHa BiacHa niarpyna gaxkrop-rpynu G/ .S.
Tom [ Oyne BmacHorw miarpynow (G, a tomy ii komyrtanT [[,L] Oyne
YEPHIKOBCHKOK MiArpynor. CKIHUEHHICTh 1HACKCY |G :L| 1 ToW QakT, 1o

KOMYTaHT [[,l] € HOpPMaJbHOK NIATPYNOK B [, BUIUIMBAE, L0 IHAEKC
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|G:N;([L,L])| Oyne ckinueHHUM. [Hakme kaxyuw, miarpyna [L,L] mae B
rpyni G CKIHYEHHY MHOKMHY CHPSDKCHHX. 3 Hacaiaky 2.1.3 otpumaemo, 1o
HOpMaJibHe 3aMkHeHHs [L.L]° Oyne uepHiKOBCHKOIO Miarpynoro. ITozHaummo
yepe3 I cuctemy yeix BaacHux marpyn ¢gakrop-rpynu G /.S . Ockiibku G/ S
€ CKIHYEHHOK, TO L CUCTEMA TaKOK OyJle CKIHYEHHOK. Y IbOMY BHITAJKY

CKIHUeHHOI Oyae 1 cucrema DO={[L,L]|L>S8,L/Se9M}. Tloknagemo
C =<[L,L]G|[L,L]e©>. 3 JOBEICHOTO BHINE BHUIUIMBAE, 10 HOPMAJIbHE

3aMHUKaHHS KOXKHOI MIATPYNH 3 CUCTEMU D € YEPHIKOBCHKOKO MIATPYIOI0, TOMY
3 TOro (pakTy, Mo cucreMa © € CKIHYEHHOK, OTPUMAEMO, 1o miarpyna C Oyae
yepHikoBCbkO. [lami, [S,5]1€®©, tomy [S,S]<C, a 3Hauuth, [S,S]<SC.
Bpaxysaemu i3omopdizm SC/C =S/ (SNC), otpumaemo tenep, mo SC/C €

adeneBoro. 3okpema, ko G=CS, TO Bce 10BeAEHO. TOMY MPUMYCTUMO, LIO
CS € BnacHotwo niarpynoro rpynu G. Skmo L/ SC — BnacHa niarpyna ¢gpakrop-
rpymu G/ SC, 1o L/S Oyne BnacHow marpynorw B (G/S. 3BiACKH BUILTMBAE
BKIIIOUECHHS [L,L]<C, ke moka3ye 30kpemMa, mo /1 /SC — abeneBa miarpyna
G/ SC. TakuMm yrHOM, KOKHA BiacHa miarpyna G/SC Oyne aGeneBoro. Ale
toal (aktop-rpyna G/ SC Oyne po3s's3HO0 (auB. mpomo3uuir 1.2.6). OTxe,
G/C Oyne po3B's3HON Tpynow. 3HOBY BHUKOPHUCTABIIM HACJAiAOK 2.1.6,
oynemo matu, mo komytant K /C daktop-rpynu G/ C Oyae 4epHIKOBCHKOIO
niArpynor. 3 Toro ¢axty, mo (' — YepHIKOBChKA MIATPyNa, BUIUIMBAE, 1O 1

niarpyna K Oyne 4YepHIKOBCHKOKW. 3 OYEBMAHOTO BKIOUEHHS [(G,G]<K

oTpuMaeMo, o [G,G] Oyae 4EPHIKOBCHKOK MIATPYIOKO. []

2.1.8. llpono3unis. Hexai G — 10KanvbHO po36'sasHa epyna. Akuo KodcHa
giacra nioepyna cpynu G Mac 4epHikO8CoKUti KOMYMAanm, mo KOMYymaum ycici
epynu (G 6yoe 4epHiko8CvbKoI0 NIOSPYNOIO.

Jloeeoenna. Teopema 1.2.7 nokazye, mo rpyna (G Mae HOPMaJIbHY
cucremy Kypoma-Uepnikosa, (pakropu sikoi OynyTe abeneBumu. Skmo rpyna G

MICTUTB y OOl BJIIACHY MIATPYNY CKIHYEHHOTO 1HAEKCY, TO BOHA MICTHTh Y CO01
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BJIACHY HOPMAJIbHY MIATPYNY CKIHYEHHOTO 1HAEKCY. OCKUIBKM KOMYTAHT Oylb-
SIKOT BJIACHOI MIATPYNH € YEPHIKOBCHKOIO MIATPYIOI0, TO Ipyna (G € pO3B'sI3HOIO,
1 TOMy MO’KHA BUKOPHUCTATH HACainoK 2.1.6. Tomy Oyaemo BBakaTH, 110 Tpyna
G He MICTUTh y c0Ol BJACHHUX MIAIPYyN CKIHYEHHOTO IHAEKCY. SKmo [ €

CKIHYEHHOK HOPMAIBbHOK miarpynow G, 1o ¢axrop-rpyna G/C.(F) Oyne

TaKOX CKIHYCHHOK. Haime mnpunylmeHHs NOpUBOIUTE TEMEp A0 PIBHOCTI
G=C,(F), ke o3Ha4ae, Mo ueHtp ¢ (G) Mictuts y coOl miarpyny /. Hexaii
tenep C — 4YepHIKOBCbKa HOpMmasbHa miarpyna (. Ilo3naummo wepe3 D ii
noAUTbHY 4acTUHy. OCKIJIbKU ) € a0eseBor0, TO BOHA OyJe 00'€JTHAaHHSM CBOiX
CKIHYEHHMX (-IHBAPIaHTHUX MIACPYH, 1 3 JOBEACHOTO BHUIE BHILJIMBAE
BiOUeHHS D < (G). B dakrop-rpyni G/ £(G) miarpyna CS(G)/ £(G) Oynae
BXKE€ CKIHUCHHOI) Ta HOPMAJIBHOKO, 1 3HOBY 3aCTOCYBaBIIM HABEACHI BUIIIE
apryMeHTu, otrpumaeMo BKIoueHHs CC(G)/S(G)<(G/E(G)). Inakme
KaXyuu, apyruii rinepueHtp &,(G) rpynu G MICTUTE y ¢001 KOXKHY HOPMAJIbHY
YEPHIKOBCHKY miarpymny. [lozHaunmo tenep uepe3 K 00'eqHaHHS yCIX BIACHUX
miarpyn 3 cucremu S. Ockinbkn & € JiHINHO BIOPSAKOBaHOI, TO K Oyne
HOPMaIBHOK MArpynow rpynu G. SAxmo K # (G, TO 13 BIACTUBOCTER CUCTEMU
S sumumBae, mo (Gakrop-rpyna GG/ K Oyxae abeneBoro. Tenep, NpUAHABIIH 10
yBaru Ty o0ctaBuHy, o [K,K] € 4EpHIKOBCHKOK MiArPYNOK, OTPUMAEMO, IO
rpyna G Oyne po3B'sS3HOI0, a TOJI 3AIHAIIAETHCS BUKOPHCTATH HACHINOK 2.1.6.
Tomy mpunyctumo, mo K =G . OueBUAHO, BKIMOUEHHs [/ <}/ TarHe 3a co00r0
BrmtoucHHs [U, U] <[V,V], aTomy cuctema
M={[U,U]|UeG,U =G}

TaKoK OyJie JIIHIHHO BOOPSIIKOBAHOKO 34 TEOPETUKO-MHOKUHHUM BKJITFHOUCHHSIM.
3Biacu BUIUIMBAE, 1O 00'€¢qHaHHs M Bcix miarpyn cucremu 9T Oyne
HOPMAIBHOK MArpynor rpynu G. s KokHOi miarpynu U, mo HaJeXATh A0
cuctemu N, ii komyrant [U,UU] Oyae 4YEPHIKOBCHKOK MIArpymnow. 3

JOBENEHOr0O BUILE OTpUMAEMO BKIroueHHs [U,U]< £, (G). [Hakme kaKyuu, s

KOXKHOI miarpynu U, mo HalexkuTh 10 cuctemu I, dakTop-rpyna
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US,(G)/ &,(G) Oyne abenesoro. Ane Ttom ¢axtop-rpyna G/<,(G) Oyne

00'€THAHHSAM JTIHIAHO BMOPSJAKOBAHOI CHCTEMH, IO CKIIAAEThCA 3 aOENIeBUX
niarpyn. Tomy G/ &,(G) Oyne abenesoro. Lle noBoants To# (pakt, mo rpyna G

€ HUTBNOTEHTHOK. 3HOBY HaM 3JIMIINIOCH BUKOPUCTATH HACTIAOK 2.1.6.

2.2. CTpykTypa rpyn, BCi BJaCHI NIATPpyNnH AKHUX MAKOTH

YEePHIKOBCHKI KOMYTAHTH

Hama merta Tyt — 3'acyBaru OyAOBY Tpyl, IO HAIEXKaTb N0 AOCUTH
HIMPOKOTO KJIACY TPYII 1 MAKOTh BJIACHI MIATPYIH 3 YEPHIKOBCHKUM KOMYTAHTOM.

2.2.1. O3nauensst. / pyna G HA3UBAEMbCSL JIOKANGHO CIYNIHYAMOIO, AKUO
KOJICHA [ CKIHYeHHO NOpoOdceHd NIOSPYNd MA€E GAACHY NIOSPYNY CKIHYEHHO20
IHO€eKcCY.

Kiac okainpHO CTyMmiHYaTHX TPYIl € QYK€ MHUPOKUM, BiH MICTUTh Yy CO01
KJIACU BCIX JIOKAJbHO CKIHYEHHMX TPYII, JIOKAJBbHO Maiike PO3B'S3HHUX TPYIL,
JIOKJTBHO PE3UAYATbHO CKIHUEHHUX TPYIL.

HactynHuii pe3ynbrar € BIIOMUM, aje, OCKUIBKA MW HE 3MOIJIM 3HAHTH
BIJIMOBITHOTO OCHJIAHHSI, TO HABEAEMO HOT0 TYT 3 IOBEICHHSIM.

2.2.2. llpono3unis. Hexaii G — nokaneHo cmyninyama epynd. Axwo G
300060.1bHAE YMOBY MIHIMATbHOCHI, MO (G € Y4ePHIKOBCLKOIO 2PYNOIO.

Jlogedennn. Cnig 3a3HAUMTH  CHOYATKY, W10 KOXKHA TIpyna, sKa
3aI0BOJIBHSIE YMOBY MIHIMAIBHOCTI, Oye MEPIOANYHOK. TakuM YMHOM, rpymna
G € nepioguuHoro. [lo3HaunMo dYepe3 /7 NOBUIBHY CKIHYEHHO MOPOIKEHY
niarpyny rpymu  G. IlpunmyctuMo, 1o BOHA MOKE€ OyTH HECKIHUECHHOIO.
Ockiibku F' € CKIHYEHHO TOPOPKEHOKD, TO BOHA MICTUTH Yy €001 BJIACHY

miarpyny /4 CkiH4eHHOro iHaekcy. CKIHYEHHICTB 1HIEKCY |/ /[ | TArHe 3a
co0oro0 TOM (pakT, mo niarpyna [ takok Oyne CKIHYEHHO NOPOLKEHOK. Tomy,
y CBOIO 4epry, /| MICTHTb y €00l BJIaCHY IIArpyny F, CKIHYEHHOTO IHIEKCY.

Po3MipkoByrOUM MOAIOHMM YHHOM, MM TOOYAyEMO CTPOro CrHaJaruuil
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JAHIKKOK MIArPYI, IIO CYNepeuuTh Hamiii ymoBl. OTpUMaHe NPOTUPIUYs
JOBOAMTH TOM (paKT, 1m0 miarpyna £ MycuTh OyTH CKIHYEHHOK. TakuM YMHOM,

(G TIOKaJIbHO CKIHYCHHA. HapemwTi, JIOKaTbHO CKIHYEHHA Irpyna, IO 3310BOJbHSIE
YMOBY MIHIMaIBHOCTI, Oy/I€ YEPHIKOBCHKOKO (IUB. Teopemy 1.2.8). [

2.2.3. Jlema. Hexait G — JaokanwHO CMynIHYamad epynd, 6cCi GIACHI
nioepynu Axkoi maoms yepHixoecoki komymanmu. Axwo it komymanm [G,G| He
Oyoe yepHiko6cvKoio cpynoto, mo epyna (; € 34UCIeHHOIO.

Jloseoenna. Ilpunyctumo, 1o [G,G] HE € YEPHIKOBCHKOIO MIATPYNor. 3
npono3uiii 2.2.2 0TpUMY€EMO, [0 BOHA HE 3aJ0BOJILHSIE YMOBY MiHIMAJIbHOCTI.
Ane toail koMmyTaHT [(G,(G] Ma€ CTPOro cHajaryy CUCTEMY MIArpym

H>H,>.>H, >...

Bubepemo enemenw x, € H \H,,x,e H,\H,,...,.x, e H \H, _,,.... llokmagemo
Tenep X, = <x arE: n> , neN. LIl mArpynu Takox yTBOPATh CTPOro CHAAAKYY
cucremy X, >X,>..>X >... lle o3nauae, mo niarpyna X =X, HE MOXe
OyTH YePHIKOBCHKOR. OCKITBKA KOXKHUN CTEMEHT X, HAICKHUTH A0 KOMYyTaHTa

[G,G], TO 3HaiiieThCs Taka CKiHYCHHA MiAMHOXMHA M, mo x; €[7,7,], ne

T:(M > JjeN. Tloknamemo T=<Mj| jeN). Tomi 7" Oyae 34HUCICHHOIO

J J
miarpynowo ta X, €[7,7] s KOKHOTO HATypambHOro Homepy /. IHakime
KaKyun, KOMyTaHT [7,7] mictuth y co0i miarpyny X. 3BiJicM BUIUIMBAE, 1O
[7,7] e Moxke OyTH YEPHIKOBCHKOKO MiArpynoro. Ile o3navae, mo 7" HE MOXKe
OyTu BiacHoo miarpynow. Omke, 7'= G, a Tomy G OyJI€ 3UUCIEHHOIO. []
2.2.4. Jlema. Hexaii G — HecKkiH4eHHA epynd, 6CI GLACHI NIO2pynu K0T

Maiomov yepHikoecuki komymanmu. Ilpunycmumo, wo G maec maxy cucmemy

GIACHUX NIO2pyN

()=G,<G <..<G,<G,, <.,

Wo U G, =G. Tooi |G,G] — uepnixoscora niozpyna.

nelN
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Jloseoenna. Iloznauumo xomytantr [G,,G | uyepe3 [ g KOXKHOIO
HaTypanbHOro Homepa #. OCKUIBKM ), € YEPHIKOBCBKOKO MIATPYNO, TO 1D,
MaE€ MaKCUMaJIbHY HOPMAJIbHY NMOJAUIBHY YEPHIKOBCBKY miarpyny K , neN. 3
BKIItOYeHHA G, <( , OTPUMYEMO, OYEBHIHO, BKIIOYEHHA K, <K  , 10 Mae€
MICIIE JUIs KOKHOTO HATypPaJIbHOTO HOMEPa 4. Y CBOIO YEPry, L€ TATHE 3a COO0K0

TO# (pakT, mo 00'€THAHHS UKn = K Oyae miarpynoto rpynu G. O4eBUIHO, 115
nelN

niarpyna Oyzae nepioaAndHoOr0 abeneBoro, a TAKOXK BOHA Oye MOAUTbHOK. K0
G =K, 10 G abenera, 1 Bce AOBEACHO. ToMy mpunycTumMo, o K Oy/ie BIaCHOIO
OIATPYNoK. Y IbOMY BUNAAKY BOHA OyjAe MOMUIBHOK Ta YEPHIKOBCHKOK. Bci
HACTYIHI MIPKyBaHHs MH OyneMo mpoBogutd y (aktop-rpym G/ K. Tomy,
1100 HE BBOJWUTH HOBUX MO3HAYEHDb, OYJIEMO BBAXKATH MIACPYNy K OJUHUYHOKO.
Sk we Oyne BUAHO 3 HACTYNMHOIO JOBEACHHS, L€ HE BIUIMHE HA 3arajibHICTh
HAIIUX MIPKYBaHb.

Hamre nmpunymenHs Tarae 3a coO0orw Toi (¢akt, mo marpyna D = Oyne
CKIHYEHHOK JUIsl KOYKHOTO HATYpPalbHOrO 4ucna #. 3 BKMOUeHHI G, <G
BUITMBAE, OYEBHUJHO, IO MA€ MiIClEe BKIOYEHHS D <) . 118 KOKHOIO
HATypaJbHOTO 4YMCJAa #. Y CBOK YEPry, L€ TATHE 3a COOOK TOW (PakT, Mo

UDn = Oyne miarpynor rpynu G. OUeBHAHO LS MIATPyNa € JIOKAJIbHO
nelN

CKiHUeHHOW. Skmo G=#D, 10 [ Oyae 4YEPHIKOBCHKOK HOPMAJIBHOIO
HIArpynow, ¢gakrop-rpyna 3a skow Oyae adeneBoro, 1 BCE JOBEICHO. Tomy
npunyctumo, mo G =7 . [Hakwe kaxyud, rpyna G Oyae 34YMCICHHOK Ta
JIOKQJTBHO CKIHYEHHO. SIKIIo (G MICTUTH y OOl BIACHY MIArPYNy CKIHYEHHOTO
1HACKCY, TO HAllle TBEP/KEHHS BUIUIMBAE 3 mpono3uuii 2.1.7.

[Tpunyctumo, mo G — npocra rpyna. Hexail p — npocre unciio ta P —
cuiioBCbKa p-miarpyna G. Skmo P =G, 10 G — JOKATIbHO CKIHYEHHA p-Tpyma.
3okpeMa, rpyna G Oynae JOKalbHO PO3B's3HO. Toml 3 mpomo3umii 2.1.8
BUIUIMBAE, W0 rpyna (G Ma€ YEPHIKOBCHKMNA KOMYTaHT. OTKe, MH MOKEMO

NPUNYCTATH, O G HE € p-TPynoro. Y IpOMY BUNAAKY KOXKHA CUIIOBCBKA p-
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niarpyna Oyjie BIACHOI0, & TOMY Ma€ YEPHIKOBChKHMI KOMYTaHT. 30KpEMa, BOHA
po3B'sizHa. 3 Teopemu 1.2.9 BumimBae Toxal, mo rpyna G He Moxke OyTH
JiH1AHOK. Y 1poMy BuUnaaky Teopema 1.2.10 nmokasye, nio rpyna G MIiCTUTh Yy
co01 Taky miarpyny Y, mo ii nentpanena gpakrop-rpyna ¥/ £(Y) € i3omoppHOO
no PSL,(K) abo 1o Sz(K) ans AesKOro HECKIHYEHHOTO JIOKaIbHO CKIHYEHHOTO

noss K. Opnak, ue cynepeunth Teopemi 1.2.11. OrpuMaHa CynepeudHICTh
noKasye, mo rpymna G He Moxke OyTH IPOCTOHO.

Omxe, G MICTATBE y CO01 BIACHY HEOAWHWUYHY HOPMAJIBHY MIATPyny A .
dakrop-rpyna GG/ 4, 3HOBY Oyz€e HECKIHYEHHORO 1 HE MPOCTOX0, & TOMY MICTUTh
y 001 BIacHy HEOAMHUYHY HOPManbHy miarpyny A, / A4, 1T.a. IloBroproroun 1i
JK caMl apryMeHTH, OTPAMAEMO, 110 Tpyna GG Mae 3pOCTAr0Uril sl HOPMATbHUX
niarpyn

(N<d <d<.<A, <A, <.4=G,

e y — L€ 3YMCIICHHE IpaHU4HE MOpAnKOoBe umciao. Komyrant D, KOXKHOI 3
HOPMAJIBHUX MIATPYN A4, € 4epHIKOBCBKOK MArpymnoro. I[lo3naunmo vepes K,
NOJUIBHY YaCTHHY YEPHIKOBCHKOI miarpynmu D, . Chia 3a3Ha4uTH, 1O B TPYII,

dKa HE Ma€ BJIAaCHUX MIATPYN CKIHYEHHOTO 1HACKCY, KOXKHA CKIHYEHHA

HOpMaJlbHa MiArpyna Mictutbes B ii neHtpl. Ockinpku miarpyna K

NOPOJKYETHCSA, OYEBHJHO, CKIHYCHHMMH (-1HBapIaHTHUMM MIATpynamu, a
rpyna G He Ma€ BJIACHUX MIATPYN CKIHYEHHOTO 1HAEKCY, TO JUIsl KOKHOTO

NOPSAKOBOTO 4YUCIIA o <y Mae€ Mmicue BKIMOYeHHd K < £((G). Paxrtop-rpyna
D,/ K, Oyne CKIHUYEHHOW, TOMy 3HOBY Maemo D /K _<S(G/K)) nna
KOXKHOr0 o« <y. lle cBimunth mpo TOH (paKkT, MO APYruil 4jaeH BEPXHBOTO
LHEHTPAIBHOTO psiay rpynu G MiCcTUTh y c001 kKomyTaHT [(,(G]. 30kpema, rpyna
G Oyne HUIBNOTEHTHOKW. Hapewri, 3anvmiaeTeCs Tenep 3acTOCyBaTH

Hacaigok 1.2.6. O

Tenep Mu BXKE MOYKEMO OTPHUMATH OCHOBHUIN PE3YJIbTaT IBOTO PO3ILIY.
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2.2.5. Teopema. Hexaii G — epyna, 6ci 61acHi nioepynu Kol Marome
yeprikogcoki  komymanmu. Axwo G mac nopmanvny cucmemy Kypowa-
Yepnixosa, axmopu skoi 0OyOyme JOKAIbHO CMYRIHYAmumu, mooi ii
komymanm [(G,(G] € 4epHikoecvKroI0 nioZpynoro.

Jlogedennsa. lpunyctumo, mo G MICTUTh y 001 TaKy BIaCHY HOPMalbHY
miarpyny H, mo ¢akrop-rpyna K =G/ H Oyae JIOKaJbHO CTYyMiHYATO
rpynoro. Skmo K € CKIHUEHHO NOPOIKEHOK), TO BOHA MICTUThH y €001 BIacHY
niarpyny ' CKIHYEHHOTO 1HACKCY. Y LIbOMY BHIAJKY /¥ Ma€ 4YEPHIKOBCHKUI
KOMYTaHT, a ToMy rpyna K OyAe Maif’ke pO3B'SI3HOI0, TaK IO MH MOKEMO
BUKOpHUCTATH mpono3uuir 2.1.7. Skmo x K He Mae CKIHYEHHOI CHUCTEMU
NOPOJDKYIOUMX EJIEMEHTIB, TO BOHA Oyne 00'€qHAHHIM 3YMCIEHHOI 3pOCTA0UO1
NOCTIAOBHOCTI CBOiX BJACHHMX MIATPYM, 1 MM MO>KEMO BHUKOPUCTATH Jiemy 2.2.4.
B mux Bunaakax G/ H Mae 4epHIKOBCHKMM KOMYTaHT. 30KpemMa, (pakTop-rpyna
GG/ H Oyne maibke po3B'si3H00. OCKUIBKM / — BIacHa MiArpyna, To BOHA TAKOXK
Ma€ YCPHIKOBCBKHWA KOMYTAHT, 1 OTKe Oylae Maike po3B'sS3HOK. 3BiICH
BUIUIMBAE, 110 1 BCsA rpyna Oyjae Mailke PO3B'SI3HOI0, TaK 10 MOXKHA 3HOBY
3acrocyBard mpomno3uuiro 2.1.7 1 orpumarn, mo (G Mae YEPHIKOBCHKHMN
KOMYTaHT.

[Tpunyctumo Ttenep, mo (G HE MICTUTH Yy €001 BIACHMX HOPMAIBHHMX
niarpyn, mo (GakTop-rpynu 3a SKUMU OyAyTh JIOKAJIBHO CTYMIHYATUMMU.
3okpeMa, rpyna G HE MICTUTh y cO01 BJaCHUX MIATPYH, M0 MAKOTh CKIHYCHHUI
ingekc. Hexait © — Hopmanbha cuctema Kypoma-YUepnikosa rpynu G, hakropu
SKOi € JIOKaJIbHO CTyMiHYaTi. 3 TOBEACHOIO BHUIIE OTPUMYEMO, IO cucTeMa &
HE MA€ MAaKCHMAJIbHUX €JIEMEHTIB. [HaKIe KaKyud, A1 AOBUTbHOT MiArpynu L
cucremMu G y 1miit )k cuctemi © icHye Taka miarpyna R, mo [ Oyae BIacHOIO
miarpynow B R. OCKUIbKM [, € BJIACHOKW MIArpynow B (5, TO BOHA Mae€

YEPHIKOBCHKHIA KOMYTaHT [/, L]. 3 Toro ¢axrty, mo marpyna /. MiCTUTbCS B R,
BUILJIMBAE BIJNOBIJHE BKJIKOYECHHS Ui iX KoMmyTaHTiB. [L,L]<[R,R]. Tomy

cuctrema miarpyn {[L,L]|LeG}, sax i cucrema G, Oynme miHiliHO
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BIIOPSIKOBAHOK. PiBHICTE G = U L TarHE 32 COO0K0 TOW (akT, Mo 00'e€nHaHHS
Le®

Q= U[L,L] OyAe HOPMAJBHOK MIATPYNOK, KA MICTUTH y €001 KOMYTaHT
Le6

rpymu  G. IlozHaummo wepe3 d([L,L]) NOOUIBHY YacTHHY YEPHIKOBCHKOI
miarpynu [L,1]. Ockiibku [ € marpynow B R, TO Ui MOIUIBHUX YacTHH
d([L,L]) Ta d([RR]) OyaeMO  Mard  HACTYMHE  BKJIFOYCHHS
d([L,L])<d([R,R]). Tomy cucrema miarpyn {d([L,L])|L €&}, gk i cucrema
G, Oyae mniHiiHO BHopsakoBaHOW. lle TarHe 3a coboro TOM (akr, 1m0

o0'enHanHs D = U d([L,L]) 6yne miarpynoto G. Ciij 3a3Ha4UTH TOK (PAKT, 110
Le6

HEHTP rpyn (G MICTUTh Y €001 KOKHY CKIHYCHHY HOPMalbHY MIATPYyMY.
JliiicHo, Tpynia G HE MICTUTh Y CO01 BJIACHUX MIArPYN CKIHYCHHOIO IHAECKCY, a
TOMY LEHTPATI3aTOpP KOXKHOI CKIHYEHHOT HOPMaJIbHOI MNIATPYNHA TOBHHEH
cmiBnagard 3 yciew rpynoro. OCKIIbKA NOIUIBHA YEPHIKOBCHKA MIATpyIa
d([L,L]) O6yne o0'emHaHHSAM CBOiX CKIHYEHHMX (G-IHBapIaHTHUX MIATPYH, TO
nentp £(G) mictutb y cobi d([L,L]) mns koxxuoi miarpymu L €&, 3Biacu
BUIJIMBAE BKMOYeHHS 1< ((). 3azHauumo, 1mo /D Oyae MNepiogudyHOI0
a0eneBor0 MOALTEHOK miArpynow. B gakrop-rpymi G/ D po3riassHEMO CHCTEMY
G* ={LD/D|Le&}.3 sxmouenns d([L,L]) <D orpumacMo i30Mophizm
[L, L]/ (L, L1ND)=[L,L1D/ D,

AKW Mmokazye, 30kpema, mo (akrtop-rpyna [L,L]D/ D Oyne CKIHYEHHOIO.
3HOBY MM MOKEMO BHUKOpHCTaTH TOH (pakt, mo rpyna (G HE Mae BIACHHUX
OIATPYN CKIHYEHHOTO 1HJEKCY 1 OTpUMATW BKIMOueHHs [L,L]D/ D <{(G/ D)

IJIs KOXKHOI TiATPYIMH, MO HAJNEKHUTh A0 CUCTeMH O. 3BiJCH BHIUIMBAE, MIO
ApyTui rinepueHTp rpynu G MicTuTh y ¢o0i miarpymy (. Panime Bxe Oyiio
JOBEACHO, 0 () MICTUTH y c001 KOMyTaHT [(7,(G]. A 1ie BKa3zye Ha TOH (DaKT, 10
rpyna G MycuTh OyTH HUIBIIOTEHTHOR. Temnep 3acTocyBaHHs Hacaiaky 2.1.6

JIOBOJUTH TEOPEMY. [
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2.2.6. Hacaipok. Hexaii G — epyna, 6ci 61dcHi RIO2pynu Kol Marome
YyepHIKoBCoKi komymanmu. Axugo G mae 3pocmaloyuil psao HOPMAIbHUX NIOZPYA,
Gaxmopu sixoco O6yoymu joxkareHo cmynindamumu, mo ii komymaum [G,G] ¢
YepPHIKOBCHKOIO NIO2PYNOIO.

2.2.7. Hacaipok. Hexaii G — epyna, 6ci 61dcHi RIO2pynu Kol Maroms
YepHIKOBCLKI KomMymanmu. Axkuo G mae cnaoaroduti psao HOPMAIbHUX NIOZPYA,
Gaxmopu sixoco O6yoymu jlokareHo cmynindamumu, mo ii komymaum [G,G] ¢
YepPHIKOBCHKOIO NIO2PYNOIO.

2.2.8. Hacaipok [93]. Hexaii G — nokanvHo cmyninyama 2pynd, 8¢l G1dCHI
nio2pynu Kol Maioms 4epHikogcovki komymanmu. 1001 i komymanm yciel epynu
G byoe 4epHiKo8CbKOoI0 NiOSPYNoio.

2.2.9. Hacaipok. Hexaiit G — JIOKANbHO Y3A2UNbHEHO PAOUKANbHA 2pyNd,
8CI G1aCHI NIOZpynU SKOI Maloms 4epHiko8cuKi xomymanmu. 1To0i i komymanm
yciel epynu G 6yoe 4epHiKo8CbKOI0 NiOZPyNoio.

2.2.10. Hacainok. Hexaii G — JnokaneHo mauidce po3e'asHa 2cpynd, 6Ci
GIACHI NIOZPYNU SIKOT MAIOMb 4ePHIKOBCLKI Komymanmu. Tooi i komymanm ycici
epynu (G 6yoe 4epHiko8CvLKoI0 NIOSPYNOIO.

O.1O. Onpmianceknii  moOyAyBaB  CEPIF0  €K30TMYHMX  MPUKIA/IIB
HECKIHYEHHMX MPOCTHUX TPyM, BCl BIACHI MIATPYNU SIKUX OyayTh aOeneBUMU
(muB. [84, § 28]). LIl npuknaau 10BOAATH, 110 TBEPIKEHHS Teopemu 2.2.5 He
MOk€ OyTH PO3LIMPEHO HA JOBUIBbHI IPYIH, BCI BJIACHI MIATPYNH SKHX MAKOTh

YEPHIKOBCHKI KOMYTAHTH.
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PO3JILI 3
TPYIIN, BCI HUICPYIIN AIKUX ABO HOPMAJIBHI, ABO
MAIOTb YEPHIKOBCBKHIT KOMYTAHT

Hexaii G — rpyna, y sikoi cucrema L (G) CKIIamaeThCs 3 MIAPYIL,

RON—norm

110 MalOTh YEPHIKOBCbKMI KOMyTaHT. [lo3HaunMo depe3 & cucTeMy BCIX THUX
OIATPYI, KOMYTAHT SIKAX HE € YEPHIKOBCHKUM. TO/Il KOXHA 3 MX mArpyn oyne
HOPMAJIBHOK Ta BHU3HA4Yae JACACKIHAOBY (pakTop-rpymy. 3rajaemMo, Mo
JEACKIHAOBA Ipyna € HUIBIOTEHTHOKW, MPUYOMY ii KJIAC HUTBIMIOTEHTHOCTI HE
nepesuirye 2. Hexait H — mepeTHH ycixX MiArpyTI, M0 HAJIEKATh 10 CUCTEMU S .
Tom  ¢akrop-rpyna G/ H  Oyae  HIUIBIOTEHTHOK  IPYMNOK,  KJac
HUJIBIIOTEHTHOCTI SIKOT HE nepepuinye 2. Skmo K — BracHa miarpyna /H, 1o 3
Bubopy H ButumBae, mo K ¢ S, ToMmy ii KOMyTaHT Mae OyTH YEPHIKOBCHKHM,
Sk Oyyo JOBEACHO y MOMEPEIHBOMY PO3IUIL, TP JICIKUX JTOCUThH 3arajibHUX
yMOBax MiArpyna f Takok Ma€ YEPHIKOBCHKMH KOMYTAHT. 3 LbOTO BUIUIMBAE,
o Bcs rpyna G Oyjae Maike po3B's3HOIO (IPU TUX JIOAATKOBUX YMOBAX, SIKi
pPO3MIaANNCh Y po3aut 2). Lle mokasye, 110 BUMAI0K MaiKe PO3B'sI3HOT TPYIH €

OCHOBHUM TMpW BUBYCHHI TPyM, y SKAX cuhcTeMa L (G) cknamaeTbecs 3

RON—norm

OIATPYIL, 10 MAKOTh YEPHIKOBCHKHI KOMYTAHT.

3.1. Ilonepeani pe3yabraTi

My MOYHEMO 3 HACTYITHOTO MAMKE OYEBUIHOTO PE3YIIBTATY .

3.1.1. Jlema. Hexaii G — epyna, xodcHa nioepyna sikoi abo HopmaibHd,
abo mae yeprikogcokuti komymanm. 100i maromo micye meepodlCeHHs.:

(i) axwo H — ooesinena nioepyna epynu G, mo xooscna nioepyna H abo
HOpMAbHA, dO0 MAE YePHIKOBCOKUTE KOMYMAHM,

(i) axwo L — oOosinena nopmanena nioepyna epynu G, mo KOJCHd
nioepyna gaxmop-epynu G/ L abo mnopmanena, abo mac yepHikOGCLKUL
KOMYMAnm;
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(iii) axwo S — ooginvra nioepyna epynu G, komymanum [S,S] skoi ne ¢

YepHiKoBCHLKOIO hioepynoio, mo gaxmop-epyna G/ S 6yoe 0edexinoosoio.
3.1.2. Jlema. Hexaii G — epyna, kodicHa nioepyna sikoi abo nHopmaivhd,
abo mae depwixoscwvruil komymanm. Ilpunycmumo, wo A — 8ineHa 6i0 ckpymy

abenesa niocpyna epynu G. Axugo it Hopmanizamop N;(A) micmume eremenm g
CKiH4eHH020 nopsoky, mo g€ C.(A).

Jlosedenna. Ilpunyctumo npoTunexue, Hexail nenrtpanizarop C;(A4) He
MICTUTh €leMeHT g. Hexalh m — noBulbHE HarypajibHe uucio. [lokmamemo

H, =<A’”, g). [Tlinrpyma 4" Oyne XapakTEpUCTUUYHOK B A, a Tomy A" Oyne
(g) -iHBapianTHOrO. Toml miarpyna <A’”, g> Oyae HamiBOpPSAMUM JTOOYTKOM
marpyn A" Ta (g): <A’”, g>=A’” >\<g>. 3BIJCKM BUILUIMBAE BKIIIOUCHHS

[H,,H 1< A”. Tlpunyctumo, o miarpymna <A’”, g> Ooyne abeneBoro. Tomi
OyJemMo MaTu
(@) = (") ="

JUIsL KOJKHOTO efemMeHTa «a miarpynu A. Sk HacaigoK, MaeEMO pPIBHICTb
(a®a™)" =1. Ockinbkn A € BINBHOIO BiJl CKPYTy, OCTaHHS PIiBHICThH TSTHE 3a
co00r0 piBHiCTL afa”’ =1, a omke a® =a. e noomutk BKtoueHns g € C,(A),
1 MU OTPUMYEMO CYMNEPEUHICTh 3 HAIUM MPUOYLIEHHSAM. [ CymepeuHicTh, y
CBOIO 4epry, MoKasye, o marpyna <A’”, g> He MOXKe OyTH abeneBoro s Oy ib-
AKOI0 HATYPAJIBHOIO 4ucia m. Aje B 1bOMY BUNAAKY ii KomyTaHt [H ,H, |
OyJle HEOJMHWUYHOK MIATPYNOK sl OyJb-SIKOrO HATypajbHOIO Yuciaa 7.
Brmouenns [H, ,H, 1< A" Bkazye Ha TOW (akrt, mo marpyna [H, ,H | €
BUJIBHOIO Bl CKPYTy. 30KpeMa, BOHA HE MOKe OyTH YEPHIKOBCHKOI. AJi€ TOAI

niarpyna <A’”,g> MYCHATb OyTH HOPMAJIbHOK Ui OyAb-IKOTO HATyPaJIbHOTO

ycna m. OTKe 1 TEpeTHH ﬂ(A’”, g>=(g) Oylle TakoK HOPMAIBHOIO

melN
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miarpynor. OCKUIBKY g MAa€ CKIHYEHHUH MOPSIIOK, TO ( g) NA= (1) , 4 1IC TITHE
3a co0oro BKIIOUeHHs g € C;(A), 00 1 A0BOIUTH MOTPIOHMH pe3ynbTar. [

3.1.3. Jlema. Hexaii G — cxinuenno nopoosicena 2pynd. Akuo G micmume
y cobi nioepyny L ckinuentoeo inoexcy, komymanm sixoi [L, 1] € uepnikoscekor
nioepynoio, mo epyna GG b6yoe matidice abeegoio.

Jlogeoennsa. 11ozHaunmo koMmyTaHT miarpynu /. yepe3 K. CKIHYECHHICTh
Haekey |G:L| TarHe 3a coOoro To#l ¢akr, o miarpyna /. Takox Oyne
CKIHYEHHO MOPOKEHOK (Teopema 1.2.12). [lo3HaumMo dYepe3 D MOAUIbHY
YACTHHY Y€PHIKOBCHKOT miarpynu K. Toai ¢pakrop-rpyna L/ D MmicTuTh y co0i
HOPMaJIbHY CKiIHYeHHY miarpyny K /DD, mia skoi L/ K Oyne abeneBoro Ta
CKIHUCHHO TMOPOJDKEHOK. 3okpema, ¢aktop-rpyna L/ D Oyae wmaiixke
MOIIMKITYHOK. AJle B IbOMY BUMAAKY [/ D Oyne pe3uayanibHO CKIHYEHHOK)
(Teopema 1.2.13). 3Biacu BummBae, wo [/ D MicTTh y co0i HOpMAaJIbHY
miarpyny /D CKIHYEHHOTO 1HIAEKCY, IO MAa€ HACTYMHY BIIACTUBICTh
(F'/DYN(K/D)=(1). Le mnokasye, mo migrpyma £/ /D Mycurb OyTH
abeneporo. Toil ¢akr, mo ii 1HAeKC |G:F| € CKIHYEHHUM pa3oMm 3
Teopemoro 1.2.12 nokazye, mo miarpyna F € CKIHYEHHO MOPOKEHONO.
Ockinbk BOHA € MeTaOeleBOr0, TO BOHA 3aJ0BOJIBHIE YMOBY MIHIMAJIBHOCTI
Ui HOpManbHUX miaArpyn (teopema 1.2.14). 3 iHmworo Goky, skmo 1D Oyne
HEOJIMHUYHOK, TO BOHA MAa€ HECKIHUCHHHW 3POCTArOUMA psAJ CKIHYEHHUX (-

1HBapiaHTHUX miaArpyn. Lis cynepeuHicTs nokasye, mo D = (1) ,iomke L=L/D
maiixe adenera. Ockuibku | (G [ | cCKiHueHHUH, TO G Maiike abenera. []

3.1.4. Jlema. Hexaii G — epyna, kodcHa nioepyna sikoi abo HopmaibHda,
abo mae yepHikoscokuti xomymawm. I[Ipunycmumo, wo KOMYMAHmM KOJICHOL
nioepynu CKIHYEHHO20 THOEKCY He € 4epHiKoB8CuKolo niocpynolo. Hexati R —
nepemuH GCix nioepyn, wo Mdaiome cKinuyenwni iHoexcu. 1oo0i axmop-epyna
G/ R abo byoe abenesoro, abo G mac nHopmanvny niocpyny V, wo micmume y

cobi R, onsa siwoi G 1V — ye epyna keamepuionie, a V' / R 6yoe abenesoio.
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Jloeedenns. OCKUIBKM KOMYTAHT KOXKHOI MIATPYNU CKIHYEHHOTO 1HAEKCY

HE € YECPHIKOBCHKHMM, TO KOHA miarpyna /, mo mae B (G CKIHYCHHUN 1HIEKC,
Oyae HopMmasibHOKO B G. 3 jemu 3.1.1 orpumaemo, mo ¢akrop-rpyna G/ H
Oyne aenekinaoBoro. Hexai

I ={X | X —miarpyna, 1o Mae CKiHueHHUH 1HASKC B G}, R =",
3a kjlacuuHOI0 TeopemMoro Pemaka dakrop-rpyna G/ R Oyne 130MOpQPHOIO 110

aedakoi marpynu goOyTky Dry, G/ H . Ilpunmyctumo, mo G/ R He €

abeneporo. Tom rpyna G MICTUTH y coO0l TaKy HOpMalbHy miarpymy U
CKIHYEHHOTO 1HAekcy, Mmoo (¢aktop-rpyna G/U Oyne HeaOeNneBoro
JEACKIHAOBOK TPynor. Y upomMy BHMAAKY Oynemo matu G/ U =Q/UxV /U,
ne OQ/U — rpyna kBarepHioHiB, a } /U — npsmuii 100OyTOK €1E€MEHTapHO1
adeneBoi 2-miaArpyny Ta NEploauyHOi adeneBoi MmiArpynu 0O€3 €IeMEHTIB
nopsaky 2 (teopema 1.2.15). Hexaii /// — niarpyna V, mo mae B Hili CKIHUCHHUI
iHaeke. Toml W Mae CKiHUCHHMHA 1HAEKC 1 B yciid rpymi G, a oTxke Oyne
HOpMaBHOK B (5. Dakrop-rpyna G /W Oyae AeNEKIHIOBOK Ta HEAOENEBOIO.
Skuo Tenep npunyctuty, wo V' /W He € adeneBoro, TO V' MICTUTH y co01 -
1HBapiaHTHY miarpyny Y, ansa skoi ¢akrtop-rpyna V' /Y Oyne rpynoro
KkBarepHIOHIB. Tomi G/Y € pO3MMPEHHSAM TPYMHA KBATEPHIOHIB 32 JOMOMOTOK)
TAKOi 5K TPYMHA KBATEPHIOHIB. AJie 3 1HIIOrO OOKy, MArpyna Y Mae CKIHYCHHHN
iHaeke B G, a ToMmy 3a Jemoro 3.1.1 ¢dakrop-rpyna G/Y wmycuth OyTH
NEACKIHI0BOK. [l cymepeuHicTh mokasye, mo rpyna V' /W Oyne abGeneBoro.
Hexait
S ={X | X — marpymna, 1o Mae cKiHdeHHu# iHaekc BV}, 7' = NG,

Ouesuano, mo S Oynxe miAMHOXKKUHOO T, Tak mo 7' > R. BUKOPHUCTOBYOUH
3HOBY TeopeMy Pemaka, otpumaemo, uio (dakrtop-rpyna V /7T  Oyne

130MOpQHOIO A0 Aesakoi marpynu A0OyTKY Dr, oV /W . OcCKilbkn OCTaHHS

rpyna € adeneporo, To V /T Ttakoxk Oyae abeneporo. Hexait X €9, tomi
X NV Mae ckiHdeHHMI iHAEKC B miarpymi V, a 1e nokasye, mjo X N} 6.

3Bijcu BUTITMBAE PiBHICTE S={X N}V | X e M}. Tonmi
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R=RnV=| X |nV=XnV)=T.

XeMm Xem

Taxkum unHOM, J'/ R € abeneBoro. []

3.1.5. Hacmipok. Hexaii G — CKIHYEHHO NOPOOJCEHA ZPYNd, KOJICHA
nioepyna skoi abo nopmaivid, abo mac yepHikoecvruii komymanm. Axwo G —
Matioce pose'azua epyna, mo G 6yoe matidice abenesolo.

Jloseoennsa. SIxuo npunycTuty, o rpyna G MiCTUTh y coO1 miarpyny
CKIHYEHHOTO 1HJIEKCY, KOMYTaHT SIKOi OyJi€ 4YEepPHIKOBCHKOKO MIATPYIO0, TO 3
Jemu 3.1.3 BummBae, 1o rpyna G 0yae makixke abeseBoro.

TakuM 4YWMHOM, TEMEP MU MOKEMO MPUMYCTUTH, IO KOMYTAHT KOKHOI
niarpyna, ska mMae B rpymi (G CKIHUEHHUH IHOEKC, HE € YEPHIKOBCHKOK)
niArpynoto. [lo3naunMo yepe3 R mepeTuH BCIX MIATPYIL, K1 MAtOTh CKIHUEHHUH
1HAeKe B rpymi G. 3acTtocyBasiiu jgemy 3.1.4, Mu oTpumaemo, 1mo (akTop-rpyna
G/ R € abeneBoro, a00 G MICTUTH y €001 TaKy HOPMaJibHY OiArpymy V, 110
V>R, G/V — rpyna kBarcpHioHiB Ta } /R € abeneoro. Toil dakr, mo
¢dakrop-rpyna G /V € CKIHYEHHOK, pa3oM 3 Teopemoro 1.2.12 1O0BOIMTH, IO
niarpyna } Oyae CKIHYEHHO NOpPO/KEHOr. OCKIIBKM BOHA € HIe 1 Maike
a0eNeBor0, TO J/ Mae BJIacHI MArPyNny CKIHYEHHOTrO 1HACKCY. Lle TsarHe 3a codoro
HACTYIHY HEpiBHICTE R =) . Ockinbku aktop-rpyna V' / R € abeneBoro, TO ii
koMmyTaHT [V,V]=K He Moxe choiBmagatd 3 miarpynow V. Hexaih § —
HalOUIbIIa HOpMaJibHA PO3B's3Ha miArpyna K. OueBuaHo, miarpyna S oyae G-
iHBapianTHOtO. [lpunmyctumo, mo K =S. Tomi ¢aktop-rpyna K /S Oyzae
CKIHYEHHOK Ta Hepo3B's3How. dakrop-rpyna V' /S Oyae po3LIHPEHHSIM
CKIHYEHHOI Tpynu 3a J0moMororo adeneBoi. OCKUIBKM BOHA € CKIHYEHHO
MOPOJUKEHOK, TO V' /S Oyae Maibke nommMKIivHOK. 3a Teopemoro 1.2.13
(bakrop-rpyna }' /S € pe3uyaibHO CKIHYEHHOK. Y 1IbOMY BUNAAKy V' /S Mae
HOpPMaJbHY MmiArpyny £/S CKIHYEHHOrO 1HAEKCY, IO Ma€ HACTYIHY

BNAcTUBICTh (£ /S)N(K/S)= (1) . 30kpema, £ Mae CKIHYEHHHIA 1HAEKC B TPyII

G, a oTke BOHA Oyjie HOpMaIbHOK B G. CIIBBIHOIICHHS
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XTS=(X/S)/(E/S)N(XIS)=(X/SYEIS)/ (ES)=(GIS)/(E/S)

Ta G/ E=(G/S)/(E/S) nokazywts, mo G/ FE MICTUTh Yy cOOl CKIHUYEHHY

HEPO3B'SI3HY MIArpyHy. 3 1HIOro OOKY, MM BXKE€ BHUIC BIAMIYAIM, IO KOXKHA
CKIHYC¢HHa (akrop-rpyna rpynu G € ACACKIHJIOBOKO, 30Kpema, BoHa Oyje
po3B's3HOK. Ll cynepedHicTh MOBOAMTH PIBHICTH K =.S. [HaKmie Kaxyuw,
niarpyna K € po3's3Horo. [Ipunyctumo, mo K HeoAMHUYHA. Y 1[bOMY BHITAJIKY
U=[K,K]#K,a dpakrop-rpyna }/ /U He € abeneroto, ane Oyjae MeTadeneBrolo.
OCKUJIbKM BOHAa € CKIHYCHHO MOPO/DPKEHOK, TO BOHA OYyI€ Ppe3UayanbHO
CKIHYECHHOI 3a Teopemoro 1.2.14. 3piacu BummBae, mo miarpyna U Oyze
NEPETUHOM JIEAKUX MIATPYN CKIHYEHHOTO IHAEKCY. 3 1HIIOro OOKy, miarpyna R €
NEPETUHOM YCIX MIATPYIL, U0 MAKOTh CKIHYEHHUH 1HAEKC B V. ToMy R MICTUTBCS
B U. Llg cynepeuHiCTh JOBOJAMTH PIBHICTh K = (1), sKa NoKa3ye, mo miarpyna v
€ abeneBoro. CKIHYEHHICTD (pakTop-rpynu /) noBoauTh Tenep TOH (PakT, 1o

rpyna GG € Maibke abeneBoro, mo 1 0ya0 moTpidHo. ]

3.1.6. Jlema. Hexaii G — cKiH4eHHO NOPOOdICEeHd ePpYNd, KOJCHA NIOZPYnd
axoi abo HopmanvHd, abo Mde YepHIKOBCLKUN Komymanm. [lpunycmumo, wo
epyna G € GinpHOIO GIO CKpymy ma micmume y cobi Hopmaiviy abenegy
nioepyny A, ons axoi paxmop-epyna G/ A ¢ cxinvennoio ma yuxiiunoro. 1ooi
epyna GG 6yoe abenesoio.

Jloeedenna. Hexail x — eneMeHT rpynu G, 10 MA€ HACTYIIHY BJIACTUBICTh
G/ A= (xA). 3a ymoBOK JeMu G/ A € CKIHUEHHOIO 1 TOMY X" € A4 ISl AEIKOTO
HaTypajabHOTO YKcia m. Ockuibku (G € BIILHOIO BiJl CKPyTY, TO 1+ x™ . 30Kpema,
C=C,(x) — HeoguHW4yHa miarpyna. HeBaxko yNeBHUTHCH y TOMY, ILO
niarpyna C Oyae cepantHor y miarpymi 4. Sxkmo C = A, 1o rpyna G Oyae
a0eNeBoro, 1 Bce JOBEACHO. Tomy Temep mnpunyctumo, mo (' € BIIACHOKO
miarpynoro B A. OueBuaHo, mo niarpyna C Oynae <x> -iHBapiaHTHOK. EnemeHT

xC Mae CkKiHYeHHHA mopsaaok B (akrop-rpyni G/C. BHKOPHCTOBYHOYH

jaemy 3.1.2, mu orpumaemo BrueHHI xC eC,.(A/C). Ane B ubOMy
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Bunaaky ¢axrop-rpyna GG/ C Oyne abeneBoro. Ockinbku 4 € abeneBoro, TO 3

BuOopy miarpynu C BumnjuBae BkatodeHHss C < £((G). 30KkpeMa BOHO CBITUMTh

npo Toi ¢akr, mo rpyna G € HIIbNOTEHTHOK. OCKUIBKM BOHA € BUIBHOK Bij

CKpYTY, TO 3 Toro (pakTy, 1o BOHA Maibke aleneBa, BHIUIMBAE, IO BOHA

abeneBa. ]

3.1.7. Hacmipok. Hexaii G — CKIHYEHHO NOPOOdCEHA ZPYNd, KOJICHA
nioepyna  Axoi  abo  HOpMAIbHA, aOO MAE  YEPHIKOBCOLKUL  KOMYMAHMI.
Ipunycmumo, wo epyna G € 6IILHOI IO CKPYMY ma maiice po3e'sazHoro. Tooi
epyna G 6yoe abenesgoio.

Jloseoenna. 3a nacaiakom 3.1.5 G mictute y co0l Taky HOPMalbHY

adenepy miarpyny A4, mo ¢akrop-rpyna G/ A Oyae CKiHYCHHOK. Tak 1o Mu

maeMo G = U Ax; s AeSKMX CJIEMEHTIB X,,...X, Tpymu G. Jlema 3.1.6
1</<k

MoKazye, Mo Mmiarpyna <A,x ].> € abeneBor s KOKHOro 1< j<k. PiBHICTh

G= U <A,x ].> JOBOJMTH TEIMEpP, IO LEHTP rpynu G Ma€ y Hild CKIHUCHHWH
1<j<k

iHaeke (Teopema 1.2.16). 3okpema, G Oyae FC-rpynoto. Ham 3anuimaetbes

TEep JuOIe BIAMITHTH, 10 BUIbHA BiA CcKpyty [FC-rpyna aleneBa

(Teopema 1.2.17). ]

3.1.8. Hacaipok. Hexaii G — J0KAIbHO matidice po36'sa3Ha epynd, KOJCHA
nioepyna  Axoi  abo  HOpMAIbHA, aOO MAE  YEPHIKOBCOLKUL  KOMYMAHMI.
Ipunycmumo, wo epyna G € ginwroio 6io ckpymy. Tooi epyna G 6yoe abenesgoio.

3.1.9. Jlema. Hexaii G — JjoxaivHo mauidice po3easHd cpynd, KOJCHA
nioepyna xoi abo HopMaivbHd, abO MdAe YepHiKOBCoKUli Komymanm. 100i
MHOJICUHA 6CiX enemenmie cpynu G, Wo MdAlomeb CKiHYeHHUll NOpsiook, Oyoe
(xapaxmepucmuunoio) niocpynoio epynu Q.

Jloseoenns. Hexail x, y — NOBUIBHI JBa €1EMEHTHA CKIHYEHHOTO TOPSIKY.
[TozHaunMo yepe3 F marpymy, NopoIKeHy elIeMeHTamu X, y. [lpunyctumo, mo

niarpyna /7 € HeCKIH4eHHO0. 3a HacaigkoM 3.1.5 /" MicTUTh y ¢001 HOPMAJIbHY
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abeneBy miarpyny 4 CKiHU€HHOTO 1HaeKCey. 3 Teopemu 1.2.12 otpumMyemo, o A

TaKoK OyJ€ CKIHYEHHO MOPOKCHOI. Y [BOMY BHUIAJIKy MH MOXEMO 3HAUTH

Take HaTypajgbHe uucao k, mo miarpyna K =A4° Oyjne HEONMHMYHOIO Ta
. . . k .

BUJIBHOIO BiJl CKpyTy. bijgbm Toro, ¢akrop-rpyna A/ A° € CKIHUEHHOI), TOMY

ckiHueHHOO Oye Takox i /' / K . Jlema 3.1.2 mokasye, mo [K,x]=(1)=[X,y].

OCKITbKHA €NIEMEHTH X, ¥ TOPOKYKOTh F, TO 3BIJICM BHIUIMBAE, IO LIEHTP
miarpynu F mictute K. 3 1HIIOro OOKY, OCKUIBKM LEHTP /7 Ma€ CKIHUCHHUH
1HAEKC, TO F Oyne FC-rpynorw. OqHak MHOKMHA BCIX €EMEHTIB F'C-rpynu, 10

MalTh CKIHYCHHUI MOPsSAOK, € miarpynor (Tteopema 1.2.18). 3okpema,

niarpyna (x, y) OyJie CKIHYEHHOIO, 110 1 JOBOJUTH HAIl PE3YJIbTarT. L]

3.1.10. Hacainok. Hexaii G — joxanvHo matidice po3ssazHa 2pynd, KOJCHA
nioepyna sikoi abo HopmaibHd, abo Mae YepHiKo8cvkull Komymanm. 1o0i kooxHa
CKIHYEeHHO nopooxcerda niocpyna cpynu G € CKIH4E€HHOI0 HAO CB8OIM YEeHMPOM.
3oxpema, G € nokanrero FC-epynoio.

Jloeedenna. Hexail F'— noBUIbHA CKIHYEHHO MOPOKEHA MIArPyIa rpynu
G. TlozHaunmo yepe3 7' MIAMHOKMHY BCIX TUX €JIEMEHTIB MIATPynd £, mo
MaroTh CKIHYCHHWI mopsnok. BiamosigHo mo Jjgemu 3.1.9 niamuoxuHa 7 Oyne
XapPaKTEPUCTHUHOIO TiArpynow B /. Hacainok 3.1.8 cBiguuth nmpo Toil (axr,
o ¢akrop-rpyna F' /7 Oyne adeneBoro. 3 I[bOr0 BUIUIMBAE CKIHYCHHICTH

[/, F]. Lle o3navae, mo I Oyae FC-rpynoro. 3alMIAETbCs BIAMITUTH, IO

CKIHYEHHO NOPOLKeHA F'C-rpyna Ma€ UEHTP CKIHYEHHOTO 1HJIEKCY. [

3.1.11. Hacaipok. Hexaii G — s1oxanvHo matidice po3sazHa 2pynd, KOJICHA
nioepyna Axoi abo HoOpMAnvbHA, ab0 MAE 4epHiKOBCbKUli KoMymanm. 100i
komymanm epynu (G 6yoe nepioouyHoio niocpynoio.

Jlogedenns. 11o3naunmMo yepe3 7' MAMHOMXKUHY BCIX TUX €JIEMEHTIB TPYIH
G, 110 MaKTh CKIHYCHHUI mopsiaoK. BianosiaHo 1o gemu 3.1.9 nigmuoxxuna 7’

Oyne xapaktepucTuuHor miarpynow G. ®akrtop-rpyna G /71 BUlbHA Bij

CKpyTy a 3a Hacjaiakom 3.1.8 G/ 7" abenera. Takum unHoMm, [G,G|<T. [
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3i0paBuIy pa3oM BCE JOBEACHE, MU OTPUMYEMO HACTYITHUN PE3yJbTar.

3.1.12. Teopema. Hexaii G — oKaIbHO Maidce po38'azHa epynd, KOJMCHA
nioepyna axoi abo HopmaivbHd, abo Mde YepHiko8CovKuti kKomymanm. 10o0i
Maroms micye HacmynHi meepONCEHHSL:

(i) xoocna ckinvenno nopooscena nioepyna epynu (G € CKiH4eHHOI0 HAO
ceoim yeumpom, 3okpema, G € aokanvro FC-epynoio;

(i) xomymanm epynu G 6yoe nepioouunolo (i omoice, JIOKAILHO
ckinyennolo) nioepynoio. 3okpema, akupo G € GiibHOIO 8I0 CKPYmy, mo 60Hd
OyOe abenesoi.

L{ro TeopeMy MOXKHA PO3IIMPUTH HACTYITHUM YAHOM.

3.1.13. Teopema. Hexaii G — epyna, xoodcHa nioepyna skoi  abo
HOpMATbHd, b0 MAc YepHIKOGCvbKull xomymanm. Axkwo G mac HOpMAIbHY
cucmemy Kypowa-Yepuixoesa, gpakmopu sikoi 6y0yme JOKAIbHO CIYRIHYAMUMU,
mo 6oHa € matiice po3e'sasHoro. 3okpema, 1T komymanm [G,G| € aokanvHo
ckinyennolo nioepynoio. Omoice, saxuo G € GiIbHOIW IO CKpymy, mo 8oHa Oyoe
abenesor.

Jloseoenna. Slkmo rpyna G MICTATH y COOl MIATPYNMY CKIHYEHHOTO
THACKCY, 0 MA€ YEPHIKOBCHKMI KOMYTaHT, TO Tol G OyJe Maiie PO3B'I3HOKO
1 MOHa 3actocyBarn Teopemy 3.1.12. lle mnoka3ye, 1m0 gaial MH MOMKEMO
OPUMYCTUTH, MO KOMYTAHT KOKHOI MIATPYNMHA CKIHYEHHOTO 1HAECKCY HE MOXKE
OyTH YEPHIKOBCHKOIO MIATPyIor0. Hexai

I ={X | X — marpyna, KOMyTaHT SIKOi HE € YePHIKOBCHKOIO MIATPYTIOHO} ,
R=mIN.
Omxe, KO marpyna A HajaexxuTb A0 cucteMu 90, To H Oyae HOPMAIIBHOKO B
G 1 ¢akrop-rpyna GG/ H Oyne AeAeKiHAOBOK 3a Jiemoro 3.1.1. 3a KIacu4HOo
Teopemoro Pemaka, (aktop-rpyna G/ R € 130MOpPQHOIO 0 ACIKOI MIArPynu
n0OyTKYy Dry _,,G/ X . OCKUIbKM KOJKHA AECACKIHIOBA rpymna abo adenesa, ado
HIIBNOTEHTHA Khacy 2 (teopema 1.2.15), To G/ R Ttakox abo abGenesa, abo
HIJIBIIOTEHTHA KJ1acy 2 (CITiJ 3ayBaKUTH TYT, IO PIBHICTE (G = R € MOXJIMBOKO).
Sxkmo H — BnacHa miarpyna R, To 3a noOynoBow R, miarpyna [H,H] MycuTtsb
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OyTH uyepHiKOBCbKO10. Teopema 2.2.5 nokasye, 110 KOMYTaHT MiATPynu K Takox

OyAae YEpHIKOBCBKOK  miarpynorw. Ockuibkn  Qaktop-rpyna G/ R €

HUIBIIOTEHTHORO, TO rpyna G Oyne maiike po3B'a3HOIO. [

3.1.14. Hacainok. Hexaii G — nepiooudna 2pynd, KOJCHA NIO2pynd SKOT
abo nopmanvha, abo mac yeprikogcokuti komymanm. Axwo G mac nopmaiviy
cucmemy Kypowa-Yepuixoea, gpakmopu sikoi 6y0yme JIOKAILHO CMYNIHYAMUMU,
MO 60HU € JIOKAJIbHO CKIHYEHHOIO.

3.1.15. Hacaipok. Hexaii G — cKiH4eHHO HNOpOOdCEHd 2pynd, KOJICHA
nioepyna skol abo nopmanivid, abo mac yepHikogcvrkuii komymanm. Axwo G
Mmae nopmanviy cucmemy Kypowa-Yepnixosa, paxmopu sxkoi 6y0ymu JOKATLHO
CMYRIHYAMUMU, MO 6OHA MAEC YeHMP CKIHYEHHO020 iHOeKcy. 30Kkpemd, gona bOyoe
Maiidice abenesoio.

Jlogeoenna. JliiicHo, 3 Teopemu 3.1.13 otpumyemo, rpyna GG 0yae maiixe

PO3B'SI3HOK0. A Temep MOKHA 3aCTOCyBaTH Teopemy 3.1.12. [

3.1.16. Hacainok. Hexaii G — JoKaieHO CmyniHyama epynd, KOJICHA
nioepyna sxoi abo Hopmanvud, abo mae yepHixoscovkuii komymanm. 100i epyna

G € maiidice poss'aznoro. 3oxpema, ii komymanm [G,(G] € J0OKANLHO CKIHYEHHOIO

nioepynoio. Omoice, sikugo G € 8ilIbHOIO 810 CKPYmMy, Mo 8oHa byoe abenesoio.

3.2. IIpo gesiki Kjacu rpym, BCi NIArpyn# skux a00 HOPMAJIbHI,

a00 MAKOTh YEePHIKOBCbKHUII KOMYTAaHT

VY nepuioMy maparpadi nboro po3aily MU OTPUMAJIU JESKUM 3araibHui
OMKC TPy, Yy AKX KOKHA MiArpyna abo HopMajbHa, a00 Ma€ YEPHIKOBCHKUMA
KoMyTaHT. HactynHi maparpadu npucBsueH1 OUIBII OETAIBHOMY BUBYEHHIO
OyJI0OBM Takux rpymn. ¥ 1npomy naparpadi My pO3rJISTHEMO BUIAJOK, KOJU Taka
rpyna Ma€ MArpyny CKiHYEHHOrO 1HACKCY, KOMYTaHT SKOi € YEPHIKOBCHKOKO

HIATPYIORO.
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3.2.1. Jlema. Hexaii G — epyna, xodicHa nioepyna sikoi abo Hopmaivhd,
abo mae 4depwixogcokuil komymanm. Hexail, oani, A — einena 6io0 ckpymy
abenesa niocpyna epynu G. Axwo nopmanizamop N (A) micmume maxui
eleMenm g HeCKiHYyeHHo20 NOpAOKY, wo g* e A Ona 0esxo2o HAMypanbHO2O
yucna k, mo g e C,(A4).

Jlogeoenna. llpunyctumo mnpotwiiexHe, ToOTo Hexaih geC.(4).
OCKiNIbKH ¢ Ma€ HeCKiHUEHHUH MOpsIoK, To g* # 1, Tak 110 BKIroueHHs g* € 4
nokasye, mo marpyna C=C,(g) Oyne HeommHuuHOor. Haramaemo, mo

oreparlisi B3TT KOPEHs Y BUIBHIN BiJ CKPyTy aOeeBiid Ipymi € OAHO3HAYHOIO,
Tomy niarpyna C Oyae CepBaHTHOK B A. I3 3po0JIeHOro BuIIEC MPUNYIIEHHS

BUIIMBAE HEPIBHICTh C # 4. OTXe, B MArpyni A MA MO>KEMO BUOPATH €JIEMEHT
b, o He HanexkuTh A0 miarpynu C. IToknagemo B = (b)<g>. Toni Z=BNC =B,
Ta migrpyma Z Oyae (g)-iHBAapiaHTHOK 1 TakOX i3 CIIBBiIHOIICHB

B/ Z=B/(BNnC)= BC/C Bumusae, mo pakrop-rpyna B/ Z Oyne BUIbHOIO
BiJl CKPYTY CKIHYEHHO MOPOUKEHOK a0eNeBOK0 IPpyNnor0. [Hake kaxyuu, B/ Z
€ BUIbHOK a0EJIEBOK0 I'PYNOK CKIHYEHHOTO PaHry. AJie K B TAKOMY BHIAIKY
niarpyna Z BHAUISETbCS MPSAMUM MHOKHUKOM B TpyIi, ToOTO B=/7x R nis
neskoi miarpynu R (teopema 1.2.4). 3acrocyBaBmiu Tenep Teopemy 1.2.19,
OTPUMAEMO ICHYBaHHS y miaArpym B (g} -IHBaplaHTHOT MIArpynu F, ska Mmae
HACTYIHI BacTuBocTi: Z M £ = (1) Ta paxrop-rpyna B/ ZE Gyne CKiHUCHHOKO.
30Kkpema, 3BIJICH OTPUMYEMO, IO TiArpyna £ MycuTb OyTH HEOJUHUYHOK. 3
iHmoro Ooky, B (akrtop-rpymi (gC,A/ C) eneMeHT g(C Mae CKIHYCHHWH
MOPANOK, a Toxi 3 siemu 3.1.2 BummBae, wo rpyna (gC, A/ C) € abenesoro. Lle
YK€ CBIIUUTH MpO TOM Qakt, mo marpyna C MICTUTh y €00l B3a€EMHUUA
KOMYTaHT [g,F]. 3ayBaxumo, mo £ € (g) -IHBApPIaHTHOK), TOJ1 BKJIFOUCHHS

[g,E]<E. Ormxe, [g,E]<CNE, a ue o3Hayae, MO [g,E]z(l) 1 TOMY

E<C,/(g)=C.lle npotupiuus 1oBouTh noTpiOHy piBHicTh 4=C (g). U
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3.2.2. Hacaigok. Hexaii G — 2pyna, Kkooxchua nioepyna sxoi  abo

HOpMANbHA, abo Mae YepHikogcvkuti komymanm. Hexaii, oani, A — 8ineHa 8i0
ckpymy abenesa niocpyna epynu G. Tooi N (A)/ C,(A) maxoox 6yoe 6ivHoio
810 CKpymy.

3.2.3. Jlema. Hexaii G — epyna, kodicHa nioepyna sikoi abo nHopmaivhda,
abo mac ydepHikogcekuii komymanum. Hexati, oani, g — enemenm cpynu G i

npunycmumo, wo G micmums y cobi nioepyny A, wo mac npamuii po3xiao
A=Dr, A, oe A — ye neoounuuna <g> -ineapianmua niocpyna, n€N. Tooi
3HAt0emsCs maxe Hamypaivre qucio k, wo [A4,,g]= (1) onst ecix n>k .
Jogedenna. Ilpunyctumo —cmodarky, mo migrpyma (g) Oyxe
HOPMAJIBHOKO Ta MO3HAYUMO 4epe3 <x> MEPETUH (g)mA. 3HAWICTECS TaKWA
HOMEpP A, 1O (x)mDrnZkAn =(1>. 3 HAWOro MPUMYIIECHHS MPO HOPMAJIBHICTh
mArpynd (g) BHILIMBAE, WO IS KOXKHOTO €IeMeHTa y rpymd G Mae Micie
BKJIIOUCHHS [(g) y]s(g>. 3 iHmoro GOKy, BHOEPEMO HOMED #, IO MaE
BIACTUBICT 7>k Ta HEXal a — MOBUIBHMN eneMeHT miarpynu A . 3 Toro
bakry, mo migrpyma A, € (g)-iHBapiaHTHOW, OTPHUMYEMO BKJIFOUCHHS
[g,ale 4,, a3HaunTh 1 [g,a]le 4, m( g) = (1) TakuM 4MHOM, y [IbOMY BHUMAIKY
MU MPUXOJMMO 10 PIBHOCTI [4, ,g]= (1) JUTS BCIX HATYPAJIbHUX YUCEN 1> k .
[Tpunyctumo Tenep, mwo miarpynu [A4 ,g] OyayTs HEONMHWYHMMU SISt
HECKIHYEHHOT MHOXXMHHM HaTypalibHUX uucen n. [1o0 He BBOAWTH HOBHX

MO3HAYEHb, MM MOXXEMO BBAXKATH, 110 HEPIBHICTh [An,g];t(l) Mac Micre JUis

BCIX n>k. Sk me Oyae BUAHO 3 MOAAJBUIOTO PO3MIISAY, L€ HE MOPYIIUTH
3arajbHOCTI HAIIMX MIPKYBaHb. [CHYOTh JB1 HECKIHUEHH] MIAMHOXKUHA A Ta X,

SK1 MArOTh HACTYMHI BIACTUBOCTI: AUX ={n|n=>k},a AnZ=. [lokmagemo
AN =Dr,_ A 1a AZ)=Dr A,

cA“n neX‘n

3pazy ciia BIAMITUTH, o nepetuH A(A) N A(X) Oyne onuHunYHAM. MaeMo
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prl'll/l 3 00MEKeHHSIMH HA l'li[ll"pyl'll/l, 0 HE € HOPMAJIBbHUMH
DrneA[g,An]sR A8 A(A)] Ta

I[i BKIIOYEHHS MOKA3YIOTh, IO KOMYTaHTH [( YAA)(2)A(A)] Ta

[( g) A(Z),( g)A(Z)] HE MOXYTh OyTH YEPHIKOBCHKAMH MIATPynamMu. A e BKe
osHauae, mo o6maBi migrpymn (g)A(A) Tta (g)A(X) wmycars OyTH
HOpPMaJIbHUMH. AJie TOAI 1 iX NEPETUH ( g) A(A) m( g) A(X) Takox Oyxe
HOPMaJIBHOKW miArpynor. 3 moOyaoeu miarpyn A(A) ta A(X) BuUmIMBae
PIBHICTh ( g) A(A)m( g) AX)= ( g). Takum uymHOM, miATpyna < g> €
HOPMAJIBHORO, 4 1ICH BUIMAI0K BXKE OYB PO3IVITHYTHIA paHille. [
3.2.4. Jlema. Hexaii G — epyna, kodcHa nioepyna sikoi abo HopmaibHda,

abo mae yepHixoscoruii komymanm. Hexaii, oani, A — abenesa p-nioepyna epynu

G 0aa Oesaxozo npocmoeo qyucia p. Axuo gC(A) — q-enremenm paxmop-epynu
N, (A)/ C,(A), 0e q — npocme yucio, GiOMiHHE 6I0 p, MO B3AEMHULL KOMYMAHM
[ A4, g] b6yoe ueprnixoscvkoo nioepynoro.

Jlogeoennna. 3pazy Ciii  BIAMITATH CHOYATKy, IO UEHTPAII3ATOP
C=C,g) Oynme ( g) -iHBapiaHTHOKO miarpynorw A. Skmo aC — eJeMEHT
daxrop-rpynu 4/ C , mo Mae Bractusicts [g,a]l=ceC, To g 'ag =ac, a ToMy
gtag" =ac® nna Gyap-sxoro HaTypambHOro umcrma k. 3okpema, SKIIO
| gC,(A)|=t, To ¢'=1. 3 iHmoro GOKy, HATypaIbHI YKCIa { TA P € B3AEMHO

OPOCTUMH, & OCKUIBKH ¢ OyJe p-€NEMEHTOM, TO 3BIJICM OTPUMYEMO PIBHICTh

c=1. Takum ynHOM, Mae Mmicue HacTynHa piBHICTE C . (g) =<1). IToznaunmo

yepe3 B/C wHwxkHid wap rpynu 4/ C. 3 Toro ¢axty, WO HaTypaibHl YuClia

| gC;(A)| Tta p OyayTh B3aEMHO MNPOCTHMH, OTPHUMAEMO MPSAMHHA PO3KIAT
B/C=Dr,A4,/C, ne A4,/C - wminivansha ckiHueHHa (g)-iHBapiaHTHa
niarpyna ajas KoxHoro iHaekcy A€ A (teopema 1.2.20). 3acTocyBaBIliM TENEP

jgemu 3.1.1 ta 3.2.3 ta BpaxoByrouu piBHICTE C,,-(g)= (1), OTPUMAEMO TEMEP
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CKIHYCHHICTh MHOXWHU 1HACKCIB A . Y CBOI 4epry, 1e TATHE 3a COO00 TOM

¢daxt, mo rpyna B/C Oyae CkiHYeHHOK. CKIHYEHHICTh HWKHBOIO IIApy
adeneBoi p-rpynu A/ C o3Havae, mo 1 p-rpyna 0yae 4€pHIKOBCHKOIO.

PosrisiHeMo Tenep BigoOpaxkenus ¢, :a —>[a,gl, a€ A. 3 Toro akry, 1o

niarpyna A € abenaeBoro, BUIIMBAE, IO 1€ BIIOOPaKeHHS Oye eHIOMOP(IZMOM
miarpynu A. Toai Maemo

A4/C(g)=A/Kerg, =Img, =[4,g].
Tinekn mo Oyno noseneHo, mo ¢axrop-rpyna 4/ C,(g) € YepHIKOBCBHKOIO, a 11e
TATHE 32 c00010 TOH (hakT, mo 1 marpyna [ 4, g] Oyne 4epHIKOBCHKOIO. [
3.2.5. Jlema. Hexaii G — epyna, xodicHa nioepyna sikoi abo nHopmaivhda,

abo mae yepHixoscoruii komymanm. Hexati, oani, A — abenesa p-nioepyna epynu

G 0na oeskozo npocmozo yucia p. Axkuo gC (A) — p-eremenm gpaxmop-epynu
No(A)/ C,(A), mo e3aemuuii xomymanm [A,g] 0yoe uepHixo8cbKkoio

niocpynoio.

Jloeeoenna. SIkmo [a,g]=1 ang Oyap-SKOro €IeMeHTa a 3 MIArpynu A,

TO [4,8]= (1) 1 Bce 10BeACHO. Tomy Tenep ciia NpunyCTUTH, W0 B MiArpyni 4

icnye enement b, skuit mac Bnactusicth [b,g]=1. Tloknanemo B, =<b1)<g>.
[Tigrpyna B, Oyae CKIHYEHHOKO Ta < g> -iHBapianTHOK. Cepea yCix marpyn A,
110 MAaKOTh OJVUHWYHWIA NMEPETUH 3 B, BUOEPEMO MAKCHMAIBHY 1 MO3HAYMMO ii
yepe3 M,. Tonl HwkHid map Qakrop-rpynu A/ M, Oyae CKIHYEHHHMM, a L€
TArHE 3a €000 TOH (pakt, mo Mg ¢akrop-rpyna OyAe YEPHIKOBCHKOMO.

Ockunbku nopsaaok | gC.(A)| € CKIHUEHHHM, TO CHCTEMA MIATPYI {Ml" | xe ( g)}

OyJae ckiHueHHO. Hexait
{Mlx |xe (g)} ={U,..,U_}.

Tomi meperun  C,= (M =()U, € ouesunno, (g)-iHBApiaHTHOW
xels)

1<j<m

HiArpymoro, 1 3aCTOCYBaBLIM TeOpeMy Pemaka, 0OTpuMaeMO HACTYITHE BKJIAJaHHs
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AIC=Dr,, A1 U,

JUTs KOKHOTO €JIEMEHTAa X 3 LMKJIIYHOI MiArPyNnu (g} Mae micie 130Mopdizm
AIM{ = A/ M, 3 skoro BummmBae, wmwo ¢akrop-rpyna A/U, Oyxae

YEPHIKOBCHKOKO ISl KOKHOTO 1< 7 <m. 3BIACKM MU OTPUMAEMO, IO 1 (haKTOp-
rpyna A4/ C, 6yae 4epHIKOBCHKOIO.
[Ipunyctumo, mo B miarpymni C; iICHY€ €NEMEHT b, , IO MA€ BIACTUBICTh

[b,,g]=1. Hokmagemo B, =(b, ><g>.

3a3Haunmo, WO miarpyna B, Oyne
CKiHUCHHOIO Ta (g)-iHBapiaHTHOW, a MepeTMH B, N B, Oyie OIMHHYHOL.
Cepen ycix marpyn A, mo MarwTb OJMHWYHWKA mepetuH 3 BB, Bubepemo
MakCUMalIbHy 1 no3HauuMmo ii depe3 M,. Toni HwxHIA map ¢axTop-rpynu
A/ M, Oyae CKIHUEHHUM, a L€ TATHE 32 cOO0K TOW (akT, mo us pakrop-rpymna
OyAe YEpPHIKOBCHKOIO. 3a JOMOMOTOK HABEACHHUX BULIE MIPKYBAaHb MOOYIYEMO
taky (g)-imBapiantHy migrpyny C,, mo ¢axrtop-rpyna A/C, OGyne
YEPHIKOBCBKOKW, a mepetuH BB, N(C, — OoauHUYHMM. SKIMO B3acMHHI

komyTant [C,,g]| we HEOAVMHWYHUHN, TO MNPOJOBKUMO PO3MOYATUN BUILE
npouUec. SKIO MPUITyCTHTH, IO LEH MPOLEC HE € CKIHYCHHUM, TO TO0YyIyeEMO
HECKIHYEHHY CUCTEMY

(B,|neN
TaKUX CKIHYEHHUX < g> -IHBapIaHTHUX MIATPYI, IO B3aEMHI KOMYTaHTH [B,,g]

6YI[YTB HCOAMHHUYHHUMH IJI KOJKHOI'O HAaTypaJIbHOIo 4ucia 71, a

(B,|neNYy=Dr,.B

neN"n"*
Onnak une cynepeunth Jemi3.2.3. OTpuMaHa CyNEepeyHICTh MOKa3ye, IO
BKa3aHUI MPOIEC HE MOKEe OyTH HECKIHUCHHMM. [le o3Havae, mo A MICTUTH y
cobi Taky (g)-iHBapianTHy miarpymy £, mo ¢akrop-rpyma A/E Gyne

YEPHIKOBCHKOIO, a B3aEMHUI KOMYTaHT [/, g] Oyjae oAMHUYHUM. 3BIJCH, SK 1y

MOMEPEIHINA JIEM1, HEBAXKKO OTPUMATH, IO [ A, g] YEPHIKOBCHKA. [
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3.2.6. Haciigok. Hexaii G — 2pyna, Kooxchua nioepyna sxoi  abo

HOpMANbHd, abo Mac 4epHiko8Cokuti komymanm. Hexati, oani, A — abenesa

nepiooudna nioepyna epynu G. AHxwo gC.(A) — p-enemenm ¢haxmop-epynu
N (A)/C,(A), oe p — npocme qucno, mo e3aemuuii komymanm [A,g] 6yoe
YepPHIKOBCHKOIO NIO2PYNOIO.

Jloeeoenna.  JlilicHo, MaemMO  CTaHAApPTHUM  OpsIMUil  PO3KIIAJ
A=Dr gy 4,, ie A, — cunoseeka g-miarpyna A, g e€ll(A4). 3actocyBaBum
Jemy 3.2.3, OTpUMAEMO ICHYBaHHsI Takoi CKIHUYEHHOI MmiAMHOXMHU 77 < 11(A4),
0 B3aEMHUH KOMYTaHT [4, , g] Oyle OMMHUYHUM JUTS BCIX MPOCTHX YHCEN ¢ 3
miaMHokuHu [1(A)\ 7. SIxkmo gex 1a g # p, T0 3 Nemu 3.2.4 BUIUIUBAE, 110

B3aEMHHUM KOMYTaHT [ A ,g] Oyae 4epHIKOBCHKOKO MArpymor. Skmo p ez, 1o
3 Jemn 3.2.5 BummBae, mo miarpyna [4,g] Oyae YEPHIKOBCHKOK.
CKIHYEHHICTh MHOXKMHM 7 3a0e3neuye Tod (akt, mo [A4,g] Takox Oynae

YEPHIKOBCHKOK MIATPYIIOHO. [

3.2.7. Hacaigok. Hexaii G — 2pyna, Kooxchua nioepyna sxoi  abo
HOpManvbHd, abo mde yepHikoscvkuti komymanm. Hexati, oani, A — abenesa

nepiooudna nioepyna cpynu G. Axupo gC.(A) — eremenm cKiH4eHHO20 NOPAOKY
paxmop-epynu  N.(A)/ C,(4A), mo e3aemnuii xomymaum [A,g] 6Oyoe

YepPHIKOBCHKOIO NIO2PYNOIO.

Jloseoenna. Ockinbku enemeHT gC.(A) Mae CKIHYEHHUH NOPSAAOK, TO
posrmisiHeMO Horo cranpaptHuil posknan gC,(A4A)=gCs(A4)-...-g,C;(A4), ne
g,C;(4A) — p,-elaeMeHT JIs ACSKOTO MpoCToro umcna p,, 1<j<m. 3
HACTIAKY 3.2.6  OTpuMyeMO, IO B3aEMHWH KOMyTaHT [A4,g,] Oyne
YEPHIKOBCBKOK) MIATPYMOK Uil KOXHOro j, 1< /j<m. 3 OYEBHIHOIO

cniBBiaHOWEHHS [A4,g]<[A4,g,]-...-[4,g,] BunnmBace tenep, mwo 1 [A4, g] Takox

OyJI€ YePHIKOBCHKOIO MiArPYIIOKO. []
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3.2.8. Hacaigok. Hexaii G — 2pyna, KooxcHa niozpyna sxoi  abo
HOpMATbHA, ab0 Mac 4epHiko8CobKUuli Komymanm. Hexati, oani, A — abenesa
nepioouyna niocpyna epynu G. HAxwyo F/C.(A) — cxinvenna niocpyna
paxmop-epynu - N (A)/ C;(A), mo ezaemnuii xomymanm [AF] 6yoe
YepHIKOBCHLKOIO NIO2PYNOIO.

/Jlogeoenna. Hexaii {g,,...,g, } — NOBHA MiAMHOKWHA NPEACTaBHUKIB BCIX
CYMDKHHMX KJaciB miarpynu F' 3a nenrpamzaropom C;(A4), B3ATUX 110 OJHOMY Y

KoskHOMY Kiaci. Hacuinok 3.2.7 noomuth TOM (akT, mio KOMyTaHT [A,g]

OyJle YEPHIKOBCHKOK MIATPYNOK ISl KOXKHOro j, 1< j7<m. 3 0YEeBUAHOIO

cniBBiAHOWIEHHS [ A4, F]<[4,g,]-...-[4, g, ] BunnmBac tenep, mwo 1 [4, /'] Takox
OyJie YepHIKOBCHKOIO MiArPYIIOKO. []

3.2.9. Hacainok. Hexaii G — matidice abenesa epynd, KOdCHd NIOZPYnd
saKkoi  abo Hopmanvna, abo mac depHikogcekuil komymamwm. Hxwo G —
nepioouyHa zpynda, mo ii komymanm 0yoe 4epHikOBCbKOK NiO2Pynoio.

Jloseoenns. 1lozHaunmo vepe3 A HopManbHy abeneBy miarpyny G, sika
Ma€ CKIHUCHHMH 1HACKC. 3a HacaiakoM 3.2.8 B3aemuuii komyTaHT [A4,G] Oyne
YEPHIKOBCHKOK miarpynow. dakrop-rpyna G/[A,G] Mae UEHTP CKIHYEHHOTO
THJEKCY, a TOMY 3a TeopeMoro 1.2.2 ii KOMyTaHT Oy/ie¢ CKIHYEHHOIO MIArPYIMOKO.

AJie ToAl KOMYTaHT yciei rpynu G OyAe YEPHIKOBCHKOK MIATPYNORO. [

3.2.10. Teopema. Hexaii G — epyna, kodcHa nioepyna skoi  abo
HopMAbHd, dO0 Mmac 4epHiKo8cbkuil komymanm. fAxkwo G micmums )y coOi
nio2pyny CKIHYEHHO20 [HOEKCY, KOMYMAHM KOl € YepHIKOBCbKOIO NiO2pynoio,
mo i komymanm ycici epynu G 6yoe 4epHiKo8CbKOI0 NiOSPYNoio.

Jloseoennn. Ockinbku rpyna G MICTHTh y cOO1 MIATPYNy CKIHYEHHOTO
1HACKCY, KOMYTAHT $KOi € YEPHIKOBCHKOK MIATPYHOK, TO BOHA MICTUTH 1
HOpMaJIbHY MmArpyny £/, mo Mae Ty K camy BiacTuBicTh. [loknmaaemo
K =[H,H], Toni ¢akrop-rpyna H /K Oyae abeneBoro, a TOMYy MHOKHHA

7'/K Bcix 1ii enmeMeHTIB, $KI MalOTh CKIHYCHHHWH mopsiiok, Oyae ii
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XapaKTePUCTHUHOK miarpynorw. dakrop-rpyna H /1 yxe Oyne BIIbHOKO BlX

CKpYTYy 1 HacJaigok 3.2.2 nokasye, o Mae micue BkiwodeHns H /T <S(G/T).

3acTtocyBaBm  Tenep  Teopemy 1.2.2,  oTpuMaemMo, MmO  KOMYTaHT
D/T=[G/T,G/T] Oyae cKiHUEHHUM. Y [IbLOMY BHUIIAJKy MHOKHHA P/ D BCIX
eJIeMeHTIB (G / DD, 0 MarTh CKIHUCHHUN MOPSIIOK, Oy e i XapakTepuCTUYHOO
OIArpynow, Qaktop-rpyna mno skiii Oyae BUIBHOKO BiJ CKPyTy al0eneBoro
rpynoto. 3 Takoro Bubopy P/ D BumnuBae, no P/ K Oyne nepioguyHoro G-
1HBapiaHTHOIO miarpynoro. [lpunycrtumo, mo 7' € BaacHow miarpynow H. Lle

O3Hauwae, wo (akrop-rpyna /7 /K MicTUTH enemMeHT x, K, SKAld Mae

HECKIHYEHHHMI mopsiaoK. [lo3HauMMO HOpMalibHE 3aMUKAHHS (le )G/K qyepes
X,/ K,tom X,/K Oyne CKIH4EHHO MOPOLKEHOKO a0eneBO0 (G-IHBAPIAHTHOO
niarpynor. Tomy MOXKHA 3HAWTH Take HATypajJbHE YUCIO 71, 1O
Y,/ K=(X,/K)" Oyne BIIBHOK BiJ CKPYTYy MIArPYIOK), 30KpeMa BOHA Oynae
BUIbHOK a0eneBoro. 3 ii moOyI0BM TaKOXK BHUIUIMBAE, 10 BoHa Oyne G-
1HBapiaHTHO. ko dQakrop-rpyna / /Y, He Oyae mNepiogudYHON, TO,
CKOPHCTABIIMCh HABECACHUMH TUIBKM L0 MiIpPKYBaHHSMH, MOOyayeMoO B Hiid G-
1HBapiaHTHY BuUIbHY aleneBy miarpyny Y,/Y, 1 T.a. B KiHOl KiHIIB MU
noOynyemo B (akrop-rpyni H /K marpyny U/ K , ska Mae 3pocTarouuii psa
(G-1HBapI1aHTHUX MArpyN, (aKTOPU SKOTO € BUIbBHUMH a0€IEBUMHU, a BIANOBIIHA
bakrop-rpyna H /U yxe Oyne nepioguunoro. OueBuAHO, miarpyna U Takox
Oyne (G-1HBApIaHTHOK 1 BUIBHOK BiJ CKpyTy. 3 Toro (akty, mo H /U €
NEPIONYHOK, BUIUMBAE, WO 1 G /U Oyae nmepioAudHor Maixke abeseBOro
rpynoto. I3 jgemu 3.1.1 1 Hacaigky 3.2.9 orpuMaeMo, 110 KOMYTaHT (hakTop-
rpymu G /U Oyae d4epHIKOBCBKOW miarpynor. Ockuteku P/K €
nepioguuHor, a U/ K € BUIBHOKW BIJl CKPYTy, TO MAa€ MICLHE PIBHICTh

PNnU=K. 3 Tteopemu Pemaka  BumimBae  Temep  BKJIAJAHHA

G/K=G/PxG/U. Ockinbkn G/ P abenepa, [G/K,G/ K] 4epHIKOBCBKA.

Ockinbkn K 4EpHIKOBCBKA, TO [(5,(G] TaKOK YEPHIKOBCHKA. [
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3.3. Jlesiki TeXHI4YHI pe3yJbTaTH

B npomy nmaparpadi npoaoBxKy€eTbes TOCITIHKEHHS TPYI, KOXKHA MiArpyna
akuX ab0 HOpMalibHa, a00 1i KOMyTaHT OyJe YEPHIKOBCBKOKO MIArpymnoro. B
nonepenHix naparpagax Oyja0 MOKa3aHO, IO OJHMM 3 OCHOBHMX €TalliB
BUBYCHHS TPYM 3 W€K BJIACTUBICTIO, € BUBYEHHS BUMAAKY (Maiike) PO3B's3HOT
rpynu. [lpy BUBYEHHI PpO3B'SI3HUX TPYN MEPIIMM NPHUPOJHUM KPOKOM €

BUBYCHHS iX JIOKQJIbHOI CTPYKTYpH. [Hakmie kaxyuu, BUBYCHHS OYyIOBM iX
MArpyI, Mo MarTh BUrL (g, A), ne A — abenesa miarpymna, a g € N;(A).

OCHOBHOK METOK 1BOro naparpada Ta HacTynmHOro naparpada i € BUBYEHHS
OIATPYIl TAKOTO THITY Y TPynax, KOKHa MIArpyna skux ado HopMmasibHa, abo ii
KOMYTAaHT OyJ€ YEpPHIKOBCHKOKW miarpynoro. Jlanwii maparpad MICTUTH B
OCHOBHOMY TEXHIYHI PE3YJIbTATH, HA SIKUX 0a3y€THCS MOJATBIIE BUBYCHHSI.
3.3.1. Jlema. Hexaii G — epyna, kodcHa nioepyna sikoi abo HopmaibHda,
abo mac depuixoscokuti komymanm. [lpunycmumo, wo G mac eiemenm g i

Micmumb 'y cobi maki niocpynu A, B, o UKOHYIOMbCS HACMYNHI YMOGU:

(1) [4,B]=(1);

(2)A4, Be < g> -IH8APIAHMHUMUL,

3) (A.B)(g)=(1);

4) AmB:<1>;

(5) C,(8)# 4.

Tooi xomymanm nioepynu (B, g) € YEePHIKOBCHLKOIO NIOSPYNOIO.

Jogeoenna. Ockinbkn C (g)# A, TO B miarpyni A MOXKHA 3HAHTH
€IIEMEHT @, 10 MAa€ HACTYNHY BIACTUBICTh: [g,a]=d #1. Toni a'ga=gd #g.
SIKimo npurycTuTH Terep, mo gd € B(g), To gd =g"b I AESKOro LiIoro
uKCIa M 1 JeKoro eneMenTa b € B. 3Biacu oTpuMyeMo piBHicTe g7 =db~'. I3
yMoBH (3) BHIIMBAc Temep piBHICTb dbh~' =1, 3BimKM, BUKOPHCTOBYIOUH (4),
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onepkumMo d=>b=1. OTpumMaHa CyNEepPEeUHICTh MOKA3ye, IO gdeéB(g). Ile
O3Hauae, MO MArpyna B(g) HE MOXKe OyTH HOPMAJIBHOKO 1 TOMY BOHA Mae€
YEPHIKOBCHKHIA KOMYTAHT. ]

3.3.2. Jlema. Hexaii G — epyna, xodicHa nioepyna sxoi abo nHopmaivhd,
abo mae yepHixoscoruii komymanm. Hexati, oani, A — abenesa p-niozpyna epynu
G, 0e p — npocme ducio, ma nexai g — eaemenm epynu G, AKUl He HANEeH UMD

oo yeumpanizamopa Cg(A). AHAxwo nioepyna A mae npsmuti  po3kiao
A=Dr,_ A, Oe xoocHuit npamuti MHONCHUK A, € <g> -IHBAPIAHMHOIO

nioepynoio, mo A micmums y cobi maxy ckindyenHy niomHooxcuny M, wo

A, <C,(g) ona xooxcnoco Ae A\ M.

Jloeeoenna. SIKio MHOXXMHA 1HJAGKCIB A € CKIHUYEHHOH, TO BCE
JOBEACHO. ToMy PO3IJISSHEMO BHIAJAOK, KOJM MHOXKHHA 1HACKCIB €
HECKIHUCHHOI. OYEeBUHO MOKHA 3HAWTHM B A Taky MOIAMHOXKHHY A, IO

pisHuns A\ A Oyne CKIHUEHHOIO Ta npsamuii 1o0yTok Dr,_, . A, MICTUTB y €001
NEPETUH ( g) M A. Sxmo npunyctuta tenep, mo C,(g) MicTUTh y co01 mpsmi
MHOXHUKA A4, Uil KOXKHOro Ae€A, TO 3HOBY BCE J0BEIEHO. Tomy
IPUIYCTHMO, 1O iCHYE 1HACKC A€ A, mo uenrpamsarop C,(g) HE MICTUTb Y

co0i A4, . Iokmagemo tenep B=Dr, ., A4,. 3 nemu 3.3.1 MOKEMO OTpUMATH,
0 KOMYTaHT B(g) OyJe YEPHIKOBCHKOK MIATPYNoOK. Y LbOMY BHITAJKY
HWKHIA [1ap Ql([B<g>,B<g>]) [[bOr0 KOMYTaHTy OyJi¢ CKIHUCHHHM, TaK IO
MOKHA  3HAWTH TaKy CKIHYEHHY H1AMHOXUHY ZCA, 110

Q, ([B(g),B(g)])mDr A —(1). Ane TOMl OJNMHUYHUM OyJ€ 1 MEPETHUH

HEAZ Ty T
[B( g),B ( g)] NDrys4,. 3 Toro dakry, mo miarpyna Dr, A, € < g> -
iHBapiaHTHOIO, BuIMBAE, o nentpanizarop C,((g)) mictutey co6i Dr, A4,

110 i OyJ10 MOTPIOHO JOBECTH. []
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3.3.3. Jlema. Hexaii G — epyna, kodcHa nioepyna sikoi abo HopmaibHda,
abo mac yepnikoecvrkuii komymanm. Hexaii, oani, A — enemenmapna abenesa p-
nioepyna epynu G, oe p — npocme ducio, ma nexaii g — eremenm cpynu G, wo

Mae HeckindenHuil nopsoox. Ilpunycmumo, wo A ¢ <g> -IHeapianmnolo md
(g) NCs(A) = (1) Tooi F, (g) -M00yb A 6yOe nepioOuyHUM.
Josedenns. Tosnaunmo Kimbie F,(g) depes J. IIpAMycTHMO, IO HAIIe

TBEPIUKCHHS € HEBIPHUM. Toal A MICTUTB €IEMEHT ¢, aHYJIATOp Ann,(c) AKOTo
OyJie HYyJIbOBUM. Y 1IbOMY BUNAAKy MaeMo 13omopdizm C =c/ = J . [Toknmagemo

x=g>, TOJi MAEMO NPSAMKI PO3KIaL
J=Fp<x>6—)(Fp<x>)g,

a omke 1 npsivuit posknan C=C @ CE, ne € =cf, (x) OOwnpsi niarpymu C, Ta
C, =C§ OynyTtb (x) -iHBapiaHTHUMU. 3 JiemMH 3.3.1 OTpuMaeMo, 010 KOMYTaHT
C,(x) Oyme depHiKOBCBKOW0 miarpynor. Ockimbkd C, € EIEeMEHTAPHOK
abeneBoto, T0 ue osHauae, wo niarpyna | C,(x),C,(x)]| Gyae ckinuennoro.
3okpema, C,(x) Oyge FC-rpynor. Ane B IbOMY BHIAJKy ICHYE Take
HarypaibHe yncio m, o x" € C;(C,). OaHak ne cynepeynts ToMy (pakTy, mo
C, € BUIBHMM BiJ CKpyTy. OTpUMaHa CynepedHiCTh XOBOIUTH TON (akT, 110

F ( g) -MOJyJib 4 Oy i€ NEPIOTUYHUM. L]

p

3.3.4. Jlema. Hexaii G — epyna, xodcHa nioepyna sikoi abo HOpMaibHd,
abo mae yepHixoscoruii komymanm. Hexaii, oani, A — abenesa p-nioepyna epynu

G, 0e p — npocme wucio, ma Hexail g — eaemenm pynu (3, o MAa€ HECKIHYEHHUT
nopsiook. Ilpunycmumo, wo A ¢ < g> -IH6APIAHMHOI0 md ( g) NCy(4)= (1)

Akwo I, (g) -mooyne A =Q(A) € nepioouunum, mo Z(g)-mo@yﬂb

C= cZ( g) = <c><g> Oyoe cKiHYeHHUM OJisl KOJCHO20 elleMenma ¢ niocpynu A.

148



Po3ain 3. I'pynu, Bei miarpynu sikux a6o HopmaJibHi,
a00 MalOThb YepHiKOBCHKHI KOMYTAHT

Josedenns. Tozuaunmo kinbue /) (g) gepes J, a kimbue Z{g) uepes R.

OCKiNbkH A € p-MiArpynoo, To MOPSIOK eNeMEHTa ¢ AOPIBHIOE p* 1is AesKOro
HarypanbHOro uucna k. Sxkmo k=1, to C=cJ=J/1I, ne [=A4Ann,(c) —
HEHYJIbOBHH iean. Ciia BIAMITHTH, 110 KOKHWUN HEHYJBLOBUN 11€ai KUIbLS J
Ma€ B OCTAHHBOMY CKIHYEHHHIA 1HAEKC, @ TOMY ( TakoX Oye CKIHUCHHUM.

3acTocyemMo 3apa3 IOBEJAECHHS MO IHAYKI 3a yucyioM k. [Tpumyctumo, o
k >1. BimoOpaxeHHs

Pu—puucC,
0ueBUIHO, Oyae R-enpomop¢pizMmom C 1 Img = pC, Kerg =, (C). binpm Toro,
3 piBHOCTI pC =(pc)R Bunmnusae, mo pC Oyae HUKIIYHUM R-TMAMOIYJIEM Ta
| pc|= p*. 3a ingykTUBHUM npunymeHHAM miaMonyns pC Oyae CKIHYECHHHM.
binbir Toro, maemo 13oMop(izm
pC=Img=C/Kerg=C/Q,(C),

3 HAsgBHOCTI SKOTO 30Kpema oTpumyemo, wmo ¢akrop C/€(C) Oyae

CKiHUeHHMM. OCKUIbKH KUlbLle K € HETEPOBUM, TO KOXHHWH CKIHYECHHO
MOPOKCHUN R-MOJyb OyJie HETEPOBUM. 3BIJACH OTPUMAEMO, IO MIAMOIYJIb

Q) (C) Oyne CKIHUYCHHO MOPOLKCHUM. MU BXKE 3a3HAYAIN BHLIE, IO KOKHHIHA
mMKmYHni  J-miamonyne  £2,(4) Oyne ckiHueHHuM, Tak mo Q(C) €
CKiHYeHHMM. Takum unHOM, C’ TaKOK OyJe CKIHUCHHHM. [

3.3.5. Jlema. Hexaii epyna G micmume y cobi maxy nepioouuny abenegy
Hopmanety niocpyny A, wo ¢axmop-epyna G/ A marxoox 6yoe abenesoio.
AHrwo nioepyna (g,A) € JIOKAIbHO HIIbNOMEHMHOIO OJISl KOJMCHO2O eJleMeHmd
g e G, moiecaepyna G byoe IOKAIbHO HITLNOMEHMHOIO.

Jlogedenna. Hexaii p — IpoCTe YMCIIO 1 MO3HAYMMO 4YePe3 P CUIIOBCBKY p-

niarpyny A. I[To3naunmo uyepe3 B HwkHIA map niarpynu P, to6to B = (P).
Skmo g — enemeHt rpynu G, SIKANA HE HAJIEKUATH 10 MIATPYNH A, TO MPUPOAHAM

YMHOM MH MOKCMO PO3IJIdaarnu B sk MOAYJIb HaA I'PyIIOBUM KiJ'IBHeM I » <.X> , A€
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(x) — HecKiHYCHHA LMKIIYHA TPyna, a Jis eleMeHTa X Ha 4 BH3HAUYCHA 3a
NpaBWJIOM ax = a® JJid KOJKHOTO eJieMeHTa a miarpynu B. Tomi J = F, (x) Oyne

00NaCTIO TOJIOBHUX 17€alTiB. SIKIO MPUITYCTHTH, IO B HE Oyae J-NEPIOANYHIM,
TO B MYCUTb MaTH €JIEMEHT d, SKU Mae HACTYIIHY BIAacTUBICTE Ann,(c)= (O)
(cia 3a3HAUUTH TYT, IO L€ € MOXJIMBUM TUIBKM Y BUMAJAKY, KOJU €JIEMEHT g
Ma€ HECKIHUYEHHMI mopsaok). OnHaK y 1bOMY BHIAJKY MiArPyna (a,g) Oyne
isoMoppHOO 0  Binueoro goOytky (aywr(g), a ocramHii He €

HUJIBIOTEHTHOK TPynorw. OTpuMaHa CynepeuHIiCTh TOBOAUTH TOM (hakT, mwo B

MYCHTbH OYTH J-MIEPIOAUYHUM MOAYJb. KO b € B, TO

(b)Y =bJ =7 | Ann,(b)=(0).
KosxHuii HEHYIbOBUH 1€a)T KIIbIS J Ma€e CKIHYEHHUH 1HJIEKC, TaK [0 MiArpyna
<b><g> Oyze ckiHueHHOW. SIKImo M — 1e MiHIManbHWA J-miamoayns bJ, To
Q= Ann, (M) Oyne MakCUMaJIbHUM i1neaqoM Kiashg J. 3 TOro (akrty, mo
niarpymna ( g,M ) € HUJIBIIOTEHTHORO, OTPUMYEMO PIBHICTh
() =[g,M]=M(x—-1). 3Bincu BuIMBAE, WO inean ) MyCHTb CIiBIALATH 3
(x—1)J . OctanHs piBHICTh OyJA€ CNPABEUIMBOIO ISl JOBUILHOTO MPOCTOrO J-
OIAMOAYJIA, TaK IO OTPUMYEMO piBHICTE Ass,(B)={(x—1)/}. 3Biacu
BHILTHBAE, IO B Ma€ 3pOCTArOUHI szt (g ) -iHBApIaHTHHX HiATPyII

()=C,<(=..<C,<C,, <..C,=JC, =B,

ntl —
neN

ne G =0C(8),C

n+l

/C,=Cy () IS KOKHOTO HATYyPaIbHOTO 4MCIA 1.

3ragaBmu npo Te, mo G/ A — abenepa rpyna, OTpuMaeMo TOM (hakT, IO
niarpyna C Oyne G-1HBapiaHTHORO JUTS KO>)KHOTO HATYPAJIbHOTO YHCA 7.
Ioknanemo tenep B, = B, B, =€ () U1 KOXKHOT0 HaTyPaIbHOTO YUCIIa
n. O4eBUAHAM € TOH (PaKT, MO BIAOOPAKEHHS
@:b—> pb,be B,

oyne ( g) -enpomopgpizmom. Ham, Img < B, Kerg =B, Tak mo (akrop-rpyna
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B, / B, Gyne 130MOpdHOI0 10 AeIKOi ( g> -iHBapiaHTHOI miarpynu B, . Lle Tsarue
3a co00r0 TOif akt, mo B,/ B, Gyae (g)-rilepueHTpaTbHO. 3aCTOCYBaBILH
Tenep 3BUYAlHY I1HAYKIIO, 3MOKEMO TOKasaru, mo 1 B, /B, Oyne <g>-
FMEPLUEHTPATIBHOI0 IJIsi KOKHOTO HATypajlbHOrO HOMEpPA A. 3BiJICH BUILIUBAE,
o P Takox Oyne ( g> -TIMEePUEHTPAIIBHOK. BUIbII TOro, MOBKMHA BEPXHBOTO
(g) -LIEHTPAIBHOTO Psay P HE TMEPEBUIIyE MEPUIOr0 HECKIHYEHHOTO
MOPSIKOBOrO uuciaa . JlificHo, s Oyab-sIKOTO €leMeHTa u € P miarpyna
<u><g> Oyle CKIHYEHHOK y BimmosigHocTi 10 Jemu 3.3.4. 3 Toro (axry, 1o
LEHTP < g) -TINEPUEHTPAIIBHOT TPyNM Ma€ HEOJAWHUYHUI MEPETUH 3 KOKHOMO
HEOJMHUYIHOIO <g> -IHBApPIAaHTHOK MIArPYNOK0, BUIUIMBAE, [0 ACAKHA YJIEH

BEPXHBOTO < g> -LICHTPAJIBHOTO ANy, SIKA Mae HATypaJbHUHA HOMEP, MOBHICTHO

MICTUTB y CO01 (u><g> :

Ockiibku Bce 1¢ OyJ€ CHOpaBEAJIMBHM JJiI KOXKHOI CHJIOBCHKOI p-
migrpyma A, to Z{g)-monynb A takox Oyzne (g)-rinepueHTpaibHuM 3 (g)-
LEHTPATBHOKO TOBKUHOIO, sIKa HE nepeBuilye @ . Hexai

(V=2,<2<..<Z,<Z <.Z,=A4-
BEPXHIii (g ) -LIeHTpaIbHIIi psig A.

Bubepemo y rpyni G 1HmMA JOBUIBHWI €JIEMEHT V. 3acTOCYBABIIH
HABEJICHI BHUIIE APTYMEHTH, MOKAXEMO, IO Z( y) -Monyne Z, Oyne ( y> -
rinepueHTpaipHuM. Hexai

(V=Y,<¥,<..<Y, <Y, <.Y =Z -
BEPXHIi < y> -IIEHTPANBHUN P Z,. Y BIANOBIAHOCTI 10 BHOOpY Z, LEH psan
Takox Oy e (g, y)-rinepueHTpaTbHAM.
Ockinbku (aktop-rpyna G/ A € adenesoro, To BIAOOPaKCHHS
Eiz—>z(g-1),zeZ,
Oyne G-ennomopdizmom, npuuomy Imé <7, Keré = Z,. Takum uuHOM, Z, / Z,
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€ 130MOop(HOKO 10 neskoi G-1HBAaplaHTHOI MIArpynu Z,, 30Kkpema, 2,/ Z, Oyae
(g, y)-rinepueHTpaanom. 3acTocyBaBIIM  TENEP 3BUYAMHY  THAYKIIIIO,
orpuMaemo, wmo £ ., /Z Oyzae (g, y>-rinepueHTpaan0}o UL KOXKHOTO
HAaTYpaJIBHOrO HOMepa #n. 3BiacH BummBae, 1o A4 Oyae (g, y)-
riepueHTpaibHol.  Hakme — kaxydd, —migrpyma  (A4,g,y)  Oyme
rinepueHTpaabHor0. [TogiOHMM YHMHOM MM MOXEMO JOBECTH, IO MiArpyna
(A, s gm> OyJie TINEPUEHTPAIBHOKX ISl KOXKHOI CKIHYEHHOI MIAMHOKWHU

{g,,....g,} enemeHtiB rpynu G. n

3.3.6. Jlema. Hexaii G — epyna i A — ii enemenmapna abenesa p-nioepynd,

oe p — npocme Yucio, mad Hexail g — e1emMenm HeCKiH4eHno2o nopsoxy epynu G.

Illpunycmumo, wo nioepyna A ¢ (g) -IHBAPIAHMHOIO,  d  MAKOMC
(g)mCG(A) =<1>. Arxwo F, (g) -niOMo0ye A € nepiooudHumM ma MIiCmums y
coOI HeHy1boGUll NOOLIbHUL I ( g) -NIOMOOYIb, MO NIOcpYna <g> Micmumb
eleMenm X, a niospyna A micmume y cobi <x> -ineapianmuy niocpyny U, O
axux U (x) He Mooice OYmu HOPMAIbHOIO, d C<x)(U )= (1)

Josedenna. Tlosuaanmo uepes J rpymose kinsue F,{g). Hexait D — J-
NoJiJIbHA YacTuHA MoayJs A. 3 Teopemu 1.2.23 oTpumyeMo A MIAMOIYJs 1D
HACTYMHMHA mnpsmuii posknax. D=@, D,, ne D, — uprodeposuii P, -
HiAMOAYJIb U IEAKOTO MakCUManbpHOro ineany P,, A€ A. Ilpunycrumo, mo
MHO>KMHA 1HAEKCIB A MICTUTh X04a O /1Ba PI3HUX €1eMEHTH A Ta . OCKUIBKA
D,, D, TOAimbHI, TO Ann,(D,)=(0) = Ann,(D,). 30Kkpema, C<g)(D/1)=<1>.
3acTOCyBaBIIM Ti 5K CaMi apryMeHTH, o 1 B Jjemi 3.3.1, MU MOXKEMO JTIOBECTH,
mo migrpyna D,(g) He Moxe OyTH HOPMANBHOM, TaK MO MH MOXEMO
noknactu U=D,,x=g.

[Tpunyctumo 3apas, mwo D — nprodepoBuii P-miaAMOAYNb Ui JESKOTO

MakcuManbHoro imeany . Hexadh L =€Q, (D), tomi L € i3omoppHUM 110 J-
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monyis J / P. OCKUIbKM KOKHUANA HEHYJIBOBHHM 17€all Kb J Ma€ CKIHUEHHUH

ingekc, To migMomymb L Oyme ckindennmM. Ilokmazemo (z)= Croy(L)-
Bubupaemo B L HEHYIILOBHH €IEMEHT a,, Toal ¢,(z—1)=0. Ockinbku D — ne J-
NOJUIBHUA MOJYJIb, TO ICHYE €JIEMEHT d,, U0 MA€ BIACTHBICT a,(z—1)=q,.
AHAQJIOTIYHO MM MOKEMO BHOpaTH MHOXKHHY €JIEMEHTIB {a |n>3}, sKi
3aJ0BOJIbHAIOTh HACTYNHI YMOBH. 4, ,(z—1)=a,n>3. IHakme Kaxy4H,
O=(a,|neN) 6yne npiodeposum Z-miamomyie™m, ne Z=(z—-1F (z).
Ioxmapemo x=z”, toni maemo a,(x—1)=0. Hexalt u =a,,v, =a,. 3HOBY

3aCTOCYBABIIM MOMEPEAHI APTYMEHTH, MM MOXEMO BHOparH MiJIMHOKWHU

{u,|neN} Ta {v |neN}, skl 3a10BONBHAKOTH HACTYNHI  YMOBH:
u(x-1)=0=v(x-1, u (x—-D=u,v ,(x—1)=v g BCIX HaTypaIbHUX
ancen n. [oknagemo tenep U =(u,|neN), V =(v,|neN). Obuzsi miarpynu
U ta V OyayTh <x> -IHBApPIaHTHUMU Ta C<x>(U )= C<x>(V) = (1) 3acToCyBaBIIH Ti
K caMm1 apryMEHTH, 110 1 B Jiemi 3.3.1, MU MOkeMO JOBECTH, 1O miarpyna UJ (x)

HE MOKE OyTH HOPMAJIBHOIO. ]

3.3.7. Jlema. Hexaii G — epyna, xodicHa nioepyna sxoi abo nHopmaivhd,
abo mace yepnikoecwkuil komymanm. Hexaii oani A — enemenmapua abenesa p-
nioepyna epynu (G, 0e p — npocme yucio, ma vexait g — eremenm epynu Gz, o He

Hanexcums 0o  yewmpanizamopa Co(A). Ilpunycmumo, wo A4 € <g>-
ineapianmuoio.  Tooi  maxkcumaibHuil <g> -einepexyenmpanenuii  F, (g)—

niomooyine A 6yoe ckinyeHHuM.
Jloeeoenna. 1IpunycTuMO CHoYaTKy, IO €JIEMEHT ¢ MAE€ HECKIHUEHHUI

mopsitok Ta meperuH (g)M A € omuHudHEM. ITo3HA4MMO wHepe3 J IPYHOBe
kineie F,(g). 3actocysasmm Jemy 3.3.3, otpumaemo mo J-moaynb A Oyze
nepiognuHuM. Hexail P — MakCUMalTbHUN 171€ajl KUTbls J, Ta MPUITyCTUMO, IO

P#(g-1)J. IlodHauumo P-KOMOOHEHTY .J-monyns A uepe3 B Ta Hexai
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C=Q, (B). Ina mamonyns C Maemo npsimuid poskinan C=®,_, C,, ne C, —
OpOCTHH J-MAMOAYNb, IO Mae BIacTuBicTe P = Ann,(C,). 30kpema, TOAl
uenrpanizarop C, ((g)) HEe MicTUTh y €061 C, s KOXKHOTO iHgekcy A€ A. 3

Jemu 3.3.2 BUIUIMBAE TOH (PaKT, MO MHOKMHA IHAEKCIB A TMOBMHHA OyTH

CKIHYEHHOK. 3BIACH OTPUMAEMO NpsIMUiA po3kinan B=®,_ £, , ne abo £, Oyae
IMKTYHUM  J-iaMoaynem, abo FE, — mnproodepoBuil P-miamMonynb  (OuB.
npono3umniro 1.2.21 ta teopemy 1.2.22).

[Ipunyctumo, mo £, — ne nprodepouil P-mamonyis. 3 Jemu 3.3.6
OTPUMAEMO, IO MiArpyna ( g> MICTUTh TaKUW €JIEMEHT X, a miArpyna A MiCTUTh
y cobi Taky (x)-imapiamtHy migrpymy U, mo U(x) He Moxe OyTH
HOPMAJIBHOKO T4 C<x>(U )= (1) Tomi komyTanT miarpynu U (x) Oyne
YEPHIKOBCHKOK MIATPYNOR0, a 3 TOro (axty, mo U/ € eNeMEHTapHOK a0eNeBOI0,
OTPUMAEMO, IO KOMYTAHT [U (x),U (x)] Oy/le CKiHYEHHOIO MiArpyroko.
3okpema, U(x) € FC-miarpymnoto, a ToMy MOXKHA 3HAITH HATypaIbHE YHCIIO /1,

: ” :
110 Ma€ BIACTUBICTh X" € C<x>(U ). Llg cynepedHicTh MOKa3ye, o £, HE MOXKE

Oytu mnproepoBum P-niaMoayseM. IHakme kaxyuw, £, Oyae LUKITYHUM
iAMOAYJIEM, 30KpeMa, £, Oyne CKIHYCHHHMM JUIsl KOJKHOTO iHaekcy A€ A. 3i

CKIHYECHHOCTI MHOKWHU 1HACKCIB A BUIUTMBAE TOJl CKIHYEHHICTD B.
Hani, 3 Toro ¢akry, mo A € J-NeplOAUYHUM MOJIYJIEM, OTPHMAEMO

CTaHJAPTHUM npuMapHuil posknag A=@,_ A4A,, ne w=Ass,(A), a 4, — P-
komnonenta A. Skmo P#(g-1)J, 10 C=Q,,(4,)=®,,C,, ne C,

IPOCTUH J-MiAMOAYJIb, WO 3a00BOJBHAE YMOBY Ann,(C,)=P. 30kpema, s
KOXKHOTO iHzekcy Ae A Mae micue piBuicts C.(g)NC, =(0). Lle Tsrae 3a
coboro pisricts C,(g)M A4, =(0) W11 KOXKHOTO MAKCHMAIBHOTO ifeaiy
P#(g-1)J. lloknanemo X=7x\{(g—1)/}. SIKI0 MHOXMHA X CKJIaJAA€THCA

AMUIe 3 OJHOTO ifeany P, TO 3 NOBEICHOr0 BULIEC BUIUIMBAE, Mo A, Oyae
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CKiHYCHHO0. ToMy mpurycTumo, mo X # {P} ta Hexat A=X\{P}, L=, 4,.

OCKUIbKM TIOPAJIOK €JIEMEHTa ¢ € HECKIHYEHHUM, TO MAEMO PIBHICTh
(g)mA=<1>. 3 memu 3.3.1 OTpUMAEMO, 10 KOMYTAHT MIArPyHu (L, g) oyne
YEPHIKOBCHKOKO MIArpynor. OCKUIBKM [, € €JIEMEHTApHOK aleleBo  p-
MiArpPynoro, TO TOAI ii KOMyTaHT [(L, g).(L, g)] Oy/le CKIHUCHHHM, a L
CBIAUMTS PO TOM akt, wo (L,g) € FC-niarpynoto. Le Bxe TArHe 3a cOG00
CKIHYEHHICTh 1HaeKCY | L:C,(g)|. BpaxyBaBmm TakoX PIBHICTBH (O)zCL(g),

OTPUMAEMO, 110 MiArpyna /. OyJe CKIHUEHHO. 3BIJICK OTPUMAEMO CKIHUCHHICTh

npsamoi cymu D, A,. Cnin 3a3Haumtd Tenep, mo @, A4, — e TOYHO
MaKCHMAaNbHHiT (g ) -rinepexuenTpansuuii /(g ) -miaMomayms A.
3aMMIUIIOCh PO3MISIHYTH BUMAAOK, KOJM E€IEMEHT g MA€ CKIHYCHHUWH
. k
NOPSIOK, a00 MOPAAOK |g| € HeckiHueHHmM, ane g € (C.(A) g AesIKoro

HarypanbHoro k. IToxnagemo J=F,(y), ae (y) — HeckiHYeHHa LMKIiYHA

rpyna, a Jiis y Ha A BU3HAYAEThCS 3a MPABUIIOM ) =a® JUisl KOKHOTO a € A.
3HoBY J Oy 0671aCTIO TOJIOBHHUX ineaniB, ane Bxke Ann,(A)=1#(0). 3okpema,
A Oyje J-nepioiuuHuM MOAYJIEM, TaK 10 MAEMO CTAaHAAPTHUNA NPSAMUN PO3KJIaa
A=®,, 4p,
ne A, — ne P-komnoHeHTa A4 1 MHOXMHA 7= Ass,(A) € CKIHYEHHOI.
Ioknagemo B = A4,. Toni 3a reopemoro 1.2.24
B=@®,,5;,
e B, — DMKIYHAR J-MAMOAYNB U1 KO)KHOTO A€ A. 3HOBY 3aCTOCYBaBIIA
HABEJICHI BUIEC MIPKYBAHHS, MOKEMO JIOBECTH, IO HWOKHIA miap €2,,(4,) Oyne
CKIHYCHHUM, a TOMY MHOKMHA IHJEKCIB A TaKOX € CKIHYCHHOI0. [le Tarne 3a

coboro TOi (akt, mo A, € ckiHyeHHUM. Ockinbkn X =7 \{(y—1)J} Takox €

CKIHYEHHOI0, TO @D, , 4, Oyne ckiHyeHHOI0. Ane @, . A, — 1le MaKCUMabHUH

Pex PeX

< g) -TNePEKICHTPATBHUN [ , ( g) -IiAMOTYJIb 4. L]
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3.3.8. Hacaigok. Hexaii G — epyna, kooxcna niozpyna saxoi  abo
HopMAabHd, abo mac 4epuikogcokuti komymanm. Hexaii oani A — abenesa p-
nioepyna epynu G, oe p — npocme yucio, ma nexait g — eremenm pynu (z, o He
Hanesxcums 0o yeumpanizamopa Cg(A). Ipunycmumo, wo niocpyna A € (g)—

ineapianmnolo.  Tooi  maxcumanvHuil < g) -2inepekyeHmpaioHu Z( g) -

niomooyie A 6yoe 4epHiKO8CLKUM.

Josedennn. Hexaii I — MakcumanbHuit (g ) -rinepekuentpanshmii Z(g)-

niamMonysb A. 3 aemu 3.3.7 otpumyemo, mo €2, (£) Oyae CKIHYEHHUM. A 3
bOr0 BXKE BUIJIMBAE TOH (akT, o £ OyJae YEPHIKOBCHKOO miArpynow. [

3.3.9. Hacaigok. Hexaii G — cpyna, kooxcna niocpyna saxoi abo
HOpMATbHA, ab0 Mac 4epHiko8CobKuli Komymanm. Hexati, oani, A — abenesa
nepioouyna nioepyna cpynu (G, ma Hexaii g — eiremenm cpynu G, wo He

Hanesxcums 0o yeumpanizsamopa Cg(A). Ipunycmumo, wo niocpyna A € (g)—
ineapianmnolo.  Tooi  maxcumanvHuil <g> -2inepekyeHmpaioHul Z(g)—

niomooyie A 6yoe 4epHiKO8CLKUM.

Jogedenns.  Jliicho,  Hexait £ -  MakcuMambHud  (g)-
riNepeKICHTPAIbHA N Z( g)-niJ:[MOJ:[ynb A. MaeMo craHmapTHUA nOpsSMUR
posknan E=Dr, L, , ne I, — canoBceka p-miarpyna . 3 Hacaiaky 3.3.8
BUILTMBAE, WO [, Oy/e YePHIKOBCHKOO MIATPYMmor0. 3acTocysasiu jgemy 3.3.1,
MOKEMO JOBECTH CKiHYCHHICTh MHOXHMHA [I(£). Omke, £ — 4YEpHIKOBChKa

niarpymna. [

3.3.10. Jlema. Hexaii G — epyna, Kodxcha nioepyna kol abo HopmabHda,
abo mac yepnikoscurkuii komymanm. Hexaii, oani, A — enemenmapna abenesa p-

nioepyna epynu (G, oe p — npocme yucio, ma nexait g — eiemenm pynu (, o He

Hanescums 0o yenmpanizamopa C.(A). IIpunycmumo, wo niospyna A € (g)—
insapiarnmioro. HAxwo C — eepxuii F, ( g) -einepyenmp Mmooy A, mo 63aemMHul

komymanm [C, g] 6yoe ckinuennoio nioepynoio.
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Jloeeoenna. I IpunycTuMO COYATKY, U0 g MAa€ HECKIHYCHHUU MOPSI0K Ta

NEPETUH (g)mA Oyne oauHW4YHUM. byaemo po3risgatd 4 Sk MOAYJib Haj
TPYyMOBUM  KinblieM [ ( g). Sk 1 panime, 000 CKOPOTUTH MO3HAYCHHS,
noknazemo J =1, ( g). 3 BuOopy miaMoayss C BUIUIMBAE, 10 C CHIBOAAAE 3 /-
KOMIIOHEHTOWO A, nae Z=(g-1)J (oueBumHo, w0 ueh iaean Oyxe
MakCUMaJIbHUM). 3 Teopemu 1.2.25 BurmBae, mo ¢ MICTHTh y ¢001 TAMOIYb
B, kil 3a10BOJIBHSIE€ HACTYMHI YMOBU. B — J-CepBaHTHWH MiAMOIYJIb,
B=®,_,B,, ¢ B, — IMKJIIYHUHA J-TIIAMOIYb sl KOXKHOIO 1HAEKCY A€ A,
daktop-monysb C/ B Oyae J-MoauibHUM.

[Tpunyctumo, mo B = Cy(g). Toml y MHOXKMHI A MOKHA 3HAWUTH Takui

Haeke v, mo Cy(g) He wmictute y cobi B, . llokmagemo E =@, B,.

Azv
3acTocyBaBlmiAd 3HOBY Jemy 3.3.1, OoTpuMaemMo, 10 KOMYTAHT (E, g) oyne
YEPHIKOBCHKOKO MIATpynow. 3 Toro (akty, mo £ — eneMeHTapHa adeneBa

MiArpyna BUIUIABAE, IO KOMYTaHT [(E, g).(E, g)] Oy/ie CKIHUEHHUM, 30KPEMa,
niarpyna (E, g) Oyne FC-rpynoro, a B IpOMY BHMNAAKy 1HACKC |F£:C.(g)|
MyCUTb OyTH CKIHYeHHUM. Ause Toml 1 1Hzmekc |B:Cy(g)| Ttakox Oyzae
CKIHYCHHMM. A 1€ BXE TArHe 3a co00r TOH (hakT, 110 AnnJ(B)qt(O). 3

Teopemu 1.2.26 OoTpUMyeMO HACTYNmHUM npsaMuii  po3kiax. C=B@D.
Ockinibku D € 13oMoppHuM a0 dakrop-moayist C/ B, 1o D Oyae J-noAUTbHUM
niaMoayaeM. Aje ToAl 3a TeopemMoro 1.2.23 1D po3KnaaaeTses y OpsiMy CyMy
nprodepoBux miAMOIYJIB. SK 1 npu noBeAcHH] Jiemu 3.3.7 MOXKHA MMOKa3aTw,
o D mycuth OyTH HYJIbOBHM, ToOTO (' cmiBmamae 3 B. 30Kpema, I1HIEKC
|C:C-(g)| Oyne CKIHUCHHHUM.

3anmumuIIocs TUTbKH PO3MIISIHYTH BUMAA0K, KOJIA a00 MOPSIOK €IEMEHTa g
¢ cKiHueHHMM, abo |g| Oyne HeckimdyeHnmuM, ane k g' € C,(A4) mns aeskoro
HaTypaJibHOTO uKciia k. [lTo3Haunmmo 4epe3 J rpynoBy anreOpy HECKIHUEHHOI

LUKJITYHOT TPYNH ( y) Ha/l IPOCTUM TIOJIeM £ ( y) , 1 BA3HAYUMO IO €JIEMEHTA y
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Ha A 3a IPaBWIOM ay =a® AN KOXKHOTO e€leMeHTa a € A. g i npupoaHum

YMHOM MO>KE€ OyTM TpPOAOBXKEHA 10 Ali ychoro Kuibls J Ha A, ToOTO A crae
moayiaem Han J. Kimbie J Oyae o00gacTiO TOJOBHUX 1J€alIB, ajie BKE

Ann,(A)=1=(0). 3okpema i Ann,(C)=(0). Toxi 3a Teopemoro 1.2.24 MaeMo
npsmuii poskinan C =@, , B,, n¢ B, — IMKIIYHUNA J-IIAMOLYNb Ui KO>KHOTO
A€ A. 3HOBY 3aCTOCYBaBLIN HABEACHI BUILE MIPKYBAHHS, MOKEMO JIOBECTH, IO
mHaeke | C: C.(g)| Oyne CKIHYEHHUM. ]

3.3.11. Hacninok. Hexaii G — cpyna, kooxcHa nioepyna sxkoi abo
HOpMATbHA, a0 Mac YepHikoecvkull komymanm. Hexail, oani, A — abenesa p-
nioepyna epynu (G, 0e p — npocme yucio, ma nexait g — eremenm pynu G, 4o He
Hanescums 0o yenmpanisamopa C.(A). IIpunycmumo, wo niospyna A € (g)—
insapianmuoiro. Axwo C — gepxhiil Z( g) -einepyenmp mooyisa A, mo e3aemMHul
komymanm [C, g] 6yoe 4epHiKo8CbKoI0 NiOSPynoio.

Jlogedenns. SIKIO g Mae HECKiHUCHHHI MOPSIOK, TO mepetnH AN {g)

Oyae OOUHUYHKM. SIKIIO K NOPSIOK E€JIEMEHTY g € CKIHUYEHHUM, TO 1 MEPETUH
S=An(g) Takox Oyne ckinuenHnMm. Oueuano, S Oyae (g)-IHBAPIaHTHON

niArpynoro. ToMmy B bOMY BUMAJKY 3aMICTh TIATPYNu A OyJaeMo po3rasaaTd ii
¢dakrop-rpyny A/S. 11100 HE BBOAWTH HOBUX MO3HAYEHb MU MOKEMO MPOCTO

NPUNYCTUTH, IO Y KOKHOMY 3 BUMAJAKIB MEPETUH A M ( g) € OJTMHAYHUM.
Sxmo [g,C]= (1), TO BCE JOBEICHO. TOMy MOXKEeMO mpunycTuTH, mo

MICTUTh €JIEMEHT ¢, IO Ma€ BIACTUBICTH [g,c]=#1. [lo3HauMMo HOpMasibHE

3aMHKAHHS <c><g> ue ' ' i

pe3 C,, tomi C, Oyne CKIHYCHHOK Ta B3a€EMHHMIA KOMYTaHT
[g,C;] € HeomuHnuHuM. PosrisHemo HwxHiA map L= (C) marpyma C.
3HOBY, 00 [0 CKOPOTHTH MO3HAYCHHs, mokmagemo J=F (y), me (v) —

HECKIHYCHHA IMKJIIYHA Tpyna, a J1l0 ¥ Ha 4 BU3HAUYMMO 3a MPABWIOM ) = a*

JUIsl KO>)KHOTO enementa a € A. Kinbie J Oyae o0nacTio rojoBHUX iaeaiB. 3
Jaemu 3.3.7 BurumBae, mo iaean Ann,(C) Oyae HEHYJIBOBUM. 3aCTOCYBABLIM
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tenep teopemy 1.2.24, orpumaemo npsamuii posknan C =@, B,, ne B, —

HUKIyHui J-miamoayib. Jlema 3.3.10 nokasye, 110 3HAMACTHCS Taka CKIHYEHHA
migmaoxiHa @ ¢ A, mo B, (y—1)=(0) ms Beix iHmekciB A, 0 HaEKaTh [0
niaMHOkuHU A\ @. [Hakwe kaxyuw, [g,B,]= (1) it KoskHOro A€ A\ ®. Toid
¢axt, mo €| € CKIHYEHHO, TIATHE 3a COO0K CKIHYEHHICTh nepetuny L NC,.
Tomy icHye Taka ckiHueHHa niaMHOkuHA ¥ < A, 0 npsamuii 1o0yTok @, . B,
mictuth y co0i nepetun L NC,. Toknanemo A=OUY, O=@,_, B,, 3a uum
BuOopoM miarpyna () Oyne ckiHueHHOr. BubOupaemo tenep ( g) -IHBapI1aHTHY

niarpyny £ B marpyni C, sKa € MaKCHMAJIbHOK BIJHOCHO HACTYIHHUX

BJIACTHUBOCTEM!

@, an B, <E 1a ONE=(1).
[Moxmagpemo R/ E=Q(C/FE). 3 nemn 3.3.10 MO)XHa BHMBECTH, IO IHICKC
R/ E:C,.(g)| Oyae ckinueHHUM. BuOip marpynu £ 3abe3neuye tenep TOH

¢daxt, mo R/ E Oyne CKIHYEHHOK. 3BIACH BHIUIMBAE, MO (akrop-rpyna C/ E
OyJie YEPHIKOBCHKOK). 3aCTOCYBABIIU 3HOBY JiemMy 3.3.1, OTpUMaEmMo, 10 1HJAEKC

| £:C,(g)| Oyne ckiHueHHHMM. 3BiAcH BUILUIMBAE, 10 1 pakTop-rpyna C/ C.(g)
OyJie YePHIKOBCHKOIO.

BinoGpaxenns ¢:c—[g.cl,ceC € oueBuano (g)-ennomopdizmom A.
Y wmeomy Bunaaky niarpymn Img=[g,C] ta Kerg=C.(g) Oyayts < g> -
iHBapiaHTHUMUA B A. 3actocyBaBmm Ttenep i3omoppizm [g,C1=C/C.(g),

OTPUMAEMO, 10 KOMYTaHT [g, ('] OyJe YEPHIKOBCHKOK MIATPYIOLO. [

3.3.12. Hacninok. Hexaii G — 2pyna, xoocna nioepyna sxoi abo
HOpMANbHd, abo Mac 4epHiko8Cokuti komymanm. Hexati, oani, A — abenesa
nepioouyna nioepyna cpynu (G, ma Hexau g — eiremenm cpynu G, wo He

Hanesxcums 0o yeumpanizamopa C.(A). IIpunycmumo maxooic, wo niocpyna A4
oyoe < g> -ingapianmuoio. Axwo C — eepxhiil Z(g)—einepueHmp mooyna A, mo
gzacmnuil komymanm [C, g 6yoe 4epHixo8Ccukolo niocpynoio.
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Jloseoenna. Sk 1 npu JOBEACHHI MONEPEAHBOTO HACHIAKY MOXKHA

OPUMYCTUTH, M0 g MAaE€ HECKIHYECHHHH NOPSIOK, TO NEPETUH Am(g) €
OMMHUYHUM. Maemo cTaHpapTHui npuMapHui npsimuit posknan C=Dr,  C .
ne 7#=1I(C) Ta C, — cunoBcbka p-miarpyna C, pez. SIKIO PIBHICTH

[2.C,1=(1) Mae Mmiciie 1 KOXHOro MPOCTOrO YHCHA p, TO B3AEMHHH KOMYTaHT
[g,C] Oyne OOMHMYHUM, 1 BCE AOBEACHO. TOMY 3alMINAETBCS PO3MISIHYTH
BANANOK, KONM icHye Take mpocte umcno ¢, mo [g,C]#(l). 3a
Hacuigkom 3.1.11  Bzaemumit  komyrant [g,C ] Oyme YEpHIKOBCHKOIO

miarpynoto.  Ilokmagemo L =Dr  C . 3acrocyBaBum Jsemy 3.3.1, wm#u
orpumaemo, mo inneke | L:C,(g)| Oyae CKIHYEHHUM. Y CBOKO 4YEPry, 3 LbOTO
BUIUIMBAE CKIHYEHHICTh KOMYTaHTy [g,l]. [lpuiiHsBIIM 10 yBaru iCHyBaHHsI

npsimoro posknany [g,C]=[g,C, ]x[g,L], oTpuMaeMo, 10 B3AaEMHHI KOMYTaHT
[g,C] Oyae 4epHIKOBCHKOIO MiArPYIOKO. []

3.3.13. Jlema. Hexaii G — abenesa epyna, A — maxuii 2.GG -m00y1b, ujo
Cs(A4)= <1> Ipunycmumo, wo B — ZG-niomooyrs A, wo 3d00601bHAE
HACMYNHI YMOGU.:

(1) Bma A/ B — npocmi Z.G -m00y1i;

(2) B — G-yenmpanvnuti niomooyis, a A/ B — G-ekyenmpanvruii.

Tooi icnye maxuit 7.GG -niomooyns C, wo mae micye HaACmynHutl npsamul
poskiao A=B®C.

Jloseoenna. Bubepemo B rpyni G JOBUTbHUI HEOJUHUYHUM €1EMEHT Z. 3
Toro (akty, o rpyna G abenena, BUIJIMBAE, 1O BIAOOPAKCHHS

g a—>a(z-1),ac 4
Oyne ZG -eapomopdizmoM A. 30Kpema 3BiacH BHIUIMBAE, 0 Img. Ta Kerd,
Oynyth ZG -miaMoaynsiMmu A. 3 BUOOPY ILOTO B1AOOPAKEHHSI BUILJIMBAE, IO

Kerg wmictuth y c001 B. SIKI1o Tenep npunycTuTy, o Kerg He cmiBnanac 3 b,

TO 3 HAIIMX YMOB BUILIMBAE DPIBHICTb Kerg, = A, ska TArHE 3a COOOMO
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cniBBIAHOWIEHHS Z € C(A4) =(1), 00 NPUBOAMTH A0 CymepedHocTi. OTxke,
Kerg, = B, aTomy OyaemMo Matu

A/ Kerg, =Img, =C,
a ne nokazye, mo C Oyne ZG-miaMmonyiem A, sKuii Mae BIACTUBICTH
C;(C)#G. binbw toro, C — npoctvii Z(G -miaMoayib, & TOMY 3 HEPIBHOCTI
C# B BummBae, mo nepetuH (' N B MycuTh OyTH HYIbOBHM. OCKUIBKH

daktop-Mmonysib A/ B € npoctum ZG -moaynem, To C+ B= A, a TOMy MaEMo
npsamui posknan A=BDC. [

3.3.14. Jlema. Hexait G — abenesa epyna, A — maxuii 7. -mo0y7b, wo
Cs(4)= (1) Ipunycmumo, wo B — ZG-niomooyis A, wo 3d0060.bHAE
HACMYNHI YMOGBU.:

(1) Bma A/ B — npocmi Z.GG -mo0y1i;

(2) B — G-exyenmpanvnuii niomooyis, a A/ B — G-yenmpanviuii.

Tooi icnye maxuii 7,.GG -niomooyis C, wo mae micye HaCmynHuti npsamul
poskiao A=B®C.

Jloeeoenna. Bubepemo B rpyni G TOBUIbHUI HEOUHUYHUM €1EMEHT Z. 3
Toro (akry, 110 rpyna G adbenepa, BUIUIMBAE, IO BIAOOPAKCHHS

g a—>a(z-1),ae 4

Oyne ZG -enpomopdizmom 4. 30kpema 3BiAcH BUAIUIMBAE, W0 Img Ta Kerd,
Oynyte ZG -miamonynsmu 4. Ockinekn C,(A/ B)=G, Im¢, < B. Sxkmo mu
npunyctamo, mwo Img, =(0), tomi zeCy(4)=(l), i Mm oTpumyemO
cynepeuHicte. Omke, Img. — 11e HeHyJIbOBHH MAMOLY . 3 TOrO (hakTy, mo B —
npoctuii  ZG -miaMoayib, BUIUIMBAE TOA1 PiBHICTE Im¢g, =B. ZG-daxrop
A(z=1)/ B(z—1) 6yne ZG -romoMmoppuuM oOpasoMm daktop-monyns A/ B.
Tomi, BpaxyBaBLIX PIBHICTB C;(4/ B)=G, Oyaemo Maru
Cs(A(z=1)/ B(z=1))=G. 3 Toro ¢akty, mo B — npoctuii Z(G -niaMoaynb Ta

cuniBigHOWIEHb A(z—1)=Img, =B 1 C,(B)#G, OTpUMAEMO PIBHICTh
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A(z—1)=B(z—1). Inakme kaxyuu, Ijisi KOKHOTO €JIEMEHTa ¢ Monysia A B B
IcCHye Takuii enemeHT b, mo a(z—1)=b(z—1). 3BiACHM BHIUIMBAE, IO
(a=b)z-1)=0,atomy a—be(C (z). OCKUIBKH a — NOBUIbHUI €NEMEHT A, TO
L€ O3Ha4ae, MO Mae micue piBHICTE A= B+C (z). 3ayBakuMo Temep, W0
C,(z)=Kerg, ,atomy C,(z) Oyae ZG -niaMoayiaeM. 3HOBY BUKOPUCTAEMO TOM
dakr, mo B — npoctuil ZG -miaMoayib, 1 OyaemMo Marh, mo ado MEpeTUH
BNC,(z) Oyne nynpoBuM, abo C,(z) micturh y co0l B. B oCTaHHBOMY
BUNIAAKY OTpUMY€eMO piBHICTE 4= (z), AKa NPUBOAUTE A0 CITIIBBIIHOIICHHS
ZeCG(A)=<1>, a OCTaHHE CyMepeuYnTh BHOOpPY €neMeHTa z. TakuM YUHOM,

3TMIIAECTHCS PIBHICTD (O) =BNC,(z), Aka TArHE 3a COOOI0 MPSAMUHN PO3KIIAN
A=B®C, e C=C,(2). ]

3.3.15. Hacainok. Hexaii G — abenesa cpyna, A — maxuti 2.G -m00yi1v,
wo C,(A4)= (1) Ipunycmumo, wo A mae ckindenuuil 2,z -kOMNno3uyitinuil pso.

Tooi maiome micye HACMYNHI MBEPOICEHHS!

(1) A=CO®FE, oe C — sepxuiii G-einepyenmp A ma E — maxcumanohuii
G-einepexyenmpanoruil 7,(z -niomooyis A;

(2) E micmumo y cobi koocnuii G-einepexyenmpanvtiuti 7.(z -niomooyiis
A, 30kpema, Hageoenutl Buye NPAMULL po3KIa0 € COUHUM.

Jloseoenna. 1lepiiie TBep/UKEHHS O€3MOCEPEIHBO BUIIIUBAE 3 jJeM 3.3.13
Ta 3.3.14. Hexait B — G-rinepekuenTpaibiuil ZG -miamoayib A. Skmo (axtop

(B+ E)/ E € HEHYBOBHM, TO BIH MICTUTh Y COO1 HEHYJILOBUI Z.(7 -1 IMOAYJIb
D/E. 3 13omopdiamy (B+E)/ E=B/(BNE) sannuBae, mo D/ E Oyne G-

130MopHUM A0 AesdKOoro mpoctoro ZG -gakropa niaMonyas B. 3Biacu
BUIJIMBaE, o ¢akrop D/LE Oyne G-eKUEHTpaJbHUM. 3 1HIIOTO OOKY,

ciBBIIHOWIEHHS! (B+ E)/ E< A/ E=C noKa3ywoTh, 0 Ma€E MICIE PIBHICTh

Cs(D/ E)=G. OrpuMaHa CyNEpedHICTh 1 MOKa3ye, MO F~ MICTUTh y Co0i

1AMOAYJIb B. L]
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3.3.16. Hacainok. Hexaii G — abenesa epyna, A — maxuii 7.5 -M00Yi1v,

wo C,(A4)= (1) [Ipunycmumo, o KOJCHUL CKIHYEHHO NOPOONCEHUT NIOMOOY b

A mae ckindennui  7.G -xomnozuyitnuti pso. Tooi maiome micye HACMYNHI
MBEPOANCEHMNS:

(1) A=C®FE, oe C — gepxniit G-ecinepyenmp A ma E — maxcumanvriuii
G-einepexyenmpanovruil 7.z -niomooyie A;

(2) E micmumoe y cobi xkoocnuii G-einepexyenmpanvtiuii 7.(z -niomooyis
A, 30Kpema, Hageoenuil ulye NPAMULl po3KIAO € COUHUM.

Jlogedennn. 7. -monyib A Ma€ JIOKaJbHY CHCTEMY CKIHUYEHHO

nopookeHux ZG -miamonynms {A, | A€ A}. Ockulbkm A, Mae€ CKIHYCHHWI
KOMOO3ULIHHUI 7ZG -psa, TO HACHIA0K 3.3.15 NOBOAMTH ICHYBAHHS MPSMOTO
posknany 4, =C, @ L,, ne C, — ue BepxHiil ZG -rinepueHTp miaMonyns A,
(abo iHakme C,=CN4,), a £, — 1e MakcuManbHuii G-TINEPEKUEHTPaIbHAN

2, -miaMonynb A, JUist KOXKHOTo 1Haekey A€ A. Skmo niaMomyis Aﬂ MICTHUTD
y ¢001 miAMOAYJIb A, TO 3 CHIBBIAHOIIECHb

A, 1A, NE)=AL, /E, <A, E,=C,
OTPUMAEMO, O A, N[, Oyae MakcUMalbHUM (-TiepeKueHTpaibHuM 2 -

nigmonyneM B A,, T00to 4, NE = E,. Toknagemo tenep £ = UE .. Tom E
AeA

Oyne G-1HBapiaHTHOK MIATPYIOKO B A, KA MA€ BJIACTUBICTb M A, = £, s

KOXHOTO 1HJeKCY A€ A. 3a cBo€ro moOyAoBOKO £ Oyne G-TinepeKIEeHTPATbEHUM

2.G -mamoynem Mmoayiis 4. Toai 3 Toro GakTy, nio Mae MiCIe MPSMUAA PO3KIIa]
A =C,xE, =(CNnA)x(ENA,),

BUIUIMBAE ICHYBaHHS MNpaMoro poskimany A=CxFE. 3okpema, FE Oyae

MaKCUMaJIbHUM (-TIMEPEKUCHTPATbHUM 7 -inmMoaysieM B A. JloBeneHHs

JPYyroro TBEPDKCHHS CIIOBO B CIIOBO MOBTOPIOE JOBEACHHS BiAMOBIIHOTO

TBEPUKEHHS B HaCaiaKy 3.3.15. [
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3.3.17. Hacainok. Hexaii G — epyna, A — Ii nopmanvna abenesa p-
nioepyna, oe p — npocme uwucio. Hexain g — enemenm cpynu G, wo mae
nacmyniy enacmusicne Ci(A) # gC;(A)e (G / Cy(A)). Ao I, ( g) -MOOY/b
Q,(A) € nepioouynum, mo A micmumo y cobi maxi G-ineapianmui niospynu C,
E, wo mae micye npamuit poskiad A=CxFE, oe C — eepxuiii Z( g) -einepyenmp
A ma E — maxcumanvruii < g> -einepexkyeHmpaibHuLl Z( g) -niIOMOOYIb A.

Jloseoennsa. SIKIO €NEMEHT g MAa€ HECKIHUCHHUH MOPSAIOK Ta MEPETHH

(g) N C5(A) € ommamarIM, TO Jema 3.3.4 NoKa3ye, 0 HOPMATBHE 3aMHKAHHSI

<a>(g> OyJe CKIHYEHHUM is OyIb-sIKOTrO €neMeHta a miarpynu 4. Skmo x

ICHY€E Take HaTypayibHe yncio m, mo g € C;(A), TO 3HOBY HEBAKKO NOKA3aTH,

10 <a><g> Oylle CKIHYEHHMM. 3BiCH BHIUIMBAE, WO KOKHUH CKIHYEHHO
MOPOLKECHUMA Z( g>-niJ:[MOJ:[ynb A Mae CKIHYEHHUI KOMOO3ULIiHWHA psia. Takum
YUHOM, MU MOXKEMO 3aCTOCYBAaTH Hacaiaok 3.3.16. 3 Toro ¢akry, mo gC.(A)
HAJICXNUTh 10 LeHTpy ¢akrtop-rpynu G/ C,(A4), sunnusae, mo C Oyne Z( g)-
migmonyneM A. 3 macmiaky 3.3.16 orpumyeMo, IO KOXKHHHA (g)-
riNepeKICHTPAIbHA N Z(g)-niJ:[MOJ:[ynb A MicTATbCS B £, 1 1€ AOBOAUTH TOH
(axr, wo miarpyna £ takox Oyne G-iHBap1aHTHOIO. [
3.3.18. Hacainok. Hexaii G — 2pyna, xoocna niospyna sxoi abo
HOpMabHd, dbo Mde yepikoscvkuii komymanm. Hexati, oani, A — abenesa

nepioouyna nioepyna cpynu (G, ma Hexai g — eiremenm cpynu G, wo He

Hanexcums 0o yeumpanizamopa Cs(A). Ipunycmumo maxoowc, wo nioepyna A
0yoe < g> -ineapiaumuoro.  1Tooi  ezaemnuuii  xomymanm [A,g]  0Oyoe
YepPHIKOBCLKOIO NIO2PYNOIO.

Jlogeoenna. SIkmo icHye Take HarypaibHe 4ucino 7, mo g" € C,(A4)
(30Kpema, 1€ OyJIe y BUIMAAKY, KOJU €IEMEHT ¢ MA€ CKIHYEHHUH MOPSAOK), TO

niarpymna <A, g”> OyJAe LEeHTPAJIbHAM PO3LMIMPEHHAM TIATPYNU 4 32 TOMOMOIOK0
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LMKTIYHOT TPyNH. AJle TOAi MiArpyna <A,g”> aGenesa, a niarpyna (4,g) Gyxe
Maibke abeneBoro. 3 Teopemu 3.2.10 BUIMBAE TO, WO KoMyTaHT (4, g) Gyne
YEPHIKOBCHKOKO MIATPYTIOH0, 30KpeMa 1 B3aEMHUH KOMYTaHT [g, A] Takox Oyne

TaKOK MIATPYIOKO.

TakuM YUHOM Tenep MU MOKEMO MPUITYCTUTH, IO NEPETUH ( g) NCs(A)
€ oquHnYHuAM. 3 Jemu 3.3.3 ta Hacaiaky 3.3.17 orpumaemo, mwo A MICTUTh y
cobi Taki (g)-iHBapianTni migrpymn C, E, mo mae Micue HpSMHH PO3KIax
A=CxE, ne C — BepxHii Z(g) -TINepUeHTp 4, a £ — MakCuMaJlbHUAN <g>-
rNePEKIECHTPATbHU I Z( g) -miamoaynb A. 3 Hacaiaky 3.3.9 BUIUIMBA€E TOi

¢axT, mo £ — YepHIKOBChbKA miarpyna. 3 Hacaiaky 3.3.12 orpumaemo, mio i

B3a€MHUIA KOMYTaHT [g,(C] Takok OyJe YEPHIKOBCHKOKO MIArPYMOr0. 3BiACH 1
BUIUIMBAE, U0 1 KOMYTaHT [g, A] OyJe YepHIKOBCHKOI MIATPYIIOHO. [

3.3.19. Jlema. Hexaii G — epyna, kodxcna nioepyna sikoi abo Hopmaivhda,
abo mae yepHikogcoruti komymanm. Hexati, oani, A — abenesa nioepyna epynu

G, ma Hexail g — earemenm cpynu (G, WO He HALEICUMb OO0 YEeHMPALi3amopd

Cs(A4). Ilpunycmumo makoowc, wo niocpyna A 6yoe <g> -iH8ApIAHMHOI0 mda
[7,g]= (1) oe T — nepioouuna wacmuna niocpynu A. Tooi 3acmuuii KOMymanm
[4,g] 6yoe uepnixoscvroro niocpynoro.

Jloeedenna. SIkmo icHye Take HarypainbHe 4yucino 1, mo g € C;(A4)
(30KpeMa, 1e OyAe y BHIAIKY, KOJM €JIEMEHT g MAa€ CKIHYCHHHIA MOPSIOK), TO
niarpyna <A, g”> OyJic LEHTPAIBHAM PO3LMIMPEHHSAM NIATPYNH 4 3a JONOMOT OO
HUKJIIYHOT Tpynu. AJie TOJl Miarpymna <A, g”> — abenera, a miarpyna (A, g)
Gyne maibke abeneBoro. 3 Teopemu 3.2.10 BUILIMBAE TOZI, 1O KoMyTaHT (A, g)

OyJie YEPHIKOBCHKOIO MIArPYMNOK, 30KpeEMa 1 B3aEMHUNW KOMYTAHT [g, A] Takox

OyJie TaKOIO MIArPYIOL0.
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Takum YMHOM TENEP MU MOKEMO MPUIMYCTUTHU, IO NEPETHH ( g) NC,(A)
€ OTMHUYHUM, 30KpeMa i ePETUH ( g) N A Takox € oauHUYHUM. Skmo A=17",
TO TBEPMKEHHS TPHUBIAILHO BUKOHYEThCA. TOMYy MU MOXKEMO BB@KaTH, LIO
miarpyna A4 He Oyae mnepioanuyHoro. Dakrop-rpyna (A, g) /T Oyne

PO3IIMPEHHSIM BUIBHOT BiA CKpPyTy adeneBoi miarpynu A/7 3a JOMOMOrO
HECKIHYEHHOI IMKIIIYHOI rpynu. ToMy BOHA TakoK € BUIBHOKO BIJ CKPYTY. 3

Teopemu 3.1.12 Bumnsac, wo daxrop-rpyna {(A4,g)/ 7 6yae abeneporo. 3sincu
BUIUTMBAE, WO JJIs KOXHOTO €JEMEHTa ¢ MIArpynud A Mae MICIE PIBHICTh
a® =ax ana aeskoro enemeHta x € 7. OCKIUJIbKM €JIEMEHT X MAa€ CKIHYCHHMIA
nopsanok, To g*eC,(a), ne k=|x|. IHakme KaKy4d, KOXHMH €JIEMEHT

MACPYIU Mac B = TUIbKA CKIHUYEHHY MHOYKUHY CIIPSDKEHUX.
you A H=(A4,g y y

3acrocysaBiun Teopemy 1.2.27 i Bpaxysamm Toi ¢axt, mo (A4,g)/7 €

H
abeNeBOI0, OTPUMAEMO, IO HOPMAJIbHE 3aMHKaHHs (d) Oyje PO3LIMPEHHSM
CKIHYECHHOI MIATPYNH 32 JOMOMOIOK HECKIHYEHHOT [IMKIIYHOI rpynu. 30Kpema,

ICHY€ TaK€ HATypaJlbHE YMCJIO ¢, U0 MiArpymna <a’> OyJie HOpMaJIbHOK B H.
Hexail enmeMeHT a, miarpynu A Mae HECKIHYCHMH MOPSNOK Ta HeEXal f, —
HATYypaJIbHE YHCJIO, I SKOro miarpyma B, =<a1’1> OyAe HOPMaJbHOKO B .
Axkmo ¢akrop-rpyna 4/ B, Ma€ €NeMEHT d,B, HECKIHYEHHOIO MOPSAKY, TO
3HOBY 3HAXOIUMO TAaKe HATYpaIbHE YMCIO [,, WO miarpyna B,/ B =<a§Bl>

Oyzne HOpMaNBHON B [/ B,. 3acTocyBaBlIM 1 Jami Ti K caml apryMeHTH, a
TaKOX TPaHC()IHITHY THAYKLIO, TOOyIyeMO B miArpyni 4 TaKy /-iHBaplaHTHY
BUTIbHY a0elnieBy miarpyny B, mo ¢axktop-rpyna 4/ B Oyae Bxe NEPIOJUYHOKO.
3a Hacaigkom 3.3.18 OyaemMo matu, 10 KOMYTaHT / / B Oyae Y4epHIKOBCHKOK)

migrpynoto. Ockineku B € BimbHOWO Bin ckpyry, o BNI =(1). Temep,

3aCTOCYBABIIM KJIACUYHY TeOpeMy Pemaka, oTpuMaeMo BKJIaJaHHs NiArpynu H
y npsmuit 1o0ytok H / Bx H /T = 1. Mu Bxe paniuie BiaMidaauy, o (akrop-

rpyna H /7T Oyne aleneBoto, a kKomyTaHT daktop-rpynu H /B €
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YEPHIKOBCHKOK) MIATPYMOK. 3BIACH BHIUIMBAE, IO 1 KOMYTAaHT [[,[] Takox

OyAe YEPHIKOBCHKOIO MIATPYNO0. AJ€ B IbOMY BHIAJKY YEPHIKOBCHKOKO Oyae 1

[H,H], aoTxe, 1 B3acMHUI KOMYTaHT [ 4, g]. [

3.3.20. Teopema. Hexaii G — ecpyna, kodcha nioepyna kol abo
HOpMANbHd, abo Mac 4epHikogcokuti xomymanm. Hexati, oani, A — abenesa
niocpyna epynu G, ma Hexaii ge N (A)\Ci(A). Tooi [Ag] 6yoe
YepPHIKOBCHKOIO NIO2PYNOIO.

Jlogedenna. 1lozHaumMo dvepe3 7' MEPIOAVYHY YACTHUHY MIATPYyNH A.
3acrocyBaBmid  HacaiAoK 3.3.18, oTpuMaeMo, MO B3a€EMHHMI KOMYTAHT

B=][g,T] Oyae uepHikOBCbKOI TiArpynow. B ¢dakrop-rpyni A/ B Tenep yxe
Oymemo wmarm BkmoueHHd 7'/ B<C ,(gB). Jlema 3.3.19 mnokasye, w0io
KOMYyTaHT [gB,A/B] Oyne 4YepHIKOBChKOK MArpynor. OCKUTbKH 1 B €
YEPHIKOBCBKOK), TO 3BIACM OTpUMyemMo, 1o 1 miarpyna [4,g] Oyne

YEPHIKOBCHKOFO. [

3.4. lIpo OynoBy aesIKHX Ipyll, BCI MATPyNH IKUX 200 HOPMAJIbHI,

a00 MAKOTh YEePHIKOBCbKHUII KOMYTAaHT

B unpomy maparpadi MM OPOJOBKHAMO JOCHIKCHHS TPyH, KO>KHA
niarpyna skux abo HopMmanbHa, abo ii KOoMyTaHT OyAe YEPHIKOBCHKOKO
OIATPYNow. MM OTpUMAEMO TYT OMNMC CTPYKTYPH JESIKMX KIIACIB Makke
PO3B'SI3HUX TPYI, SIKI MAKOTh BKa3aHY BJIACTUBICTh. [[0YHEMO MU 3 HACTYITHOTO
pe3yabTary.

3.4.1. Jlema. Hexaii G — epyna, xodicHa nioepyna sxoi abo nHopmaivhda,
abo mae yepHikogcokuti komymanm. Hexati, oani, A — abenesa nioepyna epynu

G. Axwo B — maxa niocpyna nopmanizamopa N,(A), wo B> A ma ¢paxmop

B/ A 6yoe cxinuenno nopoodicenoio abeiegoio epynoio, mo komymanm B 6yoe

YepPHIKOBCHKOIO NIO2PYNOIO.
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Jloseoenna. Ockinbku (aktop-rpyna B/ A Oyae adbeneBoro Ta CKIHYEHHO
NOPOJ/PKEHOK0, TO BOHA MICTHTh y €001 BUIbHY BiJ ckpyTy miarpyny C/ A,
iHAeKe skoi Oyne ckiHueHHUM. [lokaxkemo, mio komytant C Oyne
YEPHIKOBCHKOK MiArpynor. Toxl, 3acrocyBaBuin Teopemy 3.2.10, orpumaemo,
110 1 KOMYTaHT B Oyie YepHIKOBCHKOIO MIATPYIIOHO.

Ockineku C/ A — BUIbHA BIJ CKPYTY CKIHYEHHO NOPODKEHA adeneBa
rpyna, o0 C/ A Oyjae BUIBHOK a0EICBOK0 IPYIOK CKIHYEHHOI'O PaHry, TOOTO
C/A=(gA)x..x(g,4). 3 reopemn 3.3.20 OTPUMAEMO, IO B3AEMHI
KOMyTaHTH [g,,A] OyayTh YePHIKOBCBKAMHM MIATPYHAaMH [Tl KOXKHOTO iHACKCY
Jj, 1<j<n. Tom 1 ix pobyrox D=[g,A]-...-[g,.A] Takok Oyzae
YEPHIKOBCHKOK miarpynor. [logamemmii po3risay Mmu OyAeMO TPOBOAWUTH Y
¢dakrop-rpymi B/ D, a Tomy, 100 HE poOUTH HAIIUX MO3HAYEHb TPOMI3IKUMU,
Kpaumie BBaXarw, W0 miarpyna 0 OyAe OAMHUYHOK. Y 1bOMY BHITAJIKY
OJIMHUYHOK MIATrpynow Oyae 1 B3aeMHU KomyTaHT [B,A]. Ilo3Haummo
nepioauuny yactuHy marpynu A yepes 7. Ockinbku daxkropu A/7 ta B/ A €
BUTBHUMH Bl CKPYTY, TO 1 (aktop-rpyna B/7 Oyae BUIBHOKO BlJ CKPyTy. 3
Teopemu 3.1.12 oTpuMaemo, 1o BoHa OyjAe aOeNeBO0. Y CBOKO YEPTY, 3BIACH

BUIUIMBAE, IO B3aEMHI KOMYTaHTH (g, B] OyAyTh NEPIOAMIHAMH ITiArpynaMu

TS KOSKHOTO 1HAEKCY f, 1< j <n. OCKUIbKM MArpyna B € HUTbNOTEHTHOR), a ii

KJIaC HUIBIIOTEHTHOCTI HE MEPEBHILYE 2, TO MAEMO CTaHAAPTHUH 130MOp(hi3m

[g,,Bl=B/Cy(g,) ansg koxHOTO 1HACKCY j, 1< j<n. OueBnaHo, miarpymna B
MICTUTBCS Y KOKHOMY 3 TeHTpami3aropiB C,(g;), a ue TArHEe 3a 000K TOM
(paxr, mo gaxrop-rpyna B/ C,(g,) Oyne mepiomuuror0. OCKUTBKH BOHA IIIE €
abeIIeBOI0 Ta CKIHYEHHO TOPOKCHON, T0 B/ (Cy(g,) Oyae CKIHYCHHOKO VIS
KOXHOTO 1HAEKCY j, 1< j <n. BpaxyBaBmu tenep teopemy 1.2.27, otpumaemo,

B . .
W0 HOPM&IBHC 3aMHKAHHS (g,..,g,) OYAC PO3LIMPCHHAM CKiHYCHHOI

OiArpynu P 3a J0MOMOror BUTbHOT a0eneBoi rpynu CKIHYEHHOTO paHry. Ciin

3a3HaunTH, WO (akTop-rpyna B/ P Oyne M0OYTKOM CBO€i I[EHTPAIbHOI
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miarpynu A/ P ta BuUbHOI aleneBoi miarpynu. Tomy B/ P cama Oyzae

abeneBoro. 3B1JICK BHIUIMBAE, IO MiArpyna P MiCTUTh y co01 KOMYyTaHT [B, B], a

1€ 1 TOBOJUTH HAIIE TBEPHKCHHSI. ]

3.4.2. Teopema. Hexaii G — JOKANIbHO CMYNIHYAMA 2pynd, KOJICHA
nioepyna  Axoi  abo  HOpMAIbHA, aOO MAE  YEPHIKOBCOLKUL  KOMYMAHMI.
Ipunycmumo, wo G micmums y cobi maxy HopmaieHy abeiegy niocspyny A, o
Gaxmop-epyna G/ A 6yoe ckinvenno nopooiceroio. Tooi komymanm epynu GG
OyOe 4epHIKOBCHKOIO NIOZPYNOIO.

Jloeeoenna. Ockuibku  Qaktop-rpyna G/ A  Oyne  CKIHYEHHO
NOPOJKEHOKO, TO B Tpymi (7 ICHY€ Taka CKIHYEHHO MOPOPKEHA MiArpyna £, mo
Mae Micie piBHICTE G = FA. 3 nacaiaky 3.1.15 orpumaemo, mo miarpyna F €
Mmaiike adeneBoro, a 3a Teopemoro 3.1.12 xkomyrtanT miarpynu f Oyne
CKIHYEHHOIO MIArpymnoro. [3oMmopdizm

G/A=FA/ A=zF/(FNA4)
nokasye temnep, mo ¢akrop-rpyna G/ 4 Mae CKIHUEHHUH KOMYTaHT. Y LBOMY
BUNaaAKy G/ A MICTUTh y c001 CKIHUEHHO NOPOLKEHY adenery miarpyny 1L/ A,
gKa Ma€ CKIHYEHHUH 1HAekCc. MoskHa BBakaTu, mo miarpyna [, Oyne
HOpMaJIbHOKO B rpymi (. 3 jgemu 3.4.1 oTpumaemo, mo KoMmyTaHT [L,L] Oyxae

YEPHIKOBCHKOKO MIArPyNor. 3aCTOCyBaBIM Tenep Teopemy 3.2.10, oTpuMaemo,

110 1 KOMYTaHT yciei rpynu G OyJie YEPHIKOBCHKO TMIATPYIOLO. [

3.4.3. Jlema. Hexaii G — epyna, kodcHa nioepyna sikoi abo nHopmaivhd,
abo mac yepnixogcokuti komymanm. Ipunycmumo, wo G micmumo y cobi maxy
Hopmanety abenegy nioepyny A, wo ¢axmop-epyna G/ A ¢ abenesoio ma ne
Mae 8IACHUX NIOpyn cKiHYyeHHoeo iHoekcy. T1ooi yenmp cpynu G micmumbo i
KOMYMAHM.

Jloseoenna. Hexait £={L,| 1A} — Taka cucrema marpyn rpynu G,
KO>KHA 3 SIKAX MICTUTh y c001 4, o {L, / A| A€ A} Oyae NOKAIBHOKO CUCTEMOIO

BCIX CKIHYEHHO MOPOKEHUX marpyn ¢akrop-rpynu G/ A. 3 teopemu 3.2.10
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BUIUIMBAE, 0 KOMYTAaHT [, miarpynu [, OyJae 4e€pHIKOBCHKOIO MIATPYIO0 [UIs
KO>KHOTO 1HAECKCY A€ A. Ockuibkn L, / A € aGenesoro, TO marpyna 4 MiCTUTB
y co0i D, , 30kpema D, € abenesoto. Toni D, mae taky cucremy {1, |ne N}
CBOiX CKiHYeHMX (-1HBapiaHTHMX MmArpyn, mo /0, Oyae NOpOoIKyBaTHCh
nigrpynama  miei  cucremu. LleHTpamizaTop KOXKHOI 3 miarpym D, Mae
CKIHYEHHMI 1HAEKC B rpyni (5. 3 1HmOro OOKy, KO>KHHMIA TaKWil LEHTpaii3aTtop
MICTUTB y cOO1 miArpyny A, a ockiabku ¢akrop-rpyna G/ A He MICTUTB Y cO01
BJIACHUX MIArPYN CKIHYEHHOTO I1HACKCY, TO LEH LEHTPAI3arop MYyCHUTh
criBnagary 3 yciero rpynoro G. [Hakme kaxydu, UEHTP rpynu G MIiCTUTh y co01
nigrpyny D, uisi KOXKHOTO HaTypaibHOTro ducia n. OCKumbku miarpyma D,
HOPOKYIOTh 1), , TO HEHTp rpynu G MICTHTBH y c001 miarpymy D,, i ne mae
Micie Juist KOKHOTO iHaekey AeA. Slkmo L, </, TO OYCBHAHO Mae MiCIe

BIOUeHHss D, <D,. Ockibkn cucrema {L,|A€ A} € JOKaIbHOW, TO i

cucrema {0, |1e A} Oyne nokambHOr. Tomy o0'eqnanHs D = UDA oyne
AN

niArpynoro rpynu G. SIk MM mokasainu BULIE, LUEHTP rpynu G MICTHTh y cO01

niarpyny D. 3 toro ¢akxty, mo rpyna GG nopoJuKyeTses marpynamu L,, A€ A,

BUITMBAE, O KOMYTaHT [(,(] cmiBnajgae 3 miarpynoto 1. Ane toal (akrop-

rpyna G/ £(G) Oyae abeneroto. []

3.4.4. Jlema. Hexaii G — nepioouuna epyna, Kodxchd nioepyna skoi abo
HOpMATbHd, aD0 Mac YepHiKo8cokull komymanm. [punycmumo, wo G micmume
y cobi maky uopmanwiy abenegy nioepyny A, wo gaxmop-epyna G/ A €
abenecoio ma He Mac 81acHux nioepyn ckinyenmoeo inoexcy. Tooi epyna G b6yoe
abenegoio.

Jloseoenna. 3 nemu 3.4.3 otpumyemo, 110 rpyna G OyJe HITbNOTECHTHOIO
Ta ii KJac HUJIBIMIOTEHTHOCTI HE nepeBuIye 2. OCKIJIbKY BOHA € NEPIOAUYHOK), TO

MaeMO CTaHAApPTHUI npsimuit posknan G =Dr, . ,S,, A€ S, — CHJIOBCbKA p-

miarpyna G, pell(G). Koxna miarpyma S, Oyae pPO3WIMPEHHSM  CBOE]
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HOpMabHOI alemeBoi miarpymu S, A 3a JOMOMOrOK adeneBoi Tpymu

S, I(S,nA)=S,4/ 4. Tloknapemo Q=Dr S _, Toxi Maemo i30Mopdism
S,=G/ 0, 3 IKOro OTpUMYEMO i30MOphizm
S, A1 A=G /1 QA=(G/ A)/(QA] A).
Takum wiHOM, S,/ (S, M A) Oyne i30MOPPHO 10 AesAKOi (akTop-rpymnm

rpymu G/ A. Lle Tarae 3a 00010 To# (axT, mo pakrop-rpyna S,/ (S, N A) He

MICTUTh Y €001 BJACHUX MIArPYN CKIHYEHHOTO 1HAEKCY. OCKIIBbKM 1 (akTop-
rpyna € abeyieBOr0, TO BOHA OyJ€ MOAUIBHOK. [3 mpomo3uuii 1.2.5 otpumaemo
TeTep, WO UEHTP MArPymH S, MICTHTB Y 001 miarpyny S, M 4= A,. OCKibKH
S,/ A, € nmoxinpHOO abeneBoro, To 3 Teopemu 1.2.28 oTpumyemo, 1O BOHA
PO3KITAIAETHCS Y MpsiMKE TOOYTOK KBA3IMMKIIIYHKUX MATPYH. AJie TOMi S, Mae
3POCTAKOUMNA PsiI MIATPYIT
A=K <hR<.P <P, <.P=S,

(axTopu siKoro OyayTh KBa3iUMKITYHMMU rpynaMu. PosrmsHemo miarpyny F.
Ockinekn A, Oyne ii ueHTpambHOW MArpymoro, a dakrop-rpyma 1/ A, €
KBa3ilUKITIYHO, TO F; Oyzae abeneBoro. 3 Toro dakry, mo S,/ A, € abernesoro,
BUIUTMBAE, 0 [ Oy/¢ HOPMATBHOIO MIATPYIO B S,/ A, . 3 TOBEACHOTO BHIIE
OTPHMYEMO, WO £ Oyae NCHTPANBHOK MArpynorw S . 3a JO0MOMOTOR0
NONECPENHIX APTYMEHTIB MOKaKEMO, o P, Oyae abeneBoro. 3acTOCyBaBIIU
TETep MPOCTY TPaHCOIHITHY IHAYKIIIO, OTPUMAEMO, WO S, € abeneBoro.
OCKUJIbKY 1IE€ M€ MICIE Il KOXKHOTO MPOCTOro uncna p 3 MHokuHu [1((G), TO 1

rpyna G Oyae abeneBoro. []

3.4.5. Hacaipok. Hexaii G — nepioouuna memabenesa cpynd, KOJiCHA
nioepyna  Axoi  abo  HOpMAIbHA, AOO MAE  YEPHIKOBCOLKUL  KOMYMAHMI.
Ipunycmumo, wo G He mae 6IACHUX NIOSPYN CKIHYEHHO20 iHOexcy. Tooi eona

Oyoe abenesoi.
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3.4.6. Hacnipok. Hexaii G — nepioouyna po3e'asHa epynd, KOJICHA
nioepyna  Axoi  abo  HOpMAIbHA, a0 MAE  YEPHIKOBCOKUL  KOMYMAHMI.
Ipunycmumo, wo G He mMae GLACHUX NIOPpYyN CKIHYeHHo20 iHOekcy. T100i 6oHa
OyOe abenesol.

Jloseoenna. llpunyctumo, mo rpyna G He € adeneBor, Ta Hexai
D=[G,G] ta K=[D,D]. Tomi G=D ta D=#K. ®akrop-rpyna G/ K 0Oyne
MeTadeneBo. Ase Toal 3 Hacaiaky 3.4.5 BumuBae, 110 BoHa adenera. Y

bOMY BUIMAJKY K MICTUTh 1), & OCKUTbKM Ma€ MICIIE€ 1 TPOTUJIEKHE BKITFOYECHHS,

To D =K . OTpuMaHa CynepevHicTh nokasye, mo G adenena. []

3.4.7. Hacnipok. Hexaii G — nepioouuna maiisice po3ssazuHa epynd, KOJCHA
nioepyna  Axoi  abo  HOpMAIbHA, a0 MAE  YEPHIKOBCOKUN  KOMYMAHMI.
Ipunycmumo, wo G He mae GLACHUX NIO2pyN CKIHYeHHo20 iHOekcy. 1001 6oHa
OyOe abenesoi.

Jloseoenna. JliicHo, OCKUIbkM Tpyna (G HE MICTHTh y €001 BJIACHUX

MIArPYyN, SKI MarOTh CKIHYCHHHWHA 1HAEKC, TO BOHA OYJ€ PO3B'SI3HOID, a TOMI1

MOYEMO 3aCTOCYBATH HACTIAOK 3.4.6. [

3.4.8. Teopema. Hexaii G — nepiooudna epyna, KosxicHa nioepyna kol abo
HOpMATbHd, a0 Mac 4epHiko8cokull komymanm. llpunycmumo, wo G mae
Hopmanety cucmemy Kypowa-Yepnixkoea, paxkmopu sikoi 6yOymu JIOKAILHO
cmynindyamumu. Axwo G He mae GIACHUX NIOSPYN CKIHYEHHO20 [HOEKCY, MmO
8OHA OyOe abenesol.

Jloseoenna. JlilicHo, 13 Teopemu 3.1.13 BumnuBae, mo rpyna G Oynae

Maiike Po3B's3HO0. Tenep € MOKITMBICTh 3aCTOCYBATH HACHIAOK 3.4.7. [

3.4.8. Hacaipok. Hexaii G — nepioouyHa J1OKalbHO CMYRIHYAamd 2pynd,
KOJICHA NiO2pynd Kol abo HOpMAbHA, ab0 MAE YEePHIKOBCLKUL KOMYMAHMI.
Arwo G He mac eracHux nioepyn CKindeHHoeo iHoexkcy, mo oma byoe abenegoio.

3.4.9. Hacauipok. Hexaii G — 10KaIbHO CKIHYEHHA ePYNd, KOJICHA NIOZPYnd
saKkoi abo HopmaneHd, abo mac yepHikogcokuti komymanm. fAxwo G ne mae

GILACHUX NIO2PYN CKIHYEHHO20 THOEKCY, Mo oHd Oyoe abenesoio.
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3.4.10. Hacninok. Hexait G — nepiooudna matidice po3easHa epynd,

KOOICHA nioepyna axoi abo HOpManvHd, ab0 MAE YepPHIKOBCLKUL KOMYMAHMI.
Ipunycmumo, wo G micmums y cobi maxy HopmaieHy abenegy niocpyny A, wo
paxmop-epyna G| A He mae eracuux nioepyn ckindennozo inoexcy. Tooi epyna
G byoe abenegoio.

Jloeeoenna. 3 nacainky 3.4.7 orpumyemo, mio ¢gakrop-rpyna G/ A Oynae

adeneBoro. Tenep 3aIumacTbes 3acTocyBaru jJemy 3.4.4. [

3.4.11. Teopema. Hexai G — nepioouuyHa maidice po38'sazHa epynd,
KOJICHA nioepyna Kol abo HOPpMANbHA, ab0 MAE YEePHIKOBCLKUL KOMYMAHMNI.
Ipunycmumo, wo G micmume y cobi maxy Hopmaisiy niocpyny A, wo ¢axmop-
epyna G| A ne mac eracnux nioepyn ckinyenno2o inoexcy. Axuo komymanm A
€ 4epHIKOBCbKOIO niozpynoio, mo i komymaum ycici ecpynu G 6yoe
YepPHIKOBCHKOIO NIO2PYNOIO.

Jloeeoenna. Hexait K =[A4, A], Toni miarpyna K OyJle 4EPHIKOBCHKOIO.
Jo dakrop-rpynu G/ K MoxemMo Tenep 3actocyBard Hacaiaok 3.4.10 1

orpumaru, mo ¢pakrop-rpyna G/ K Oyae adeneporo. lle o3Hauae, mo K Oyze

KOMYTAHTOM Yyci€i rpynu G. [

3.4.12. Hacainok. Hexaii G — nepioouyna cpynd, KOJiCHA NIOZPYNA K0T
abo nopmanvhda, abo mac yepuikoscokuti komymanum. I[lpunycmumo, wo G
Micmumov Yy cobi maky Hopmaneny nioepyny A, wo axmop-epyna G/ A ¢
YepHIKOBCHKOI0. AKupo xomymanm A € 4YepHIKOBCLKOIO NIOZPYnolo, mo |
komymanm ycici epynu (G 6yoe 4epHiko6CbKol0 niOSPYNoIo.

Jlogedenna. JlilicHo, mo3HA4MMO uepe3 [J)/ A TOAUIBHY YacTUHY
YEPHIKOBCHKOI (pakTop-rpymu G/ A ta Hexah K =[D,D]. I3 Teopemnu 3.4.11
MO>KHA TENep OTpUMaTH, Mo K OyAe YEPHIKOBCHKOK MArpynor. OCKuUbKku 1)

Mae B rpymi (G CKIHYEHHHH 1HACKC, TO TeopeMa 3.2.10 noBoauts To# (akr, 1o

KOMYTAHT yCi€i rpynu G Takok Oy/1€ YEPHIKOBCHKOKO MIATPYIIOKO. [
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PosrnsiHeMO 3apa3 HACTYNHE Y3arajbHCHHS PE3UAYaAIbHO CKIHYCHHHMX
rpyn. Hexait X — knac rpyn. byaemo ropoputy, o rpyna G € pesuoyaivtio X -
epyna, KO UIsl KOKHOTO i HEOJMHUYHOTO €JIEMEHTA g ICHY€E Taka HOPMaJIbHA

marpyna f,, 00 HE MICTHTh IBOTO eneMeHTa i ¢akrop-rpyma G/ H,

HAJIEKUTH JI0 Kiacy rpyn X .

Skmo X — 1me KIac YEpHIKOBCBKUX TIpyn, TO OyJAeMO TOBOPHTH MPO
Pe3UOYANIbHO YEPHIKOBCHKI ePYNU.

3.4.13. Teopema. Hexaii G — nepioouyHa epynd, KOJCHA NiOcpyna sKol
abo Hopmanend, abo mac yepHikoscokuii komymanm. Ilpunycmumo, wo G ¢
pe3uoyanvHo  4epHixoscekolo  epynoio. Tooi  xomymanm epynu G Oyoe
YepPHIKOBCHKOIO NIO2PYNOIO.

Jlogeoennsa. Ockinbkn G € PE3UAyalIbHO YEPHIKOBCHKOK T'PYIOK0, TO

BOHA Ma€ CUCTEMY HOpManbHUX miarpyn {/7,| A€ A}, mo MawTh HACTYMHI

pnacrusocti: [ |H,=(1); G/H, € 4epHIKOBCEKOI IS KOXHOIO iHAGKCY
AeA

AeA.

SIKmIo  3Ha#aeThCs Takmil iHAEKC ue€ A, mo komyrant [H,,H, ] €
YEPHIKOBCHKOK) MIATPYNOK, TO 3 HACHIAKY 3.4.12 0TpUMaEeMoO, 110 KOMYTaHT
yciei rpynu G OyAe YEPHIKOBCHKOK MIArPynor. TakuMm 4YHHOM, Jail MU
MOKEMO BBXKATH, 110 KOXKEH KOMYyTaHT [/7,,/,] He Oyne 4epHIKOBCHKOIO
niarpynoro anst Oynap-skoro iHaekcy A€ A. 3 jgemm 3.1.1 orpuMaeMo, 0o
(axrop-rpyna G/ H, Oyae neAeKiHA0BO AJIs KOSKHOTO 1HACKCY A€ A.

[Tpunyctumo, 1o rpyna G MICTUTh y OOl TaKy HOpMalibHY miarpyny U,
o (aktop-rpyna G /U Oyne HeaOENEeBOK NCAEKIHAOBOK T'PYyHow. Y IbOMY
Bunaaky oyaemo matn G/ U =0 /UxV /U, ne Q/U — rpyna KBaT€pHIOHIB, a
V /U — npsamuii 1oOyTOK €JIEMEHTapHOiI a0eseBoi 2-MArpynu Ta nepioanyHoi
abeneBoi miarpynu 0e3 enemeHTiB nopsaky 2 (teopema 1.2.15). PosrisHemo

3apa3 cucteMy HopMasibHuX marpyn {V, =V "N H, | A€ A}. Ockinbku niarpyna

) Mae ckiH4eHHUMH 1HAEKe B ycii rpymi G, To ¢akrop-rpyna G/V, (a, oTxe 1
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V'/'V,) Oyae 4epHIKOBCBKOK Il KOKHOrO 1Hzaexkcy A€ A. Ilpumyctumo, mo

3HalAeThCs Takui 1HACKC v € A, mo (pakrop-rpyna V' /V, He € abenesoro. Tomi
) micTuth y co01 HOpMaibHY miarpyny Y, mis sikoi ¢akrop-rpyna V' /Y Oyne
Ipynoro KBarepHioHiB. [liarpyna ¥ mae, O4EBUIHO, CKIHUCHHMIA 1HACKC B TPyl
G. SIkmo npumycTMUTH Temep, mo ii KoMmyTaHT [VY,Y] € 4YepHIKOBCHKOKO
niarpynow, 1o 3 teopemu 3.2.10 orpumaemo, mo i1 komyTtaHT [(,(G] Oyne
YEPHIKOBCHKOK MIATPYIIOK0, 1 BCe A0BeAcHO. ToMy 3apa3 OyneMo BBaXKaTw, IO
KOMyTaHT [Y,Y] He € 4YepHIKOBChbKOW miarpynot. Tom miarpyma Y Oyne
HOPMAIBHOK B rpymi G, 1 3a jgemow 3.1.1 ¢akrop-rpyna G/Y mycutb OyTa
JeACKIHA0BOK. 3 1HIOro 0oky, Gakropu G/V ta V' /Y 13omMopdHI J0 rpynu
KBAaTepHIOHIB, a ToMy G/Y He Moxe OyTH JeAckiHAoBOw. OTpumaHa

CYNEPEUHICTh NOKa3ye, mo (akrop-rpyna V' /V, € abeneBoro st KOKHOTO

ingekcy AeA. 3 piBHOCTI ﬂH ,=(1) Bummeae, mo i ﬂn=(1>.

AeA AeA
BukopucrtoBytoun Tteopemy Pemaka, orpumaemo, mo marpyna Vo Oyne
130MOpHOI0 10 neskoi marpynu mRoOyTky Dr, oV /V,. OCKUIBKM KOXHa 3
rpyn V' /V, € abeneBoro, To no0yTok D,V /V, Oyne abeneBor rpymnoro, a

CKIHYEHHHMI 1HAEKC B rpym (5, 1 3aCTOCYBaBIIM 3HOBY Teopemy 3.2.10,

OTPUMAEMO, IO 1 KOMYTAHT [(,(G] Oyae YEPHIKOBCHKOKO MiATPYIOK. [

3.4.14. Hacaninok. Hexaii G — J0OKAIbHO CKIHYEHHA 2pynd, KOJICHA
nioepyna  Axoi  abo  HOpMAIbHA, aOO0 MAE  YEPHIKOBCOLKUL  KOMYMAHMI.
Ipunycmumo, wo cuioecvki p-niocpynu (G € YepHIKOBCOKUMU OISt KOICHOSO
npocmozo yucia p. Tooi komymanm epynu (z 6yoe 4epHiKO8CbKOI0 NiOZPYNoio.

Jlosedennna. 3 teopemnm 1.2.29 BumnmBae, mwo rpyna G Oyne maibke
JOKAJTBHO PO3B'si3HOK0. 3 Hacaiaky 1.2.31 toai BumimBae, mo (axTop-rpymna

G/0,(G) Oyae HYepHIKOBCHKOIO TPYMOKO JUISl KOXKHOTO MPOCTOTO YHCIA p.

OueBnHO, MepeTHH yeix HOopManbhHux marpyn O, ((G) € oguHHIHEM (TOOTO
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NEPETUH 3a yciMa MNPOCTUMM uuciaamu p). lle o3nauae, mo rpyna G €

PE3UAYAITEHO YEPHIKOBCHKOIO rpynoro. 3 Teopemu 3.4.13 oTpuMaeMo Tenep, mo

KOMYTAaHT Tpynu (G OyJi€ YEPHIKOBCHKOIO MIATPYIIOHO. [

3.4.15. Hacainok. Hexaii G — JOKAIbHO CKIHYEHHA 2PYNd, KOJICHA
nioepyna  Axoi  abo  HOpMAIbHA, aOO MAE  YEPHIKOBCOKUL  KOMYMAHMI.
Ipunycmumo, wo epyna G mae ckindennuil cexyitinuil pane. Tooi komymanm
epynu (G 6yoe uepHiko8CbKoI0 NIO2PYNOIO.

Jloseoenna. JliiicHo, 3 Teopemu 1.2.32 BumauBae, 10 JUisl KOXKHOTO

IPOCTOTO YMCIIA p CUIIOBCHKI p-MArpynu rpynu G Oy1yTh YEPHIKOBCHKUMH, TaK

110 MOKEMO 3aCTOCYBaTH HaCaLIoOK 3.4.14. [

3.4.16. Hacainok. Hexaii G — JOKAIbHO CKIHYEHHA ZPYNd, KOJICHA
nioepyna  Axoi  abo  HOpMAIbHA, aOO MAE  YEPHIKOBCOKUL  KOMYMAHM.
Ipunycmumo, wo cpyna G mae ckindennutl cneyianonuti pane. Tooi komymanm
epynu (G 6yoe uepHiko8CbKoI0 NIO2PYNOIO.

3.4.17. Jlema. Hexaii G — epyna, Kodxcha nioepyna kol abo HopmabHda,
abo mac yepnikogcvkuii komymanm. lpunycmumo, wo G micmums y cobi maxy
Hopmanety abenegy nioepyny A, wo axmop-epyna G/ A € keaziyuxiiunoio p-
epynoro. Axwo g — eremenm cpynu G, wo Mae HECKIH4EHHUL NOPSOOK, MO

gzacmnuil komymanm [g,G] 06yoe keasziyuxiiunolo p-epynoio abo OOUHUYHOIO

2pynoio.
Jlogeoenns. 3 nemu 3.4.3 BUIUIABAE, O KOMYTaHT rpynu (G MICTUTBCS B

ii meHTpi. 3BiJACH BHIUIMBAE, IO BigoOpaxeHHs O, :x —>[g,x],.xe(, Oynme
eHaomopdismom Ttpymn (. Takox maemo Kerd, =(C;(g), Im0, =[g,G].

OueBunno, mo nenrpanizatop C.(g) MmicTuTh y co0i marpymy 4. OckuIbku

KokHa (Qaktop-rpyna G/ A abo € KBa3IUKIIYHOW p-rpynoro, abo Oyne

OIMHMYHOIO, TO 3 i3omopdismy G/ Kerf, =G/C;(g)=Imo, =[g,G]
OTPUMAEMO, 110 B3aEMHUI KoMmyTaHT [g,G] Oyae ab0 KBa3iMKIIYHOKW p-

Ipynoro ado OAMHUYHOK TPYTOKO. [l
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3.4.18. Hacainok. Hexaii G — 2pyna, xoocna nioepyna saxoi abo

HopManbHd, abo mac 4epHikoscekuil komymanm. Ipunycmumo, wo G micmumo
y cobi maxky Hopmaiwiy abenegy niocpyny A, wo gaxkmop-epyna G/ A €
HOOINILHOIO YepHIKOBCLKOI0 epynoio. Axkwo g — enemenm 2cpynu G, wo mac

HeCKIiH4eHHUti Nopsiook, mo ezacmuuti komymanm [g,G| 6yoe uepnikoecvroio

2pYnoio.

Jloeeoenna. Ockinbku (pakTop-rpyna G/ A € NOAIILHOK YEPHIKOBCHKOK)
Ipynoro, To rpyna G Mae CKIHYEHHHWHA psif MmiaArpyn

A=A4,<A<.54 =G,

axropu 4,/ A, sxoro OyayTh KBasimMKIiYHHMH rTpymamu, 0<j<n-—I.
JIOBEICHHSI TPOBEAECMO 3a JOMOMOIOK IHAYKI 3a unuciaoMm n. ko n=1, 10
TBEP/KEHHS BUIMIMBAE 3 JieMHu 3.4.17 (ciij 3a3HaUMTH, M0 OJWHWUYHA Tpyma €
YEePHIKOBCHKOK)). [Ipunyctumo tenep, mo 7 >1, Ta Hexail BXKe OOBEIEHO, IO

B3a€EMHHMI KOMYTaHT [g,4 ,] € 4YepHIKOBCBKOK miarpymorw. Hactynae
JOBEACHHS Oyne npoBoauTHCh ast pakrtop-rpymu G/[g, 4, ,]. Hamoro meToro
€ JOBECTH, 110 B3aeMHUN KomyTaHt [g[g, A4 1,G/[g, A, ,]] € 4epHIKOBCBKOIO
niarpynor. 3 piBHocTl [2,Gl/[g.4, 1=1glg,4,,].G/[g.4,,]1] Ta Hamoro
NPUNYLIEHHS PO Te, WO [g, A4, ;] — 4epHiIKOBCBbKA miarpymna, Oyie BHIUIMBATH
TOMI, 110 B3a€EMHUNA KOMYTaHT [g,(G] Takok OyJ€ YEPHIKOBCHKOK MiATPYIIOKO.

Tomy, o0 He YCKIQAHIOBATH HAllll MO3HAYEHHSI, € JOLUTBHAM MPUITYCTUTH, IO

niarpyna [g,4,,] € onuHrYHOK0. [HaKme Kaxydd, MU OyZIEMO BBAXKATH, 110
LEHTP MArpynu 4, , MICTUTh eeMeHT g. 3 emMu 3.4.3 BUIUIMBAE, O KOMYTAHT

rpynu G MicTUThes B ii HEHTpl. 3BIACHM BHIUIMBAE, 10 B1AOOPAKCHHS

6,:x —>[g,x],xeG, Oyne enpomopdisMom G. 3 IHIYKTHBHOTO TPUIMYIICHHS

BUIUIMBAE, 10 LeHTpanmizatop C,(g) mictute y codi A . 3 13oMopdizmy

G/ Ker6,=G/Cy(g)=Im0, =[g,G] orpuMaemMo, MO B3AEMHUKH KOMYTaHT

[g.G] Oyae abo KBa3IUKIIIYHOO p-TPYNOK0, 00 OJJUHUYHOKO IPYIIOKO. []
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3.4.19. Jlema. Hexaii G — epyna, Kodxcha nioepyna sikol abo HopmabHda,
abo mac yepnikogcokuti komymanm. Ipunycmumo, wo G micmumo y cobi maxy
HopMAbly nepiooudny abenegy nioepyny A, wo ¢axmop-epyna G/ A €
abenecoio ma minimaxcroro. Tooi xomymanm epynu G 6yoe 4epHiKoB8CbKOIO
niozpynoio.

Jloseoenna. Ockinbku (axktop-rpyna G/ A € abeeBOK0 Ta MIHIMAKCHOIO,
TO BOHA MICTUTh y COOl Taky BUIbHY Bil CKPYTY CKIHYEHHO NOPOLKEHY
miarpyny C/ A, mo ¢akrop-rpyna G/C 0Oyae YEPHIKOBCBKOK TPYIOHO.
[Toznaunmo uepes D/ C noauibHy YacTuHy rpynu G/ C. Hamoro MeToro Oyae
JIOBECTH, IO KOMYTaHT [D,[D] Oyae 4YEpHIKOBCHKOK miArpynow. Tom 3
Teopemu 3.2.10 oTpuMaeMo, MO KOMYTAHT yciei rpynmu G OyJie YEPHIKOBCHKOI)
miarpynow. ToMmy, mo0 HE YCKIAJHIOBATH Hallll MO3HAYEHHS, € IOLUIbHUM
npunyctuTd, mo ¢akrop-rpyna G/C  Oyae NOAUIBHOK YEPHIKOBCHKOK)
IPyIoOK0.

3 Teopemu 3.4.2 BummBae, mo koMmyTaHT [C,C] Oyne 4YEpPHIKOBCHKOKO
NOIArPYNor0. 3HOBY, MO0 HE YCKIAJAHIOBATH HAINl MO3HAYEHHS, MU MOXKEMO
npunyctutd, mo miarpyna [C,C] Oyne oaMHWYHOK. [Hakmie Kakyuw, MU
Oyaemo BBaxartw, 1o marpyna C € abeneorw. Tom miarpyma A4 Oyne ii
NEPIOMYHOIO YaCTUHOK. 3 Teopemu 1.2.4 chiaye, mo miarpyna 4 BUAUIIETHCS
y miarpyni C OpsMHM MHOXHHKOM, TOOTO (= Ax K ansa aeskoi miarpynu K.
3azHaunMo, 1o 13 13oMopdizamy '/ A=K Burumsae 1o (pakr, mwo marpyna K
OyJe BUIBHOK BIJ CKPYTy Ta CKIHYEHHO MOPOKEHON, TOOTO BOHA Oyje

BUTbHOIO a0enneBoro. OTke, K Mae mpsiMuil po3Kiiaj

K:<g1>><...><<gn>,

JIe KOXKCH 3 CJIEMCHTIB g, MA€ HECKIHUYCHHMH MOPsIoK, 1< j<n. 3 nemu 3.4.3

BUIUIMBAE, U0 UEHTP rpynu (G MICTUTH ii komyTaHT. Jlema 3.4.18 noka3sye, mo

B3a€MHHM KOMYTaHT [g,,G] Oyde YepHIKOBCHKOI TPYHOK Uil KOXHOTO

iHAekCy j, 1< j <n. [lozHauumo uvepe3 [ 1oOYTOK IUX B3a€EMHUX KOMYTAHTIB,

L=[g,G]-...-[g,,G]. Tomi L Oyne HOPM&IBHOW B ( YEPHIKOBCBKOIO
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niarpynoro. B gaxrop-rpym G/ L miarpyna K7/ L y>ke MICTUTBCS B ii LEHTPI,

30Kpema, BoHa Oyne HopMaibHOW. Dakrop-rpyna (G/L)/(KL/L)=G/KL
Oyae po3WMpeHHsIM cBOei mepioanunoi adenesoi miarpynu (CL/ L)/ (KL /L)
3a JOMOMOIOK TOAUIBHOI 4epHIKOBCbKOT rpynu G/CL, a Tomy Oyne
NEPIOANYHOK. 3acTocyBaBln Jiemy 3.4.4, MH OTpHUMAaeMO TOH (akT, IO
(G/L)/(KL/L) ©Oyne abeneoro. J[lam, dakrop-rpyna G/L  Oyne
PO3IIMPEHHSM CBO€i MEPIOAMYHOT HOPMANBHOI miaArpynu AL/ L 3a 10moMororw
abeneBoi rpynu G/ AL. Ilo3Haummo wepe3 7'/ AL meploguyHy YaCTUHY
¢daxtop-rpymu G/ AL. Tomi miarpyna 7'/ L Oyae HOPMAIBHOK MEPIOAUYHOKO
niarpynow 1 ¢gakrop-rpyna (G/L)/(I'/L)=G/T 0Oyae abenaeBor rpynoto,
BUTbHORKO BiJ CKpyTy. Ockuibku K./ L= K € BUIBHOIO BiJ CKPYTY, TO TIEPETUH

(T'/LYN(KL/L) Oyae oavHMYHUM. 3acTOCyBaBIIM Teopemy Pemaka,

OTPUMAEMO BKafaHHs rpynu G/ L B npsiMuii 10OyTOK

(G/LY/(KL/ L)yx(G/L)/(T'/L).
Sk mMu Bxke Oauunu BUlIE, OOMJBA MPSIMUX MHOKHHMKA IbOrO JOOYTKY €
aOeNieBUMM rpynaMu. 3BiJCcU BUILIMBAE, o ¢gakrop-rpyna G/ L Takox Oyne
abeneBoro. Y CBOK Yepry, L€ TATHE 3a COOOK TOM (PaKT, IO KOMYTAHT yCi€i

rpynu GG MICTHTBCA B MArpyni L, a omke cmiBnajae 3 L. Ockuibku miarpyna L €

YEPHIKOBCHKOK), TO BCE JJOBEJIEHO. [

3.4.20. Jlema. Hexaii G — epyna, kodxcna nioepyna sikoi abo nopmaivhd,
abo mac yepnixogcokuti komymanm. Ipunycmumo, wo G micmumo y cobi maxy
HopMmaneiy nepioouyny abenegy nioepyny A, wo G/ A ¢ maiioce poss’aznoro ma
minimarcroro. Tooi komymanm epynu GG 6yoe 4epHiKo8CbKOI0 NiOZPYNOIo.

Jloeeoenna. 3 Teopemu 3.1.12 BunuBae, 010 MHOKHUHA 7' BCIX €JICMEHTIB
CKIHYEHHOTO OPAAKY rpynu (¢ OyAe XapaKTepUCTUYHOIO MIATPYIOH, a pakTop-
rpyna G /7 Oyae BUIBHOK Bif CKpPYTy a0eaeBoro rpynoro. OCKUTbKM OiArpyna
A € epioAMYHOI0, TO BOHA MICTUTBCS B miArpyni 7. 3a3Ha4uMo, [0 NepioAnYHA

Maike PO3B'I3HA MIHIMAKCHA Ipyna € YEPHIKOBCBKOIO, a OTKe (pakTop-rpymna
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7'/ A € 4epHIKOBCHKOW. 3 Hacaiaky 3.4.12 BunmBae, mo komyrtant [1',7]
OyJe YEpHIKOBCHKOW miArpynorw. 3 Jemu 3.4.19 Tenep OTPUMYEMO, IO
KOMyTaHT Qaktop-rpynu G /[7,77] Oyne 4epHIKOBCbKOKO miarpymnoro. Hapemrri,
piguicty [G, G/ [T, T=[G/[T,T),G/[T,T]] noBoauth TOH (akr, IO

KOMYTaHT yci€i rpynu G Oy1€ YepHIKOBCHKOIO MIATPYIIOH0. [

3.4.21. Teopema. Hexaii G — JjoxaivHO cmyniHdyama 2pynd, KOJICHA
nioepyna  Axoi  abo  HOpMAIbHA, A0 MAE  YEPHIKOBCOLKUL  KOMYMAHM.
Ipunycmumo, wo G micmums y coOi MAKY HOPMAIbHY NePiooudHy abejiegy
nioepyny A, wo gaxmop-epyna G| A € minimaxcroro. Tooi komymanm cpynu G
OyOe 4epHiKOBCHKOI NIO2PYNOI0.

Jloseoenna. Cnif TUIbKY 3a3HAYUTH, O 3 HACTIAKY 3.1.16 BUIUIMBAE, 110

G Oyze maiike po3B'sI3HOI0, a TOMY MOKHA 3aCTOCYBatH Jemy 3.4.20. [

Po3ristHeMO 1€ 0/THY 13 MOKIIMBUX YACTUHHUX CHTYAILlil.

3.4.22. Teopema. Hexaii G — nepioouyna epynd, KOJCHA NIOSpYynd sKol
abo nopmanvid, abo mac yepmikoscokuii komymanm. llpunycmumo, wo G
micmumu y cobi maky Hopmaieny abenegy niocpyny, wo ¢axmop-epyna G/ A

maxooic € abenesoio. Axwo TI(A) NG/ A) =, mo komymanm epynu G 6yoe

YepPHIKOBCHLKOIO NIO2PYNOIO.

Jlogeoennsa. SIKo LEHTP rpynu MICTUTH y coO1 miarpymy 4, To rpyna G
OyAe HUIBIOTEHTHOK. Y IIbOMY BHIAJKYy BOHA Oyne mpsAMUM TOOYTKOM CBOE€i
cutoBebkoi T1(A)-miarpynu ta cunmoBebkoi 11(G/ A)-marpynu. 3okpema, BoHa
Oyne adeneBoro, Tak 10 y I[bOMY BHITAJIKY BCE MOBencHO. Tomy mam Oyaemo
PO3IJsAaTH BUNAAOK, KOJIM MIATpyna A HE € HEHTPabHO. Toal 3HAWAEThCS

eneMenT a, € A Ta eneMeHT g, € G\ A, M0 MarwTh BIACTUBICTD [a,, g, |#1. Mn
moxkemo BBaxaru, mo I((g))NII(G/A)=@. Tloknanemo C =C,(g).

Ockinibku paktop-rpyna G/ A € adenesoro, To BIAOOPaXKCHHS
6 .a—|g.,al,ae 4

Oyne G-enpomop(izmMom miarpynu A. 3pijacu BummBae, mo Kerd, =C (g,) Ta
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Im6, =[g,,A] Oynyte G-iHBapianTHUMH miarpynamu 4. Ockulbku miarpymna 4

Ma€ CKIHYCHHWH 1HIEKC B (A, gl), T0 Teopema 3.2.10 nokasye, MO KOMYTaHT
migrpyma (A4,g,) Oyne 4epHIKOBCHKON MiArpYIoOr. 30Kpema, TOAi i B3aeMHHii
KOMYTAHT [ g,, A] Oyzie 4epHIKOBCHKO NIATPYNOr0. 13 130Mopdizmy
A/ Ker6 =A4/C,(g)=Im6, =[g,,A]

oTpuMaemo, o (axrop-rpyna A/ C,(g,) Oyae 4epHIKOBCbKORK. [IpumycTtumo,
o HeHTp rpynu G MictuTh y co0i miarpyny C, 1 po3rasiHEMO (pakTop-rpyIry
G/C,. 3 Teopemn 1.2.32 BumumBae, mo niarpyna A/, Mae JONOBHEHHS:
G/C=A4A/C,NL/C. 13 piBHOCTI TI(A)NII(G/ A)=< Ta Toro ¢axry, 1o
A/, — albenesa 4epHIKOBCBbKA MIATPYIA, BUILIMBAE, 10 LeHTpatizatop £/ C|
niarpymu 4/ C, mae B rpym G/ C, ckiHueHHMIA 1HAeke. Jami, miarpyna £/ C,
yke Mae npsamuii posknan E/C =A4/C xK/C,. 3okpema, BOoHa Oyzae
aGenesoro. 3 BrmoueHHs () <S(G) otpumaemo, mo miarpyna £ Oyne

HUJIBMOTEHTHOIO, a 0T)KE a0€IeBO10. 3aTMIIAETHCS 3aCTOCYBaTH Teopemy 3.2.10.

[Ipunyctumo Tenep, mo UeHTp rpynu G He MICTHTE y coO1 miarpynu C.
Tom 3mnadinereca eneMeHT a,e(; Ta eneMeHT X,€G\A, MmO MawTh
BJIACTHUBICTE [a,,x,]#1. 3 Teopemn 1.2.32 BummBae, mo marpyna (gl,xz,A>
Ma€ HamiBOPSMUNA PO3KIAL; ( gl,xz,A> =AXS Ta BCl HONMOBHEHHS 10 A €
CHPSDKEHUMH. 30KpEMa, MOKHA BBKATH, IO MIArpyna S MICTUTh €JIEMEHT g, .
Maemo x,=g,b, ne g,€S5,be 4. Tonm [a,,x,]=[a,,g,]. 3a3HaunMoO, WO S €
abeneBoro, a ToMy S =(g,,£,). 3a3HaunMO, 1O MiArpyna S € IPIMAM T0GYTKOM
JIBOX LUKIIYHUX MIATPYN, a TOMY MOXKHA BBaKaTw, o S = ( gl>>< ( g2>. 3
Teopemu 1.2.33 OTpuMy€eMO IPAMUI PO3KIAA

A4=C,((g))@[4(2)]=Cig)®[ 4(2)]=C +[4(g)].

Ockimbkn a, €C,, 10 (g,.4)N(g,.a,)=(1). Toxnanemo C,=C,((g,.8,)).

[ToBTOprOKOUM MONEPEAH]I MIPKYBaHHsS, OTpUMAEMO, 10 (aktop- rpyna A/ C,
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OyAe YEepHIKOBCHKOK. SIKIIO MPUNYCTUTH, IO LEHTP Ipynmu G MICTUTh Y cOO1

niarpyny C,, TO K 1 paHille, MO>KHA JOBECTH, IO KOMyTaHT rpynu G Oyzae
YEPHIKOBCHKOIO TiArpynorw. Tomy OyaemMo BBakatw, o miarpyna C, HE €
LHEHTPaJIbHOK. Tomi 3HOBY OyAeMO 3HAXOOUTH €IEMEHTH g,,d, 1 T
3acTOCYBABIIM TONEPEAHI APIYMEHTH, 3HAWAEMO €IEMEHTH g,....&,,0d;,....d,

SIK1 33JT0BOJIBHSIFOTH HACTYIHI YMOBH:

(1) (g8, ) ={g ) x...x(g,):

) O({g,...8,)) "(A) =,

3) a,...,a,€ A,

@) [a,g,]1# 1< j<n;

(5) (1-thsn 8,00, 1) {0, ) = (1)
6)[g,.a]=Lk<jl<jk<n.

Skmo npouec BUOOPY UX €IEMEHTIB OyJI€ CKIHUEHHUM, TO, SK 1 BHLIE,
MO>KHA JOBECTH, IO KOMYTAHT rpynu G OyAe€ YEPHIKOBCHKOK MIiArPYHOLO.
ToMmy mnpunyctumo, w0 Leil mnpouec Oyae HeCcKiHUeHHWH. PosrnsHemo

JIOBUTBHUM €NEMEHT g,. MHOKHHY HATYpalbHUX YHCEN {71 1> j} po3i0'eMo Ha
JIBI HECKIHYEHHI MIAMHOXMHU A Ta M, mo marwTh MycTui nepetuH. Hexaii
U=<g,,a,|teA>, V=(g,,a,|teM>. O6uasi niarpynu U, V' OyayTth <g].>-
1HBapiaHTHUMHU, [/ mV=<1>, komyTtantu [U,U],[V,V] HEe € 4epHIKOBCHKUMH
niArpynamMmu, Ta <g j>mUV =(1>. Toai 1 KOMyTaHTH TIATPYN <g j>U Ta (g j>V
HE € YCPHIKOBCHKMMM, a TOMY Il MIArpynu OyyTh HOPMAJIbHUMU. AJie TOAI 1 iX
MICPETHH < g j> = < g j>U m( g j>V MOBUHEH OyTH HOPMAJILHOK MIAPYIOKO.
3Bigcu BUILMBAE, WO [a,,g ]e < g j>. 3 1Hmoro OOKy, OCKUIBKM A TaKOXK €
HOPMANIBHOIO, [a,,g,]€ A, a Tomy [a,,g ] <gj>mA =(1). Ane ue cynepeunts

BHOOPY CJIEMEHTIB a, g ;. Lls CyNepeyHiCTh TOBOIUTH PE3YIIBTAT. [

182



CIIMCOK BUKOPUCTAHUX HKEPEJI

. Kurdachenko L.A., Semko N.N., Subbotin I.Ya. /nsight into modules
over Dedekind domains. — Kiev: Institute of Mathematics, 2008. — 119 p.

. Dedekind R. Uber Gruppen, deren sammiliche Teiler Normalteiler
sind // Math. Annalen. — 1897 — 48. — P. 548-561.

. Baer R. Situation der Untergruppen und Struktur der Gruppe // S.-B.
Heidelberg Akad. — 1933. —2. — P. 12-17.

. Imuar O.XO. [ pynnov, umerouue moivko 0OuH KAACC HEUBAPUAHIHBIX
nooepynn // Mar. ¢6. —1926. —33. — C. 161-172.

Mmuar O.Y0. [pynner ¢ oOsymsa  kiaccamu — HEUHEAPUAHIMHbBIX
nooepynn // Tpyael cemuHapa nmo teopun rpynm. — M. — JL.. Hayka. —
1938. — C. 7-26.

. UepnukoB C.H. Ipynnei ¢ 3a0anneivu  ceoticmeamu — Cucmem
Oeckoneynvlx noozpynn // YKp. Mar. xkypH. — 1967. — 19, Ne 6. — C. 111-
131.

. UepnuxoB C.H. Dbeckoneunvie mneabenegvr epynnwi ¢ YCI0GUEM
MUHUAIBHOCMU OJI HEUHBAPUAHMHBIX noozpynn // Marem. 3aMEeTKh. —
1967. —6,Ne 1. - C. 11-18.

. Pomanuc I'M., Cecekun H.®. O memacamuivemonosguvix epynnax 1 //
Mar. 3an. Ypai. yH-Ta. — 1966. — 5, No 3. — C. 45-49.

. Cecexun H.®@., Pomamuc I'M. O memacamuiemonogvix cpynnax 11 //

Mar. 3an. Ypai. yH-ta. — 1968. — 6, Ne 5. — C. 50-53.

10. Pomamuc I'.M., Cecekun H.®. O memacamuromonoswix epynnax 111 //

Mar. 3an. Ypai. yu-ta. — 1970. — 7, Noe 3. — C. 195-199.

11. Harpeoeuxwnii B.T. Koneunvie nenumvnomenmmuvie epynnul, ao0ds

Heabeiesasi Noozpynnda Komopwix uneapuanmua // Mar. 3am. Ypan. yH-

Ta. — 1967. — 6, Ne 1. — C. 80-88.

12. MaxHeB A.A. O rxoneunvix Memaeamuwivmonogolx epynnax // Mar. 3ar.

Vpan. yu-ta. — 1976, — 10, Ne 1. — C. 60-75.

183



I'pynu 3 oOMeskeHHSIMH HA MIATPYNH, 110 He € HOPMAJbHUMH

13. Ky3ennslii H.@., Cemrxo H.H. Cmpoenue paspeutumolx
HEHUWILNOMEHMHBIX  MemaedMuwibmonogolx epynn // Mart. 3aMeTku. —
1983. — 34, Ne 2. — C.179-188.

14. Ky3zennuii M.®., Cemxo M.M. byoosa PO36s13HUX
memaeaminemonosux 2pyn // Jon. AH YPCP. —1985. —Ne 2. — C. 6-9.

15. Kysennslii H.®@., Cemxo H.H. O cmpoenuu nenepuoouseckux memaza-
munvmonoswix epynn // Y3B. By3oB. Maremaruka. — 1986. — Ne 11. — C,
32-40.

16. Ky3ennsiii H.@., Cemrxo H.H. Cmpoenue nepuoOU4ecKux
Memabenesvlx  MemacamMulbMOHOGbIX — 2PYNN ¢ HedJeMeHMaPHbIM
kommymarmom // YKp. Mat. xkypH. — 1987. — 39, Ne 2. — C. 180-185.

17. Kyzennsnnii H.®., Cemxo HH. O cmpoenuu  nepuoouueckux
Heabeegblx  MEMAeAMWIbMOHOBbLX — 2PpYynn ¢ 2JeMeHmapHbIM
KomMmymanmom panea mpu // Ykp. mMar. skypH. — 1989. — 41, Ne 2. — C.
170-176.

18. Ky3ennsblii H.®., Cemko H.H. O wmemacamuremonogvix epynnax c
SAeMEHMAPHLIM KOMMYmanmom parea 0éa // Ykp. mMar. xypH. — 1990. —
42, No 2. — C. 168-175.

19. Cemko H.H., Ky3ennslii H.®. Cmpoenue NepuoOU4eCcKUx
Memabenesvlx  MemdedMuIbMoOHOBbIX 2Py ¢ DJleMeHmApHbiM
KomMmMymanmom pawnea oea // Ykp. mar. xypH. — 1987. — 39, Ne 6. — C.
743-750.

20. Kurdachenko L., Otal J., Russo A., Vincenci G. The local structure of
groups whose non-normal subgroups have finite conjugacy classes //
Advanced in Group Theory 2002. Proceedings of the Intensive Bimester
Dedicated to the Memory of Reinhold Baer, Napoly, May — June 2002. —
Roma: Aracne. — P. 93-110.

21. Kurdachenko L., Otal J., Russo A., Vincenci G. Groups whose non-
normal subgroups have finite conjugate classes // Math. Proceedings of
the Royal Irish Academy. — December 2004. — 104A, No2. — P. 177-189.

184



Cnucox BHKOPHCTAHUX AXKepeJ

22. Brandl R. Groups with few non-normal subgroups // Communications
in Algebra. — 1995. — 23, Ne6. — P. 2091-2098.

23. Mousavi H. On finite groups with few non-normal subgroups //
Mathematical Communications in Algebra. — 1999. — 27, No7. — P. 3143-
3151.

24. Hekster N.S., Lenstra H.W. Groups with finitely many non-normal
subgroups // Archiv Math. — 1990. — 54. — P. 225-231.

25. YepnukoB C.H. becxoneunvie neabenegvl cpynnwei ¢ YCI08UEM
MUHUMATOHOCIU O] HeuHgdpuanmuulx abenesvix noocpynn // Jlokn. AH
CCCP. —1969. — 184. — C. 786-789.

26. YUepnnkoB C.H. /ccreoosanue epynn ¢ 3000HHbIMU  CEOUCMBAMU
nooepynn // YKp. Mat. KypH. — 1969. —21, Ne 2. — C. 193-209.

27. YepnukoB C.H. becxoneunvie neabenegvl cpynnwei ¢ YCI08UEM
unsapuanmuocmu 0 beckoneynvix Heabenesvix noozpynn // Jlokn. AH
CCCP. - 1970. — 194. — C. 1280-1283.

28. YepnukoB C.H. Dbeckoneunvie neabenegvr epynnvi, 6 KOMOPHIX
uneapuanmmusl 6ce beckoneumvie Heabenegvl noozpynnei // YKp. Mar.
KypH. — 1971. =23, Ne 5. — C. 604-628.

29. YepnukoB C.H. [ pynnei ¢ unsapuanmuvivu Oeckonednvimu abeneeuimu
nooepynnamu // I'pynibl ¢ OrpaHUYeHUsMHA s moarpymm. — Kues:
Hayxk. nymka, 1971. — C. 47-65.

30. YepankoB C.H. becroneunvie neabenesvi cpynnwi ¢ YCio8uem
MUHUMATL-HOCMU OISl HEUHBAPUAHMHBIX aDeegbix noozpynn // ' pyTbI ¢
orpanndeHusmMu Juist noarpynm. — Kues: Hayk. nymka, 1971. — C. 106-
115.

31. Kypaauenko JLA., Ky3ennnii M.®@., Cemxo M.M. [ pynu 3 oesxumu
ymosamu maxcumanvrocmi // Jlon. AH YPCP. Cepis A. —1987. —Ne 1. —
C.9-11.

32. Cutolo G. On groups satisfying the maximal condition on non-normal

subgroups // Rivista Mat. pura ed applicata. 1991. — 91. P. 49-59.

185



I'pynu 3 oOMeskeHHSIMH HA MIATPYNH, 110 He € HOPMAJbHUMH

33. Kypnauenko JL.A., Topeuxnii B.J. [ pynnvr co crabvivmu yciogusmu
MUHUMATLHOCIU U MAKCUMAIBHOCMU OJisl NOO2PYNN, He AGJISIOUUXCS
Hopmanshbivu // YKp. MaT. )KypH. — 1989. — 41, Ne 12. — C. 1705-17009.

34. Jluman @.H. Henepuoouweckue cpynnel ¢ HEKOMOPLIMU CUCEMAMU
uneapuanmuwix noocpynn // Anrebpa m noruka. — 1968. — 7, Ne 4. — C.
70-86.

35. Jluman ®.H. [lepuoouueckue cpynnvi, 6ce abenesbi HeYUKIUYECKUE
noO2pYnnsl KOMOpeIX uHeapuarnmuvl // I'pynnsl ¢ OTPAHWYCHHUSAMH IS
noarpymn. — Kues: Haykosa gymka, 1971. — C. 65-95.

36. Kypanauenko JLLA., IIbuiaes B.B. O rpynnax, JIBONHCTBEHHBIX
neneknHoBeiM // Jlokit. AH YCCP. cep. A. —1989. — Ne 10. — C. 21-22.

37. Cutolo G., Kurdachenko L.A. Groups with a maximality condition for
some non-normal subgroups // Geometriac Dedicata. — 1995. — 55. —
P. 279-292.

38. Cemxo M.M. [pynu 3 ymosamu wilbHOCMI HOPMAIbHOCMI md IX
y3aeanvrens 05 oesaxux cucmem nioepyn. — K. Ie-T maremarnkn HAH
VYkpainn, 1998. — 285 c.

39. Cemxo M.M. IIpo 06yoogy epyn 3 Oesxumu YMOGAMU W ITbHOCHI
HopmanvHocmi ons niogpyn. — K. In-t mar-km HAH VYkpainn, 1997. —
90 c.

40. Cemxko M.M. byoosa epyn 3 y3a2aibHEHON WINbHICHIO HOPMATbHOCTI
ona nioepyn. — K.: In-t marematukn HAH Ykpainu, 1997. — 63 c.

41. Cemxo M.M. Kracu cpyn 3 Oeakumu  YMOBAMU  WINbHOCHI
HopmanvHocmi ons niogpyn. — Koo IH-1 marematuku HAH VYkpainu,
1997. - 62 c.

42. Ky3ennunii M.®., Cemxo M.M. [Ilpo  cpynu,  Onusexi 0o
memayuxnivnux // YKp. mart. xxypH. — 1996. — T. 48, N 6. — C. 782-790.
43. Cemxo M.M. bHyoosa nokanerno cmynindacmux L[H][ [-epyn //

[nmeepanvHi nepemeopenHs ma Ix 3acmocy8anHs 00 KpAuoeux 3a0a4. —

K.: In-T marematukn HAH VYkpainu. — 1996. — Bun. 12. — C. 181-186.

186



Cnucox BHKOPHCTAHUX AXKepeJ

44. Cemxo M.M. IIpo 6yoosy VII[H|[ |-epynn // InTerpaiibHi NEpETBOPEHHS
Ta iX 3aCTOCYBaHHA 10 KpahoBux 3amad. — K.. -1 marematukn HAH
VYkpainu. — 1996. — Bun. 13. — C. 196-203.

45. Cemko M.M. byoosa ninenomenmnux YILH][ [-epyn // Knacu rpyn 3
oomexxkeHHsMu Uit miarpyn. — K. [H-1 marematnkn HAH Vkpainn. —
1997. — C. 27-41.

46. Cemxo M.M. Dbyooea JAOKANbHO CMYRIHYACMUX HEHIIbNOMEHMHUX
VIIIH] [-epyn /] Ykp. mat. xypH. — 1997. = T. 49, N 6. — C. 789-798.

47. Cemxo M.M. Heninbnomenmuvie cpynu 3 Y3dealbHEHOIO WIIbHICHIO
Hopmanetocmi  Onst nioepyn // IHTErpajibHI  MEPETBOPEHHS Ta  ix
3aCTOCYBaHHs 10 KpaiioBux 3amad. — K.. Iv-T maremarmkn HAH
VYkpainu. — 1997. — Bun. 15. — C. 175-187.

48. Cemxo M.M. [Ipo epynu 3 ymosamu wiibHOCMI HOPMAILHOCHI OJid
nioepyn // THTErpalibHi MEPETBOPEHHS Ta iX 3aCTOCYBaHHS 10 KPAOBUX
3amau. — K.: [n-t marematukn HAH VYkpainu. — 1997. — Bun. 16. — C.
255-263.

49. Cemxo M.M. byoosa o00Ho20 Kiacy 2pyn 3 YMOBAMU WIIbHOCHI
Hopmanstocmi o niozpyn // Ykp. mar. xxypH. — 1997. — T. 49, N 8. —
C. 1148-1151.

50. Cemxo MM. Ilpo  6yoosy  VIIH[ [-epyn 3  eremenmapnum
Komymanmom paney 0ea // YKp. mar. xkypH. — 1997. — T. 49, N 10. — C.
1396-1403.

51. Cemxo M.M. byooea epyn 3 0esKo10 YMOBOI0 WiNbHOCII HOPMAIbHOCHI
onst niogpyn // lon. HAH Ykpainu. — 1997. - N 9. — C. 49-53.

52. Cemxo MM. byoosa cpyn 3 Oeakumu  YMOBAMU  WLIbHOCHI
nHopmanstiocmi oas nioepyn // Jon. HAH Ykpainu. — 1997. — N 10. — C.
43-46.

53. Cemxo M.M. IIpo 6yoosy VII[H] [-epyn // Ykp. Mar. ;kypH. — 1998. —
T.50, N 9. — C. 1250-1261.

187



I'pynu 3 oOMeskeHHSIMH HA MIATPYNH, 110 He € HOPMAJbHUMH

54. Cemxo M.M. byoosa memayurxiivHux i MIHIMAIbHUX HEMEMAYUKILIYHUX
VII[H][ ]-epyn // KpaiioBi 3agaui 1ig AuQepeHlaIbHUX PiBHSIHb. — K.
In-T matrematrikn HAH Ykpaiau. — 1998, — Bun. 1 (17). — C. 230-237.

55. Cemxo M.M. bHyoosa noxarerno cmyninvacmux YIIH( [-epyn /| Ykp.
Mmar. )xKypH. — 1998. —T.50, N 11. — C. 1532-1536.

56. Cemxo M.M. bHyoosa noxareno cmyninvacmux YIIH[ )-epyn /| Ykp.
MarT. )XypH. — 1999. — T.51, N 3. — C. 383-388.

57. Ky3zennnrnii H.®., Jlesumenko C.C., Cemxo H.H. [pynnu ¢
UHBAPUAHMHBIMU DecKOHeYHbIMU Heabeneabimu noocpynnamu // MeTonsl
UCCIIEAOBAHUM anreOpanvyeckux W TOMOJIOTMYECKUX CTpykTyp. — K.
KI'TIH, 1989. — C. 37-45.

58. Kysennnrii H.®@., JleBumenko C.C., Cemxo HH. O cpynnax c
UHBAPUAHMHBIMU ~ OeCKOHeYHbIMU — Heabenesbimu noocpynnamu [/
CoBpemeHHbI aHamm3 U ero npunoxkenus. — K.: Hayk. mymka, 1989. —
C. 173-183.

59. Cemxo H.H. Hexomopwvie 6uowi neabenegvix — 2pynn ¢ 3d0AHHON
cucmemotl uneapuanmmuvix oeckonednvix nooepynn // KOHCTPYKTUBHOE
OMHCAHWE TPYyNN C 3aAaHHBIMU CcBoiicTBamu moarpynm. — K.. HH-T
Mmarematuku AH YCCP, 1980. — C. 107-117.

60. Cemxo H.H. Hexomopwvie 6uowi mneabenesvix epynn ¢  300aHHOT
cucmemotl uHGApUaHmHuIX Oeckoneynvlx abvenesvix noozpynn I/ YKp.
MareM. kK., 1981. — 1. 33, Ne 2. — C. 270-273.

61. Cemxo H.H. [lepuoouueckue neabenesvie epynnvi ¢ 300AHHOT
CUCMEMOTl  UHBAPUAHMHBIX — beckoneynvlx  Heabenesvix nooepynn |/
[Toarpynmoast xapakrepusanus rpynn. — Kues, Un-1 marematuku AH
YCCP, 1982. — C. 92-98.

62. Cemko H.H. Henepuoouueckue mneabenegovie 2pynnei ¢ 30d0AHHOT
CUCMEMOTl  UHBAPUAHMHBIX — beckoneynvlx  Heabenesvix nooepynn |/

[Tpenpunt 82.23. — Kues, Mu-T maremaruku AH YCCP, 1982, — 58 c.

188



Cnucox BHKOPHCTAHUX AXKepeJ

63. Cemxo M.M., Kosaaw T.B. [Ipo epynu 3 ymosamu wiiteHOCHI
HopmaneHocmi Onst Heyuraiynux nioepyn // Haykosi 3anmcku HITY im.
M.IIL. JIparomanoBa. Cepist: ®@i3uko-marematuyHi Hayku. — 2001.— Bun.
2.—C. 173-179.

64. Cemxo M.M., Kosaasw T.B. Jloxaneno cmyninuacmi cpynu 3 pisHumu
VYMOBAMU  Y3A2ANbHEHOI W IIbHOCMI  HOPMANIbHOCMI OISl HeYUKITYHUX
nioepyn // Haykopuii vaconuc HITY imeni M. I1. JIparomanosa. Cepis 1.
di3uko-mareMarnyHi Hayku. — 2004, — Ne 5. — C. 195-201.

65. Cemxo M.M., Kyszennnii M.®@. bHyoosa winenomenmuux YIIH( )-
epyn // Kiacu rpyn 3 oomexxeHHsamu aiist marpyim. — K. : [H-T matemaTtnku
HAH VYxkpainu. — 1997. - C. 20-27.

66. Cemxo M.M., Kyszennnii M.®. 5yoosa J0KareHO CMYNIHYACMUX
memaeiminemonosux VII[H| [-epyn // IHTErpaibHi MEPETBOPEHHS Ta iX
3aCTOCYBaHHs 10 KpaiioBux 3amad. — K.. Ie-r maremarnkn HAH
VYkpainy, 1997. — Bun. 14. — C. 211-219.

67. Kypaauenko JI.A., Ky3ennnbiii H.®., Cemxo H.H., Cy60oTun U.5A. O
HEKOMOpbIX 6ONpocax meopuu 0bobwenno paspeuiumvix epynn // BicCHUK
KuiBcekoro yHiBepeurery. Cepig ®Pi3uko-maremaTiuHa Hayka. — 2007.—
Bun. Ne 3.—-C. 32-44.

68. dApoBass O.A. O epynnax, ece cobcmeennvie NOOZPYNNbI KOMOPHIX
onuzru k abenesviv / O.A. SIpoBas // Bichuk KuiBCbKOTO YHIBEPCUTETY.
Cep. ¢13.-mar. Hayk. — 2008. — Bun. Ne4, — C.36-39.

69. Semko N.N., Yarovaya O.A. On some  generalization  of
metahamiltonian groups // Algebra and Discrete Mathematics. — 2009. —
No2. —P. 16-24.

70. dApoBa O.A. Ilpo cpynu, yci eaacui nioepynu sAxux OIu3eKi 00
abenesux // Jon. HAH Ykpainu. —2009. — No7. — C. 34-35.

71. dApoBast O.A. O epynnax, O1U3bKUX K Memazamuibmonossim // BiCHUK
JIHIMponeTpoBCHKOro yH-y. Maremaruka. — 2009. — Bun. 14. — C. 143-
149.

189



I'pynu 3 oOMeskeHHSIMH HA MIATPYNH, 110 He € HOPMAJbHUMH

72. Yarovaya O.A., Semko M.M. About groups close to Hamiltonian // 7-
th International Algebraic Conference in Ukraint. — K.: [H-T MmaTemaTuku
HAH VYxkpainn, 2009. — C. 123-124.

73. sipoBas O.A., Cemrko H.H. O HEKOMOpOM 0000ueHUU
Memaeamuiemonogvlx  epynn  // MexayHapoaHas — KOH(pepeHIMs
”JInCKpeTHas MaTeMaruka, aredpa U X NpuaoxkeHus . — Munck: UH-T
maremarukn HAH benapycu, 2009. — C. 12-13.

74. sipoBa O.A., Cemxo M.M. [pynu, y saxkux niocpynu, wo He €
HOpManbHUMY, Oausbki 0o abenesux epyn // MixHapoaHa HayKoBa
KoH(pepeHLis, mpucesueHa SO0-piuuro kadeapu anredOpu 1 MaTeMaTHYHOT
norikn. — KuiB: KuiBcbkuii HamioHaibHUE yHIBepcUTET iMeH1 Tapaca
IeBuenka, 2009. — C. 49 — 51.

75. La Yaye R., Rhemtulla A. Groups with a bounded number of
conjugacy classes of non-normal subgroups // Journal of Algebra. —
1999. —214. — P. 41-63.

76. De Falco M., de Giovanni F., Musella C. Groups with few conjugacy
classes of non-normal subgroups // Mathematica Slovaca. — 2008. — 58. —
P. 177-184.

77. T'opuakoB FO.M. [pynner ¢ xoumednvimu KIACCAMU CONPAIHCEHHBIX
anemenmos. — M.: Hayka, 1978. — 120 c.

78. Kurdachenko L.A., OtalJ., Subbotin I.Ya. Artinian modules over
group rings. — Basel: Birkhauser, 2007. — 245 p.

79. ®ykce JI. becrxoneunvie abenesvr epynnvi: B 2 m. — M.. Mup, 1974. —
T.1. -336 c.

80. Kypnauenko JLA. Jlokanwno nuiwnomenmuvie 2epynnvl co CldObim
VCA08UEM MUHUMAILHOCMU OJisi HOpMabHblX nooepynn // Crb. mar.
KypH. — 1984. — 25, Ned4. — C. 589-594.

81. Doerk K., Hawkes T. Finite soluble groups. — Berlin: Walter de
Gruyter, 1992. — 891 p.

190



Cnucox BHKOPHCTAHUX AXKepeJ

82. Kypow A.I'. Teopus epynn. — M.: Hayka, 1967. — 648 c.

83. llynkoB B.Il. O JjorkarvHo  xoueunwvix  epynnax ¢ Yciloguem
MUHUMATLHOCIU 0151 abenesbix noozpynn // Anredpa u oruka. — 1970, —
9, Ne 5. - C. 579-615.

84. Kegel O.H., Wehrfritz B.A.F. Locally finite groups. — Amsterdam:
North-Holland Publ. Co., 1973. =210 p.

85. Shute G. Unions of Chevalley groups // Abstracts Amer. Math. Soc. —
1982. — 3. —P. 260.

86. Otal J., Pena J.M. Infinite locally finite groups of type PSL(2,K) or
Sz(K) are not minimal under certain conditions // Communications
Publicacions Matematiques. — 1988. — 32. — P. 43-47.

87. Segal D. Polycyclic groups. — Cambridge: Cambridge Univ. Press,
1983. — 289 p.

88. Hall P. Finiteness conditions for soluble group // Proc. London Math.
Soc. —1954. — 4. — P. 419-436.

89. Tomkinson M.I. F'C-groups. — Boston: Pitman, 1984. — 171 p.

90. beasieB B.B.  JlokaneHo — Koweuwvie  epynnei ¢ YEPHUKOBCKUMU
cunogckumu p-nooecpynnamu // Anredpa v noruka. — 1981. — 20, No7. — C.
605-619.

91. KapranonoB M.U.  JloxaivHo  KoHeuHble — epynnbl,  uUMeroujue
HOpMAIbHble CUCmeMbl ¢ Konedtbimu gaxkmopamu // Cnb. Mar. KypH. —
1961. —2, Ne 6. — C. 853-873.

92. Dixon ML.R. Sylow theory, formations and Fitting classes in locally
finite groups. — Singapore: World Scientifik, 1994. — 304 p.

93. Otal J., Pena JM. Groups, in which every proper subgroups is
Chernikov-by-nilpotent or nilpotent-by-Chernikov // Archiv Math. —
1988. —51. - P. 193-197.

94. Onbmancknii A.YO. [‘eomempus onpeoensionux COOMHOULEHUTI 6

epynnax. — M.: Hayka, 1989. — 447 c.

191



Hayroee euoantisi

Aposa Okcana AHATOJIIIBHA

I'PYIIN 3 OBMEKEHHAMUN HA ITIAT'PYIIN,

IO HE € HOPMAJIbHUMH
(ITPO TEAKI HAWCYUYACHIIII HAITPSAMH
HAYKOBUX AJITEBPATYHUX JOCJAIKEHD TA IX BILIAB
HA ®OPMYBAHHS ®AXOBOI KOMIIETEHTHOCTI
MAMBYTHIX YYUTEJIIB MATEMATHKHN)

Monozpapia
BianosiganbHMiA 3a BUYCK J. @. Canaxosa
Penakrop M. M. I'pabapuyx
dopmaryBaHHA Ta
KOMII'FOTEPHA BEPCTKA O. B. Jlucenxo

3mano 10 apyky 04.03.2019. dopmar 60x84/16
[Tamip oecernuit Ne 1. ["apHiTypa « Times New Romany.

Hpyk. apk. 11,1,
Tupax 300 npumipHuKiB. 3amMmoBIICHHS Ne 751.

[TigroroByieno o ApyKy BupaBHu4O-nmomirpadgiuHuM HEHTPOM
VYHieepcurery JJDPC Ykpainu

08200, Byn. YHiBepcuTeTchka, 31, M. [pninb, KuiBcbka 00macth, Ykpaina

Cgiooymeo npo enecetnits cyo ckma 6UOABHUYOT CNpasu
00 0epiHcABHO20 pecCmpy BUOABYIB, GUCOMOGIIOBAYIE |
PO3NOBCIOONCYBAUIE GBUOACGHUHOI NPOOYKYIT
Cepia J[K Ne 5104 sio 20.05.2016



GROUPS WITH RESTRICTIONS
ON NON-NORMAL SUBGROUPS

The monograph is devoted to
the study of locally graded
groups, whose subgroups are
either normal or have Chernikov
derived subgroup. In particular,
we investigated the groups in
which derived subgroups of all
proper subgroups are Chernikov
under condition that they possess
a normal Kurosh-Chernikov
system whose factors are locally
graded. The obtained results give
the opportunity to obtain
information on the basic
concepts and the results of
some important sections of the
theory of infinite groups and can
be used in formation of the
professional competence of future
mathematics teachers.

For scientific and pedagogical
workers, university teachers,
who train teachers of
mathematics, masters, post-grad-
uate students.



